KBFEI=D RO L2017 in BH

HER

SE A6 0I5 EES T
(HEER - REE, ILFER)
2017 %11 A



X C®IZ

A SCHEIE, 2017 4 8 AIC AT RS CHME L7-REF I =3 0 ARY U A 2017 in B
WOMBHEOIREBEER LA T L O LOTY. FEOIHHE2WIZIEE 20 L ) s
L£EHTIENTEELE, BLUEHEHRL BT

F7m, KUV BEDTOBMICHT-Y, Fik 27 G IEERERERE (BRI
ety [ZeRgm L it & WO BLE AR L LT, X0 a0 Iz be 5 ESE
BFHRE~D=a—77r—F] ((RF : REHE) OEBEZITELE.

2017 4E 11 B famfE, [LHEs



RECFEI = R A 2017

HIF: 201749 H22H (&) ~9H23H (1)
LPT : AR, 1 58E=
HEEA - EE, (L

A=A A
22 H (&)
9:30—11:00
ML (Rl = 3 48), famfE (HlEs) [F4 p (TP 2 72U >V T
IHFER (&S 248), MEE @) h—a—DZMARIonT)
BlILEA FIES24), REE BUEE) [Z/mZrb5< %277 7O fiE~0Hd)
IAFNZ DT
11:10—12:00
Rk DA OMAR )
13:30—14:20
AJFFIZF [Galois theory and Langlands program |
14:30—15:20
T2l (B ks On automorphisms and coordinates in polynomial rings |
15:40—16:30
INEFRE CERR) 1Q AT v U —5 5 i oD B A BRI DT
16:40—17:30
EEBEH (EER) MR ER IO BEM: R O RIEIWT D 729 Rl B4 % fRE
17:40—18:10
s (EEL S ) TERYER o> £k H (R
23 H (1)
9:00—9:30
Fofi KRR (i 3), TH/KER (s 3) NIRRT Gk &80 e#)
[Ratio of real roots of quadratic equations (joint work with Seishin highschool in
Kurashiki) |
9:40—10:30
NEL (ERER) =T U= 2FENARRRKRE D —AVEBOFEIMED Y
=/ R
10:40—11:30
ATz CRIER) [ EMOEEEZ 7 e —7 v 7L TRLNDHE T 7 /) ZERIKIZ OV T



H

INAN=FERE A== (s %) e e e e e 1
Galois Theory and Langlands Program FijJfFIZ) o+« « o o o o e 26
ON SOME PROPERTIES OF COORDINATES (EEZ#) o o o o o o o 49

FT=T s U A AR AHRRRE D —AEOFRE O ~ U =T iR (db)11Ed)

...... 60
FHph KR Lz akortse WlywE) e e e e e e 76
EZAENOHELNLV—r —KEOWZE NHEER) e e e e e e 86
Z/mZnHo< 577 7 OMEI~OMHDIATINIONT (BILHEA) oo o o e 97

Rational unicuspidal curves on @Q-homology projective planes whose complements have logarithmic
Kodaira dimension —co (/NEFHHEAE) e e e e e e 104

IRABRZ R D BEFER O RIGIWT O 72 RoTIZB§ 256 GERBEH)  « « 0 v 0 v - 107

BRYLKOAZBEME (LR e e e e e e 134



INAIR—5ER e A==
AR RZMHIZT
B %

SR 29 11 H9 H

B R

1 R—/—5%2H

1.1 A== DEE . . .
1.2 A—=N—RLBIIOWTAA T —DOEHDREEL . . . . . ...

2 Z2—N—2¥Om LIFETEE
21 m=0DEE. . ..
22 m=2DYE. ..

3 REMp

4 RA—N—FA45—ZLHITH
4.1 mABBDIEE . .

5 BEEEOMEIAR
51 meaB DS

6 m:HFBDIGE

6.1 m=—1DEE . .
6.2 m=1—4k DIEGE . . . .
6.3 A T—=REB ...
6.4 m=—3: DEFE . ..
6.5 m=—T: DIFE .
6.6 m=—1—4k DX E . .
6.7 RREE . ..

7 m=—-1-2t T, BHIERICHDEZ

8 RBERA—N—RLH
8.1 ag(a)—@(a) . . .«
82 la)—o(a) . . ...



9 JINSREH

25



1 R—=—N—%f#

D.Suryanarayana (% 1969 (2 A — /8 —5E 2% (superperfect numbers ) % &2 L T
AREH Z M U7-.  (Suryanarayana, D. ”Super Perfect Numbers.” Elem. Math. 24,
16-17, 1969.)

1.1 RA—NN—Z2HOER

a=2¢BLola) =2 -1 s ZNEEBEMREL ¢ BL. ag lF2—7
Vv RDSERH.
o(q)=q+1=2"1 =2 1272 5DTHIKEL T

o(q) = 2a.
qg=o(a) ZLEBITRAT B L,
o(o(a)) =2a
DO LD, G5 0%(a) = o(o(a)) WD & 0%(a) =20 L EEEE 5.
—IZINEWET 0 B A-N—FRB LT

ZITHAAM 7 —DEM (MEEL2EIT 2—2 VY FOBREIZZR D) QLD

AYASR

1.2 RA—N—2HIIDODWTAHA S—DEEDE L

EIE 1.

iz 9 a BB E -l T E. 2 Tqg=2"—1 13 ALty XER

Proof.(By litaka)
BBOMREIZLD, e >0 MDY a=2°L, (L: TGH) £HFIT5.
N =21 _128L & o(a) = No(L).

1).L=1
a=2°12&Y o(a)=N. 0%(a) =c(N).0c%(a) =2a =N+ 1 1Z&NEo(N) =N + 1.
ZNPZ N IFHEB N =207 — 1 13 A& XFHHL

2).L > 2
N >17%®DT,o(L) lZo(a) = No(L) DEOKE. & >T 1,0(L), No(L) ITHE4% 2
P Z2 12

0%(a) >1+o(L)+ No(L).



0%(a) = 2a DT 2a > 1+ 0o(L) + No(L).
20 = 2T L = (N + 1)L 12 &1z

(N+1)L>1+0(L)+No(L) > 1+ (N +1)L.

ZNIEFE.
FA T —DIFHEELLTWS.

2 RA—N—EHDOm LIFETHE

m P FEATEE m U2 RBOREEE o EERITED ¢ =21 — 1+ m AR D
EZX a=2qETS.

a=2BLUPN=2-128BE N=0(a),g=N+m=oc(a)+m,q+1=2a+m
Zii7z 9.

q FEHITED

o(g) =q+1.
ZOARDEA =0(q) =0o(o(a) +m). Hid =qg+1=2a+m
< T

o(o(a) +m)=2a+ m.
INZVITBE m DA —N—F 2O HEALE VN O a ZFTHBE) m DA—/1—
SR WS,
R 1. a =2° WETBE m OA—N—Z2KHR 51X qg=2" — 1+ m ZFEHL %5,

& <IZ 26 IR FATRE) m OEFEDOZER2EICR S,
Proof.
Xo(ola)+m)=2a+miZa=2°%2RATEHL

o2 — 14+ m) =2¢" 4+ om.
k=20t —14m &BLe&E ok)=k+1. £oT, k: FEL
AR L FEFNCHB L, a MEBOREZIT TS a=2° BEIT ARV D 5.

21 m=0D&=.

m=00D¢ XNV AVTHELTARS.

BBSERBIRIE 2 DRE, T2bb a=2° THDH I LIXTTIIRI N,

NRY AVTEBEUTATEFHHRORBIEIE DN SR,
SERBDOGEFBDZEREDH 5, 7 L WO REND 252000 FELL LIz o TH
fiF .
A—=N—ZR2EDLGEELTHDA—N—%2 8D 5 BHbhTnb. ZOE5ES #M
PE LWL, ZHMEIT D005 L.



% 1: 0%(a) = 2a

a R | 2a — 1 (A& XFEK)
16 24 31
64 26 127

4096 212 8191

65536 216 131071

262144 218 524287

22 m=2DEZ.

m=20D&E NV AVTEHELTHAD L EXFHOMHFENE N

% 2: o(o(a) +2) =2a+2

RN 2a + 1(Fermat EEH D)

a

1 20 3=2+1
2 21 5=22+1
8 23 17=24+1
11 11

41 41

65 5% 13

107 107

128 27 257 =28 +1
149 149

881 881

959 7% 137

2141 2141

14363 53 %271
21119 72 % 431
32768 215
238895 5 x 47779
967679 23 % 42073

65537 = 232 + 1

FEBD 7 HER
o o BMERZS 2DREITARD 20+ 112137 oIV ZEHA.

o a WAHDLGEIX, 11,41, 107 2 E DFEHD 5 — 17, 65,959 78 & OGBS,



3 REE p
o(o(a)+m) = 2a+m IZEBOM p R b2 T 5. THLEHRLD o(p+1+m) = 2p+m

729
EZoNT m 12U EROMEE 538 p 2L 7=

m=20D&E o(p+3)=2p+2

p =11,41,107,149,881,2141,8381,18629,116621 (petit Fermat 3%4)

i) BHO p=11. b=p+14+m=p+3=14=2Q. £BLLZ Q
Q=7%RETBE,

pH3=2Q,a =p=2Q-3.0(c(a)+ ) 5(2Q) = 3(Q+1), 2a+2 = 4Q—6+2 = 404
BRDOTIQ+1)=4Q —4 ZHNED Q=T;a=2Q -3=14—3=11

=7 ZZT

)p=4lp+142=4%11=4Q. c(4Q) =T(Q+1) =TQ+T7,71Q+7=2a+2 =
2(4Q —3) +2 =8Q — 4.Q = 11.

fi)p = 107. p+14+2 = 10+11 = 10Q. o(10Q) = 18Q + 18. a = 10Q — 3.

2a + 2 = 20Q — 4.
18Q +18=20Q —412&0 Q=11,a=p=10Q —3 = 110 — 3 = 107.

iv). p+3=RQ,Q : FEB.R,Q: HWIZHELT3. o(p+3)=0(RQ)=0c(R)(Q+1),
2p+2=2(RQ —3)+2=2RQ — 4.

IN&Y,0(R)(Q+1)=2RQ —4,0(R)+4=(2R - c(R))Q.

R=20D¢E R =0R)=2T"-1.2R-0(R)=1WRIT, Q=2 +3.

TNDFEBTHD, 2°Q -3 DEB p DL ZfRITHS.

Q=2°+31F4ZTFETBELZA N Y XFEH,

2°Q 13 4 72T E) L 7255 R EL

#3:0(p+3)=2p+2

R=2 R =2R-1 Q=2°+3 p=RQ-3 factor

€
1 2 3 7 11 (0]

2 4 7 11 41 (0]

3 8 15 19 149 (0]

4 16 31 35 557 35 no prm
5 32 63 67 2141 (0]

6 64 127 131 8381 172 % 29

7 128 255 259 33149 259 no prm
8 256 511 515 131837 515 no prm
9 512 1023 1027 525821 149*3529
10 1024 2047 2051 2100221 2051 no prm



m =4
o(p+5)=2p+4 2hi7=7.
p =AT 587.

m=—2
p =7,29,497,8129

m=—4
p = 23,107,467,653,1955,130307,522755
NS DREBISEG 2R LU TiE->TWwWas L 57,



4 RA—N—FA4F—Z2HITH

o(a) DROVIZHAA T —BE o(a) ZFHVTETEE m ODA—N—F A 7 =521
BMzEHLTALD.

G=2°+14+m FHFBELTE. a=2°&BKL.

a=2p(a) 12X g =2p(a) +1+m. fRALT ¢(q) = ¢(2p(a) + 1+ m).

qo \FFEEZD 5 p(q0) = qo — 1.

—f,qo—1=a+m. ZNozfflAGbES L,

P(2p(a) + 1+ m)=a+m.

INg A—N—FA4 7 —%2HIMNBOEHZRNE WV, ZOffEEZA—R—F A T — 1T HI5
S QAN N

4.1 mABDIGE

e2p(a)+1+m)=a+m IZBEWVWT, m Z2MEHEET S, A1 7 —BBIXARKIZD
WTERINDDT, z=2p(a)+1+m>1.

—fRIZ p(x) 1T x> 2R MBLDT,

r=2p(a)+1+m>2 3MEBZRDT a BMEB. Lo THBD LIZE>Ta=2°L &
=T 5.

Dex=2p(a)+1+m>1&3%. px)<z—1=2p(a)+m.

a+m=p2p(a)+1+m)=p) <z-1=2p()+m

2°L+m=a+m<z—1=2p(a) +m =2%(L) + m.
L<o(L)iZ&V, L=1a=2%2=2p(a)+1+m=2°4+1+m,

p(r) = p(2p(a) +1+m)=at+m=2"+m=0Q - L

WAIZ z=24+1+4+m IFFEK

2)x =2¢(a) +1+m=1&735%.

2¢(a) +m = 0.

©(2p(a)+14+4m) = a+m IiZ& Y, 1=a+m. 2p(a)+m =0782DT2p(a) = —m =a—1.
EZAT,2¢0(a)=a—1 %729 a EFELRY, WS FPEVEH L. I TINEK
e LTS,

ULzdio T,z =2¢(a) +1+m =125 F VAT S, ZOMRHE AN
KRR DEHMNTE /2,

T 2. m 2MBEIRET S, o2p(a) +1+m) = a+m DfRlxa = 2¢, 2T,
Q=2°+1+m IFFHL



ZZT,m=07R5Q=2°+11F7 = V<RI
=—245Q=2—-11FA Lt XEL

3

5 Eﬁ%%t @Eﬁh&fn

2017 4F 8 H NAID 6 MR/ NFIR 4 LD SRGHEMNE & DRIV IHE 7. 22T
FEEEEZ T 2%E% 1 2 EL. (T X 10 OBFEDE T IE 75 OB EIE).

1. 2017 A 8 H 25 H. T X T IZHBEDMRIZ R 2 EZHZ TIT L\ 2 3,
2. 8H2T H. 1 IFEEZEAZHLT . p(2p(a) +1)=a+1 Off a 130 %[>.
3.2 T 1T fflx 26, 22T 20+ 1 I3EHERE

4T BRI UT, AMRHRORIE RO CHEI ERATE LT o(2p(a) —2) = -3 ®
R > .

5. T & f#1Z WTFEBDORD S TH B LEHZ DT T ipad TRE.

6. 2HERTIX EHFEZHUL T mBADHBDLE E o(20(a) +1+m)=a+m, D
fif7n & &S .

7.9H2HT X ZLOBEEFEREZEZROR m= -1 DEZ p(2p(a)) =a—1
DfflE 2 &7 2V~ FEBE FRT D DHKEEH & ipad TREH

8. TNEZIITIIEm=—-10L IRV ELTVWAEEIIZKDE, IELWIEHH%Z
fEY mail TIEZ 7.

UPTIEZIDES BN OFTCTELERIZOVWTINS.

51 m:FHDGE

o(2p(a)+1+m)=a+m OfEERDS.
m AR S, M > 275 o) 1 MERDT a b AL

Bl 2. m EAH2N -1 55 m > -1 OHEEE Q0@ +1+m) =a+m D
WA BEEE )N =0 DEEm=—la=2 £/ 72 VvHEH ) N =1 DL =
r=1a=11T7125%.

Proof.
2¢0(a) + 14+ m=2(p(a)+ N)IZ&>T

©(2(p(a) + N)) =a+2N — 1.

b=g(a)+ N B L& p(20) =a+2N — 1.
b=(a) + N =2°L(L : &%) OFIZHFENT



L>20rE L—pL)>112&0

a+2N — 1= ¢(2b)
= 27p(L)
<2°(L-1)
=¢(a)+ N —2°
<a—1+4+N—2°

N AR

a+2N —-1<a—1+ N —2°.
N<-22<-1. &oTm<-3.

L=1D&& b=y(a)+ N =2°.
— 1,22 =p(2b) =a+2N —1,12&D

a+2N —-1=2°"=¢p(a)+ N
a>17%51F
a—p(a)+2N—-1=N+1-2N=1-N.
WZIZ N=0,a—p(a)=1.
b=2°=p(a)+ N=a—-1.
WA a=1+b=1+2 BEBLROTINVGHRES T VIER. c=00DL &,
a=2 UL7=WoT,a=2, £7/2137 = V7 EHK

a=17%6Fa+2N-1=¢(a)+ N IZRATIIE, 2N =1+ N. &oT,N=1.

6 m:BHEDIEGFE

©(2¢(a) +1+m) =a+m DIFFEEITD.

6.1 m=—-10DFKAE

02p(a)) =a—1 D& EFa=2 FRFT7zVYEHR 452 %2EBEANTTE
L7z

F\WEEHH T & 72 (Titaka)

Proof.

a=23F. FZTa>3 LTk,

o(a) IMEZRDT p(a) = 2°L, (L : &) £ LT LW,

10



2p(a) = 2°FLL 12 & D ¢(2¢(a)) = 25¢p(L).

1). L>2.
a—1=¢(20(a))
= 2%p(L)
<2°(L-1)
=2°L — 2°
= o) ~ .
£oT,

a—1<pla)—2°<a-—-1-2°
WZRIT,0< —2° L) FE.
9). L=1.

ola) =2°. o(2p(a)) =a—1ITMRAT B L, p(20(a)) =22 I2&NIX2° =a—1. L7z
MoT,a=2°4+1. ZHIE7 = )V~ EH

6.2 m=1-—4k DFE
BB T v Mz U2\ ,m =1 -4k, (k> 0) T 5.
0(2p(a) +2—4k)=a+1—4k 725,
b=opa)+1—-2k &BLE, TNEFFH (a>2).
b>17%6 o) <b-112&>T,
a+1—4k =p(2p(a) +2 —4k) = ¢(2b) = p(b) < b—1 = p(a) — 2k. (1)

ik E LT

a+1—4k < p(a) — 2k.

cop(a) =a— p(a) <2k —1.
cop(a) =1,2,--- .2k —1 20 k=1 DHEEHED.

6.3 *415—REH

—fRIZ cop(a) = a—p(a) EEDAA T —REBMEIFR. a > 17485 cop(a) > 1. IRD
FERITP T LWAYEH.

11



1. cop(a) =1725 a IFFE. FHIELW

6.4 m=-3: OFE

a). k=104, (205G % RYNIRER L 7= DI ESBHEHNEK )

EBRAE p20(a) —2)=a—-3 &% 5.

cop(a) =a—p(a) <2k—1=112KD cop(a) =172DT a:FEH. b= p(a)—1=a—2.

a—3=¢0b) £V, b-1=a—-3=9Ob). 37205, b HHRH. (a,a —2) IINFHRHKT
N =ESTRANEN

b=1D5&EIF 1=b=¢p(a)—1. 2OLE a=141.

ROFERIZE LD B.

a=4 ZMEPITM. a=24+p U p,a lZEHITEHET5.

20(a) —2=2(a—1)—2=2a—4=2p 12720 p2p)=p—1=a-3.

5 UTHFREADMHHER T E 72

* 4: NTFEH
a—2
5 3
7 5
13 11
19 17
31 29
43 41
61 59
73 71

EI 3 (Hiroto Takahashi). p(2p(a) —2) = a—3 8B a =4 F2ENTFHRK
D..

WA ZHDORHfT T E D& ZNIFELVWERE T > T LW,

12



6.5 m=-7: DB

b). k=2 m=—7

G 020(a) —6)=a—T 725, LIzD>Ta>T.
cop(a) =a—p(a) <2k—1=3.

ZDEE copla) =1,2,3 £7825DTNEKFANRS.

1) cop(a) =3. a=9 12720, ZHITfRE.
2) cop(a) = 2. a =4 TR DETIXRN.
3) cop(a) = 1. a 1FFH.

b=y(a)+1—-2k=p(a)—3. &HIZb=1,T5L, pla)=4 ZDELE a=2810.
a =8 DA,

b>1 & LUTUTFHEZS.

b=y(a)+1—-2k=a—4.

a—T7=p2pa) —6) = p(20) = p(b) ITENIX, pb) =a—-T=0b—-3. THDLL
cop(b) =3. £oT,b=9. L7zA’>T a=13.

TEE 4. m=-TDLE p(2p(a)—6)=a—T7 L725%MH% a=233%13.

6.6 m=—-1—4k D&E

m=—1—4k DL ZFEMRNE p(20(a) —4k) =a—1 -4k &7 5.
b=p(a) — 2k EBLEZNIHMBE (a>2), p(20) =a—1 -4k L7025, b ZEEHH
LT, b=2°Q,Q : LT 5.

e(2°T1Q) =a — 1 — 4k.

) Q=10t%.

¢(a) — 2k =b=2%p(2°F) =2° =a — 1 — 4k.
a=1+4k+2% 2D ¢(a) = 2° + 2k
ZNIZE 5T cop(a) =a—p(a) =2k + 1.

a). k=1; m = —b.
cop(a) =2k+1=3. §5&,a=9.9=a=1+4k+2° =5+ 2°.
2 =4 1270, e =2,b=4.

b). k=2,m=-9, p(2p(a) —8) =a—9. cop(a) =2k+1=5. §5&,a=25 1

(Eqi7 R
ii). @>2. 0(Q)<Q—1,b=(a) -2k Z2f>.

13



a—1—4k = p(2°7Q)
=2°9(Q)
<2°(Q-1)
=2°Q —2°
=b—2°.

a—1—4k <b—2°=p(a) — 2k — 2°.
b=p(a) =2k IZ&>T,b=¢p(a) — 2k, p(20) =a—1—4k THY

a—1—4k < p(a) — 2k — 2°.
a>20D&&E pla)<a—1%ZHNT

a—1—4k < p(a) — 2k —2° <a— 12k — 2°.
k& LT

a—1—-—4k<a—1-2k2°.

IN&D 4k < 2k —2°%; k> 2571,
D#k=123% m=5 EOFMRAILD, k=1>21 Thbb c—-1=0.
a—5=a—-1-4k<b-2°=0-2=¢p(a)—412&Va-5<b—-2=p(a)—4<a->5.
WZIZ,a—5=b—-2,p(a)=a—1.b=a—3 7D a IFFL.
p(2b) =a—1—4k=a—5=>b—2,0(2b) = p(4Q) = 2¢(Q).
20(Q) =(2b) =a—5=0-2=2Q -2 DMHFOHNT, p(Q) =Q — 1. PRIT Q HHEK
T,a=3+2Q bR Ro7=.

a a—3 Q=(a—23)/2

13 10 5
17 14 7
29 26 13
37 34 17
41 38 19
61 o8 29
89 86 43
97 94 47

XTHIZHER a2 b, a3 1HMEBRDTINE 2TEL LEH p. a =2p+3,2a—6 =
dp. 2¢(a) —4 =2(a — 3) = 4p.

14



TIT p(2a—6)=p@p)=2(p—1)=a—5.

pa=2p+3 VEBHITHRBE R RERIZH L0 L. P LTHTFHRBE
FBLLU 2B ORZDONWT TN S BERIZH 200, &\ D RENTE 72,

ZDES% (a,p) BEDEH Y TIVEERI LICERIILVTL & .

k=2 m=—9 OFG&EH EKEN.

EEFEAKIE 2017 £ 9 H 3 HD ipad TOFRMET

(v)m=—-1-2° D& & o(2p(a) +1+m)=a+m OFITMIRIZH D Z 5 (RiEHA)

EENT

WIEZNIZHRID 8H2HIA m=-3 DL E @D 4 L NFEBDORNDHIZHDBZ
EZREIAL T\Wiz.

m=-5& m=-9 D& E @R WFEHREELDOKIZRBEZ R Dhro7. UL UIE
ML L 1L, Zh o — iz E2DIXRETH A 5, LRIEEZ T\ 2.

UL, BEHEMKOE v DT —E¥RRUITR 7D THERIZE Z A I 6 ORILENT
ERIIRB I DD

WA FH L AR BN ERICH 5 L (E CAUZEDERIZH D 25, L WS D
BRI FJICERZ2E2ZEDLER 5.

6.7 REE

BE3. pLa=2+2°+1 D HITE LS aldm=-1-22TL DL &E
©(2p(a) +1+m) =a+m O

Proof.

a =2 +2°+ 1 \ZFEHIRDT pla) = 2°p+2¢ =2%(p + 1).

2p(a) +1+m = 2T (p+ 1) — 26T = 2671y 22D T p((2(a) + 1 +m)) = 2°(p — 1)
—H,a+m=2°p+2¢+1—-1-2°"1 =2¢(p—1).

£oT p2p(a) +1+m) =a+m PRI NT-.

15



x5 p2p(a)+14+m)=a+m

m=—3 m = —5 m = -9
a a—2 a a—3 b/2 a a—5 b/4
5 3 13 10 5 17 12 3
7 ) 17 14 7 73 68 17
13 11 29 26 13 97 92 23
19 17 37 34 17 193 188 47
31 29 41 38 19 241 236 59
43 41 61 58 29 337 332 83
61 59 89 86 43 409 404 101
73 71 97 94 47 433 428 107
103 101 109 106 53 457 452 113
109 107 137 134 67 601 596 149
139 137 149 146 73 673 668 167
151 149 181 178 89 769 764 191
181 179 197 194 97 937 932 233
193 191 229 226 113 1009 1004 251
199 197 257 254 127 1033 1028 257
4 =22 9 =32 25 = 52
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#6: 02p(a)+1+m)=a+m HZ

m=—17 m = —33 m = —65

a a—9 b/8 a a—17 b/16 a a—33 b/32
97 88 11 97 80 5 193 160 5
113 104 13 193 176 11 257 224 7
193 184 23 673 656 41 449 416 13
241 232 29 769 752 47 577 544 17
257 248 31 1153 1136 71 641 608 19
337 328 41 2113 2096 131 769 736 23
353 344 43 2689 2672 167 1217 1184 37
433 424 53 3169 3152 197 1409 1376 43
577 568 71 4129 4112 257 2689 2656 83
593 584 73 4513 4496 281 3137 3104 97
641 632 79 4993 4976 311 3329 3296 103

21=3*7 65=5%13 209=11*19

25=5%5 289 = 172 961 = 312

49="T*7
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7 m=—-1—-2tT, BHIrERICHB L=

m=-1-2tDEE p2p(a)+1+m)=a+m OFNPERIZHD LT 5.
b=op(a)—t B L 2b=2p(a)+1+m. b=2°Q, (Q:FH) LB 2=211Q &
%0, 02p(a)+1+m)=a+m IZTRATDE

2@ =a+m=a—1-2t
a=2t+1+2°(Q).

ola) =t+b=1t+2"TQ.
ZOREFI\NT
cop(a) =a—p(a) =1+t —2%cop(Q).
Lo Teop(a) <1+t.
a MFETIRNRS cop(a) > 2. ZD & ZFMA cop(a) > Ja DI D LD,
INED, 1+t>a (1+1)?>a &30 RITERE.
UTedo TIEDMEBRIZ D 5 & DIREIZ & 5T, a DAREBUTZR D cop(a) = 1.

1=cop(a) =1+1t—2op(Q).
Lo T,
t = 2°cop(Q).

a—1=y(a) =t+2°Q.
IZ& D a ICERIZER DL Q IZH RN H 5.

t = 2%cop(Q) IZHNT, ;E: cop(Q).
Q MEHTHN, THDD cop(Q) > 1785 cop(Q) > Q.
(;)2 > Q.

Q FERMEORIZZVMEIIRT S, £oT cop(Q) = 1. T8bb, Q IFFEK. t =
2%cop(Q) = 2°.
pla)=t+b=1t+2°Q

WA EORXE ANT
a—1=t+2°Q.
a=14+t=1423=2BLLx
a,Q IFFE B a=1+t+2°Q =+ pQ Zik7=7.
INHIFEBENFZH LIS,
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La=28=1RoNTER.
La=1,8=2%6Y 74—V VDIREK.
.a=3,8=21H56 m=-3 D& XD

La=14223=22%6m=-1-2-2°D& ZDOfE.
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Qo
fauii

BA—NRN—T2H

ola) & p(a) ZHAGDLEZLE DA, LEBERVEDIPVWZOTINEZE Y M
ULCTEAEA—N—22HKE2RDLSIZTEALT.

8.1 o(a)—p(a)

a=2%qg=2°4+14+mIxFEHEL T 5.

pa) =271, 20(a) =2° = a DT q=2p(a) + 1 +m=2°+1+m,
q:FEE DT,

o(q)=q+1,qg+1=2°424+m=a+2+m.
ZiZ,g=2p(a) +1+m ZRAT B L&,

o2p(a)+m+1)=a+m+2.

INEETBE m OF 1 FOESA— =3280 R VW O 25 1 FOE
BA=IN—=REHE NS,

xT7.P=2m=—4

a (a) = factor
3 (3)=3

8 (8)= 23
16 (16)= 24

32 (32):

64 (64)=

130 (130)=2#%5%13
512 (512)= 29
800  (800)= 2° % 52

fif (130)= 2% 5 13 IIAHHIETH 5.

20



a (a) = factor
4 (4)= 22
8 (8)= 23
24 (24)=23%3
32 (32)=2°

fift (24)= 23«3 IIAHAETH 5.

£9P=2m=0

(a) = factor

2 (2)=2
4 (4)= 22
16 (16)= 24

256 (256)= 28
322 (322)=2%7%23
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#10: P=2,m=2

a  (a) = factor
2 (2)=2

4 (4)= 22

8 (8)= 23
16 (16)= 24
36 (36)=22%32
64 (64)= 2°

fi# (36)= 2% x 32 I HAETH 5.

22



8.2 p(a)—o(a)

a=2°q=2""+ 1+ miFFEHLTHL ¢ 1=2a+m.
N=2¢" 1 28 ko(a) =N,
¢g=2""+14+m=N+2+m=0c(a)+2+m.
GFEBIRDT, o(q) =q— 1.

o(q) =p(o(a)+2+m),qg—1=2a+m. 72DT

p(o(a) +24+m)=2a+m.

INZVATRE m OB 2FOEEA—N—22RD SRR VN2 Oz 5 2 DR

BA—N—EHEND.

#£11: P=2m=—4 HE _FHEEA—1—52K

(a) =factor
(4)= 22 4
(8)= 23 8
(16)= 2* 16
(32)=2° 32
(256)= 28 256
(512)=2% 512
(2048)= 21 2048
(8192)= 213 8192

#£12: P=2,m= -3 FE_FEAA— 1\ —%2K

(a) =factor
2=2 2

#£13: P=2m= -2 HE _FHEEGA-—1—52HK

(a) =factor
(2)=2 2
(4)= 22 4
(16)= 24 16
(64)= 26 64

(4096)= 22 4096
(65536)= 216 65536
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m=—1 D& ZfIFN

F14: P=2,m=0F_"MHEAGA-"—5C2K

(a) =factor
(2)=2 2
(8)= 23 8
(128)= 27 128
(32760)= 23 % 32 x5x 7T+ 13 32760
(32768)= 215 32768

# 15: P=2,m =2 H _FHRAEA—/"—2BEK

(a) =factor
(2)=2 2
(2)=2 4
(4)= 22 4
(8)= 23 8
(32)=2° 32
(64)= 26 64

(2048)= 2 2048
(16384)= 21 16384
(32768)= 21 32768

m=3 D& ZfRlTn

#16: P=2,m =4 B FEREA—/1"—55E2

(a) =factor
(4)= 22 4
(16)= 24 16
(1024)= 219 1024

m=5 D& ZiTn
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s

R G A =/ —58 28

K1IT: P=2m=06%_
(a) =factor
(2)=2 2
(8)= 23 8
(32)=2° 32
(128)= 2" 128
(512)=27 512

#£18: P=2,m=2

a  (a) = factor
2 (2)=2

4 (4)= 22

8 (8)= 23
16 (16)= 24
36 (36)=22%32
64 (64)= 2°
128  (128)= 27

9 JINTEEH
G A — =2 AL Y MILTRD LS D= lsEs L7

Lk SRR NS
o3(a) = o(0(0(a))) £BL. 03(a) =4da—1 &7V b FZLEDHBRR, & Oz 7L

IR E NS,
a=2°(qg=2a—1:FE) DL E ald VIV TBEHITLD.

77‘(:\
— —

m R ETHRE LV b S ZEE

a=2°(q=2a—1+m:FEH) DL & a% m ZFETBEHLEZYIV L IRER2EL

W,
a=2°1ZHLUT,N=2" —1 o(a)
g=N+m=o(a)+m.

0(q) =q+178DTo(q) =0(o(a) +m), ¢+ 1=2a+m.

=N=2a—1=q¢q—m72DT

o(q) = o(o(a) +m) =2a+ m.

0(2a) =4a—1,2a =o(o(a) + m) —m 72D T

25



o(o(o(a) +m)—m)=4a— 1.

ZOXE m I FATBE LTIV %8280 R, 2O a 2 m ZITFEATBEIL
TV R ZEEHENS.
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Galois Theory and Langlands Program

Kazuhisa Machara at Kurashiki

November 16, 2017

Abstract

We generalize the Galois theory to the non algebraic case. The category the set of whose objects are projective
algebraic varieties up to birational equivalence and whose morphisms are separable dominant rational maps can
be controlled by the category the set of whose objects are algebraically closed subgroups of a topological group
that we define in this paper and whose morphisms are inclusions. Next we explain one of the conjectures of

Langlands program and give a chance to prove it.

1 Galois Theory

We refer to Ch.5 in N.Bourbaki "Eléments de Mathématique Algebre Chapitres 4 a 7” for the sake of the reader in
this section([B1]).

Definition 1.1. 1. A field is algebraically closed if every algebraic extension of the field is trivial.
2. Let K be a field. An algebraically closed and algebraic over K is called an algebraic closure of K.
3. A field is separably closed if every algebraic separable extension of the field is trivial.
4. A separably closed and algebraic over K is called a separable closure of K.

Theorem 1.1. Let K be a field. There exists an algebaic closure of K; if Q and Q' are algebraic closures, there

ezists a K-isomorphism of 2 onto €)'.

Corollary 1.1. Let K and K’ be two fields, Q an algebraic closure of K and Q' an algebraic closure of K'. There

exists an isomorphism v : K — K' if and only if there exists an isomorphism of Q onto Q' which extends u.
Proposition 1.1. Let Q be an algebraically closed field of K

1. The algebraic separable closure Q° of K in Q is a separable closure of K.

2. If E and E’ are two separable closures, there exists a K-isomorphism of E onto E'.

Theorem 1.2. FEvery extension E of a field K admits a transcendent basis. In other word every extension of K is

an algebraic extension of a pure extension of K.
Theorem 1.3. Let E be an extension of K. Every transcendent basis has the same cardinality.

Proposition 1.2. Let Qg be an algebraically closed extension of a field K, E and F two subextensions of Qi and
u a K-isomorphism of E onto F. There exists a K-automorphism v of Qi which extends u if and only if Qi has

the same transcendant degrees over E and F'.
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L]
i

Proof. Necessary condition is obvious. Suppose 2 has the same transcendent degree with respect to £ and F.

u

——K

Choose transcendent bases B and C' of E and F over K, respectively. Since B and C are eqipotent, u can be
extended to a K-isomorphism u' between E(B) and F(C). Since ) is an algebraic closure of E(B) and F(C),

respectively, ' can be extended to an automorphism v of €. O

Corollary 1.2. Let Qi be an algebraically closed extension of a field K and E a subextension of Qx. Fach
K-automorphism of E can be extended to a K-automorphism of Q.

Theorem 1.4. Let N be a Galois extension of K and I' the Galois group. Let IC be the set of subextensions of N
and G the set of closed subgroups of T'. For each subgroup A C T, K(A) denotes the invariant field by A and for
each field E € K, g(E) denotes the E-automorphism group of N. Then A~ K(A) is the bijection from G onto K
and E — g(E) is the inverse bijection from KC onto G. N/E is a Galois extension. Gal(N/E) is a closed subgroup
of Gal(N/K, which has an induced topology of Gal(N/K).

Proposition 1.3. Let N be a quasi-Galois extension of K. N, denote the invariant field by the K -automorphisms
of N and Ny denote the separable algebraic closure of K in N. Then

1. N, is the radical closure of K in N.

2. Ny is the Galois extension of K and each K-automorphism of Ns can be extended uniquely to an N,.-

automorphism of N.
3. The fields N, and Ny are linearly disjoint over K and N = K(N, UN;), N = N, @ N;.

Definition 1.2. e A is an etale algebra over K if A is K-isomorphic to an algebra K™. If E is a finite extension

of K, E is an etale algebra over K if and only if E is separable over K. v.35
o A is a reduced commutative algebra if A is isomorphic to a subalgebra of a product of fields.
o A is an separable commutative algebra over K if A @y L is reduced for any extension L of K.

e A is a reduced commutative algebra of finite over K if A is K-isomorphic to L1 X ---L,, where L; is an
extension of finite degree of K for 1 <i <n.

Proposition 1.4. e FEvery pure extension is seaparable.

o Let E be a field, G an automorphism of E and K the invariant subfield of E by G. Then E is a separable
extension of K.

o Let L be an extension of a field K. If L is separable over K, every subextension of L is separable over K.

Inversely, if each subextension of finite type of L is separable over K, then L is separable over K.
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e Let L be an extension of K and M an extension of L. If M is separable over L and if L is separable over K,

then M is separable over K. Note that even if M is separable over K, M is not necessarily separable over L.

e Let F be an algebraic extension of K and E a subextension of F'. F is separable if and only if F is seaparable

over E and E separable over K.

Let N/K and N’/K' be Galois extensions.

Consider the following commutative square:

N—"s N/

|

K> K

There exists a continuous homomorphism that we explain explicitely

Gal(N/K) < Gal(N'/K")

g<—y

Let F/K be a Galois extension and F/E/K a subextension of E.

One then has a continuous injective homomorphism called Infration:
Gal(F/E) —— Gal(F/K) :injection
When E/K is moreover a Galois extension, then one has a continuous surjective homomorphism called Restriction;
Gal(F/K) —— Gal(E/K) : surjection

Suppose
vTHK') = K,N' = K'(v(N))

Then one has a continuous isomorphism called Translation:

Gal(N/K) —— Gal(N'/K') :identity

NI

|

translation
~

Gal(N'/K") "*im Gal(K' (v(N))/K) """ Gal(N/v~ ' K7) "4 Gal(N/K)
A V 68 Th.5 Bourbaki
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Theorem 1.5. Let N be a Galois extension of K and N' = K'(N) an extension of K'. Assume K = K' N N.
Then the extension N' of K' is Galois and the canonical homomorphism K' @ x N' — N’ is an isomorphism onto

N’'. We have a translation isomorphism:
Gal(N'/K') ~ Gal(N/K)

Let K be a field and Qf a separably closed extension of K with infinite separant transcendent degree over K.
Let I" be the automorphism group of 27, which consists of all the automorphisms of Q7 fixing K. A transcendent
extension separably closed over K is said to be LGalois extension of K and its K-automorphism group LGalois
group. Let LGal(Q3% /K) be LGalois group. One equips 3 with discrete topology and the set (2% )?% of mappings
from Q73 to itself with product topology, topology of simple convergence in Q7.

Let z1,---,x, be separant transcendent elements over K for Q% and K(zi1,---,%,) a pure transcendent
extension of K. Let A be the set of subextension of Q3 such that they are extensions of finite type over K, say,
K(z1, - ,x,). For o € T'and FE € A, Ug(o) denotes the set of 7 € I which has the same restriction on E that o
has. Thus Ug(0)gea forms a base of filter of neighbourhood of o0 € I'. Let A be a part of I. A is open if and only
if for any o € A there exists an F € A such that Ug (o) € A. The algebraic closure A of A consists of o € T' such
that for any field £ € A in the algebrac closure of the A-invariant field ((Q5)4) in Q%, there exists 7 € A such that
7 € Ug(o). Hence the invariant fields of A and A are to be identified. Note that the algeraic closure of A and the
maximal fixed group of ((Q2%)#) are identical. Let € be the unit of I'. Let A’ be the set of LGalois subextension of
Q3. of finite type over K. The set A’ is cofinal in A and the family of (Ug(¢€))gea’ is a base of filter of neighbourhood
of einT'. For E € A/, the set Ug(¢) is the kernel of the restriction homomorphism LGal(Q3./K) — LGal(E/K):

1 — Ug(e) — LGal(Q /K) — LGal(E/K) — 1

One has Ug(o) = oUg(e) = Ug(e)o for 0 € T and E € A’. Since Ug(e) is a normal subgroup of I' for every
E € A’ and since the family (Ug(e))gea is a base of neighbourhood of €, the topology of T' is compatible with the
structure of group. In other words, (o,7) — 07! of I x I' — T' is continuous. If 7 € NgeaUg(0) and if there exists
x € Q% such that o(x) # 7(z), then there exists E € A such that o(z) # 7(z) for x € E. Note that we should have

defined a concept analogous with quasi-Galois.
Proposition 1.5. NgcaUg(c) = {0} The topology is separated.

Each fibre of the projection of the graph
[ C (%)

is %. If u is adherent to T, then for each couple (z,y) of Q% there exists o € I" such that
u(z) = o(x) u(y) =o(y) u(@+y) =o(z+y) u(zy) = o(zy)
Since o is a homomorphism, one has
w(@+y) = u(x) +uly), ulry)=u@)uy)

On the same argument, u(z) = z for x € K. Hence u is a homomorphism and 5, is separably closed over K.
Thus u is a K-automorphism of 23, so u € I'. Hence I is closed in (Q%)QK Note that every field is the increasing

filtrant union of the subfields of finite type over the prime field. Recall the following proposition.

Proposition 1.6. Let E be an extension of a field K and B a base of transcendence of E over K. E is of finite
type over K if and only if B is finite and the degree [E : K(B)] is finite.
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Let L be a LGalois extension of K and L; an increasing filtrant family of subextensions of L. Assume L; are
LGalois extensions of K and assume L = U;L;. For each ¢ € I T'; denotes LGalois group LGal(L;/K). For i < j in
I one has L; C L; and one has the restriction

i Iy =Ty

which are continuous homomorphisms. The family (I';, ¢;;) is a projective system of topological groups.

I
N\
Pt Cp

Here ()\;) ia a family of continuous homomorphisms. There exists a homomorphism A : T' — lim I'; by definition of
projective limit. Let u = (u;);esr be an element of limI';. For ¢ € I u; is a K-automorphism of L; and wu; is the
restriction of u; to L; for ¢ < j. Since L = U;L;, there exists a unique element o € I" such that o(z) = u,(x) for

x € L;. Thus A is a bijection. We say an LGal group is a pro-Cremona group.

Proposition 1.7.
K3

Fundamental Theorem of LGalois theory:

Theorem 1.6. Let L be a LGalois extension of K and I' its LGalois group. Let KC be the set of subextensions E of
L such that L/E are separable and G the set of closed subgroup of T'. For each subgroup A € G, k(A) denotes the
invariant field of L by A and for E € K g(E) denotes the group of E-automorphism of L. Then A — k(A) is a
bijection of G to K. E — g(E) is an inverse bijection of K to G. For E € K, LGal(L/E) is an algebraically closed
subgroup of LGal(L/K with an induced topology. For a subgroup A of T, Let E be the invariant field of A.Then
the LGalois group of E is the closure of A in T'. Let M be the set of subextensions of L such that if u : E ~ E’
then transcendent degrees of L over E and E’ should be the same. Let E,F € M.

al.close inc

Hom(P(E,F) ~ Hom LCalL/K)(LGal(L/F),LGal(L/E))

where the left homomorphisms are field separable injections and the right homomorphism are continuous algebraically
closed inclusions. Note that we consider an fixed algebraically closed field containing all fields in the category of fields

and on the other hand an fixed topological group LGalois group containing all topological group LGalots groups in the
al.close inc

category of LGalois groups. In Hom (B, F), E is to be abstract, in  Hom LGal(E/K)(LGal(L/F),LGal(L/E))
LGal(L/E) is to be abstract.

Proof. Let a field E € K. When [L : E] < oo, it comes from usual Galois theory, we assume [L : E] = co. Let
GEg = g(E) be the algebraic closure of a subgroup of I' which makes E invariant and E’ the fixed field by Gg.
Clearly, E C E’. Let Lg be the algebraic closure of F in L and GéE the restriction of Gg on Lg. Note that
rest : Ggp — GéE is surjective. In L we have E = E'|p, by virtue of Galois theory. If E’ is algebraic over E,
E'|L, = F'. If E' is not algebraic over F, then there exists trnscendent elements in £’ over E. However, they are
not invariant by the definition of LGalois group. Thus E' = E. Next let A be a group in G and k(A) the fixed
field by A. Let G = g(k(A) be the algebraic closure of the group which makes k(A) invariant. A is contained in
G. Since A is closed, A = G.
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We show the last statement. Given an extension F' of E in M, there exists an injection
LGal(L/F) — LGal(L/E)

Conversely, given

u:LGal(L/F) — LGal(L/E)
one has a closed subgroup u(LGal(L/F)) in LGal(L/FE). Hence one has an invariant field F’ of u(LGal(L/F)).
There exists an isomorphism u* : F' — F since LGalois groups are isomorphic. By hypotesis, u* can be extended
to a K-automorphism v* : L — L. Hence for x € F’ one has o(v*(x)) = v*(z) for 0 € LGal(L/F). Thus
o — (v*)lov* gives u. Hence one has

*y—1 .
F (v™) F inc E

If F and F do not have the same equipotents of any separant transcendent bases over K, LGal(L/F) and LGal(L/F")
are not isomorphic since a transendent element has conjugates as all transcendent elements of L over K, the set of
which is equipotent to that of L. Thus F' and F’ have separant transcendent bases A and B which are equipotent.
Since K (A) and K (B) are isomorphic, the separable closures of them are also isomorphic. Hence the isomorphism
of LGal(L/F) and LGal(L/F") induces that of their absolute Galois groups Gal(F*/F) and Gal(F’"/F'). Hence F

and F’ are isomorphic. O

The category whose objects are subfields of a fixed separably closed field of a ground field such that it is
seaparable over each subfield and whose morphisms are separable inclusions is equivalent to the category whose
objects are algebraically closed subgroups of an automorphism group of a fixed separably closed field over a ground
field and whose morphisms are inclusions.

LetK be a field and 7, a separably closed extension of K with infinite transcendental degree over K. Let I
be the automorphism group of Q2 which consists of all the automorphisms of €23, fixing K.

Let LGal(Q%;/K) be LGalois group.

Let K(X), K(Y) be function fields separable over K and LGal(Q5, /K (X)) LGal(925; /K (X)) LGalois groups.

Let 0 € LGal(Q3,/K (X)) and u : K(Y) — K(X) an isomorphism over K. Then there exists an automorphism
v : Q% — Q% which extends u. Then

s v s
QK QK

]
K(Y) —%> K(X)

o(u(z)) = u(z)
LGal(Q, /K (X)) — LGal(Q5 /K(Y))




Let K (X )S be the separable closure of K(X) in Q3. There exists a surjective homomorphism restriction
LGal(Q5 /K (X)) — Gal(K(X) /K(X))
Given a homomorphism K (Y) C K(X) between separable function fields over K, we have the commutative square

infration

LGal(Q3, /K (X)) LGal(Q5 /K (Y))

lrestriction irestm’ction

Gal((K(X) /K(X)) ——— Gal(K(Y) /K(Y))

restriction X
wnfration

Cal(K(Y)' /K (X) n (KT))

LGal(Qj/K(S) (V) — Gal(K(S)(Y;) /K(S) (Yy))

LGal(Q, /K (X)) "0 L Gal(Qs /K (Y)) — > Gal(K(Y) /K (Y))
LGal(Q /K(S)) Gal(K(S) /K (S))
Gal(K(S) /K(S))

Note that K(S) = K(S) N K(Y) and that
Gal(K(Y) /K(Y)) "4 Gal(K(S) /K(S)).

There exists a commutative square such that the vertical left side automorphism ¢ — v~ 'ov gives the vertical

automorphism of affine schemes:

S

LGal(Q5 /K(S)’ (V) — Spec(K(S) (¥;))
(Y5

-| i |-

— s -

LGal(Q5 /K (S) (Yy)) — Spec(K(S) (Yy))

Choose a lifting of the left side vertical automorphism ¢ — v~ 'ou to give an automorphsm of vertical middle terms

o— v low:
Gal(f«T/K(s» —— LGal( /K (S)" (Y5)) — Spec(K(S) (¥7))
Gal(K(S) /K (S)) —= LGal(Q5 /K (S) (Y5)) — Spec(K(S)" (¥5))

V.66 corollary 6. v.69 corollary 2([B1])

Proposition 1.8. Let N ba a Galois extension of K, E1 and Es two subextension of N and I'y and T'y the Galois

groups of N over E1 and Fs, respectively. The following conditions are equivalent:
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1. T'=Gal(L/K) is a direct product of 'y and I'y.
2. The extensions of Fh and Ey are Galois over K and one has E1 N FEy = K,
K(E;UE;) =N
The canonical homomorphism
E, ®g By - N
is an isomorphism.
And apply faithful flat descent. v.70 lemme3

Proposition 1.9. Let A be a K-algebra, My and My two A-module of finite rank over K. Suppose that there exists
an extension L of K such that the modules L @ My and L Qg My over L ®k A are an isomorpism. Then the

modules My and My are an isomorphism.

v.14 proposition 7([B1])
Proposition 1.10. Let E and F be two extensions of K in an algebraically closed field 2 over K. If E and F are

linearly disjoint over K, every subextension of E and every subextension of F are linearly disjoint over K.

In case K is algebraically closed;
If

Gal(K(Y)/K(Y) = Gal(K(S)/K(S)) x Gamma
where Gamma is a group. then one has the following statements applying the proposition above, replacing K =
K(Y), By = K(Y)(K(9)), E2 = K(Y)(K(Yg)).

K(Y) = K(S,Y;)

K(Y)(E(S) N K(Y)(K(Yy) = K(Y)

K(Y)(K(S) U K(Y)(K(Yy) = K(Y)
K(Y) = E1 ®k(v) E»
Hence E; and E5 are linearly disjoint over K (Y'). Thus K(Y)(Y5;) and K (Y)(S) are linearly disjoint over K(Y").
Therefore, K (Y;) and K(S) are linearly disjoint over K by faithful flat descentness. One has
K(Y) = K(5) @k K(Yy)

Translation diagramm:

=N —
1
g\
—
g




Since
vIK(Y) = K(Y;), wlK(Y)=K(S)

one has
Gal(/K(Y;)) ~ Gal(N/E3)

Gal(/K(S)) ~ Gal(N/E;)

Given a group G with identity element e, a subgroup H, and a normal subgroup N < G then the following

statements are equivalent:
1. G is the product of subgroups, G = N H, where the subgroups have trivial intersection, N N H = {e}.
2. For every g € (G, there are unique n € N and h € H, such that g = nh.
3. For every g € G, there are unique h € H and n € N, such that g = hn.

4. The natural embedding i : H — G and the natural projection 7 : G — G/N composed, o1, is an isomorphism
between H and the quotient group G/N.

5. There exists a homomorphism G — H that is the identity on H and whose kernel is N.

If these statements hold, we define G to be a semidirect product of N and H, written G = N x H
('I’Llhl)(nghg) = nlhlnghflhth = (nlnglhlhg)
Here
H — Aut(N) : n— hnh™t =n"
SGA1 203 corollary 1.7

Proposition 1.11. Let K be an algebraically closed field, X and Y two connected schemes over K.  Suppose
that X is proper over K and that 'Y is locally noetherian. Let a and b be geometric points of X and Y with values
the same algebraically closed extension of K, the geometric point of ¢ = (a,b) of X Xx Y. The homomorphism

(X Xk Y, ¢) = m(X,a) x 71 (Y,b) is indeced by the homomorphisms on the fundamental groups associated to two
projections X XgY — X and X XY — Y and this homomorphism is an isomorphism.

Let K be an algebraically closed field, X, and S varieties over K. Let X = Xy xg S. Then K(X) =
K(Xo) ®kx K(S). Thus K(Xg) and K(S) are linearly disjoint over K. Therefore every set of separable algebraic

elements over K(Xj) and every set of separable algebraic elements over K(S) are linearly disjoint over K.

1. The two extensions are Galois;




Translation diagramm:

KTO) ——KX) —— K(X)(TK(S) )
K K(S) K(S)

Thus

Gal(K(X) /K (X)) = Gal(K(Xo)"/K(Xo)) x Gal(K(S)" /K (S))

LGal(Q3 /K (X)) has a normal subgroup Gal(K (X) /K( ). If Gal(K (X)) /K (X)) is a direct product Gal(K (X)/K (Xo))x
Gal(K (S)/K(S)), then LGal(wj, /K (X))is also a direct product LGal(K (Xy)/K(Xo)) x Gal(K(S)/K(S)). Indeed,
if it is not a direct product, it would be a proper semi-direct product. And Gal(K(S)/K(S)) would non trivially
act on Gal(K(Xo)/K(Xy)). However it is a direct product Gal(K (Xo)/K (Xo)) x Gal(K(S)/K(S)). The action is
trivial. Hence LGal(Q5, /K (X)) is a direct product.

Theorem 1.7. (K.Ueno Conjecture) Let K be an algebraically closed field, S a variety over K, X and Y two
varieties over S. Suppose X = Xg Xg S and f: X — Y a separable dominant rational map over S and that the
general generic fibre Y5 of Y/S is a variety of k non negative. Then var(Y/S) = 0.

Proof. By hypotesis the homomorphism of absolute Galois groups associated to the field homomorphism of the

dominant rational map between the rational function fields of X and Y over S

Gal(K(X) /K (X)) = Gal(K(Y) /K(Y))

over Gal(K(S) ) /K (S)) gives a pro-finite group section of Gal(K(Y) ) JK(Y)) over Gal(K(S) ) /K(S)). Next we

consider the cartesian squaire

Gal(K(Y) /K(Y)) ~—— T
Gal(K(S) /K (8)) <——1
G is the pullback of Gal(K ( ) /K (Y)) along the homomorphism 1 — Gal(K(S) /K( )) G is identified to be a nor-

mal subgroup of Gal(K (Y Y JK(Y ). The topological group homomorphism Gal(K (Y) /K( ) — Gal(K(S)S/K(S))
is surjective since Y/S is a connected morpism, K (.S) is algebraically closed in K(Y'). By hypotesis, this surjection

has a topological homomorphic section. Thus the topological group Gal(K (Y)S /K(Y)) is a semi-direct product of
G with an 1mage of the section o of Gal(K(S) /K( )). Let (g,s) be a couple of elements where g is in G and s is
in o(Gal(K(S) /K(S))). The product is as follows

—1 s
91519282 = g151928] S152 = G105' 5152

Hence
g—g
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is a bi-continuous topological automorphism of G. Therefore it comes from an automorphism of SpecK (Y5). We

have a homomorphism of toplogical groups.
o(Gal(K(S) ) JK(S))) = AutSpecK (Y5)

The automorphism group of SpecK (Y};) has an abelian variety as a neutral component. The factor group by a
neutral component is a discret group with countable cardinality. Replacing S by a K-variety S’ which comes from a

generically finite morphism S — S| o(Gal(K (S’ )s /K (S"))) becomes small enough. Then one has a representation
o(Gal(K(5")°/K(5"))) — Aut’SpecK (V)

which has a compact profinite subgroup of an abelian variety. Thus it is a finite group. Replacing S’ by S” again,

we have a trivial representation
o(Gal(K (S”) /K(57))) — AutOSpecK(Y;,)

Thus
Gal(K(Y")"/K(Y")) = G x 0(Gal(K(S7) /K (S")))

where Y” =Y (S”). Hence Y is birationally isomorphic to a product S” x  Y3.

In case K is not algebraically closed.

Consider the exact sequence
1—Tg — Gal(K(S /K(S) = Gal(K'/K) — 1
One has the exact sequence
1 = HY(Gal(K’/K), (G — Aut(G))) — H'(Gal(K(S) ) JK(S), (G = Aut(G))) — H'(T'g, (G — Aut(G))) —

We have an extension to be considered in the midterm which sends to the right term where it is a neutral element.
Thus we find an extension in the right term where we denote it by F. Pulling backit we have a desired extension

in the middle term where it represents a fibre product

F<—F><KS’:Y<—YOXR§

] |

K S S

If the center of the profinite group G is free, we can explain it explicitely.We have the exact sequence
1 — H' (T, Out(G)) — H*(Gal(K(S) ) /K (S)),0ut(G)) — H'(T'g, Out(GQ)) —

where the extension associated to a fibre Y/S is in the middle term cohomology which vanishes in the right hand
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cohomology to give rise to an extension in the right hand cohomology:

1
1 G
Gal(K(Sz) /K (Sk) Aut(G)

T

S

Gal(K(S) /K(S)) — Out(Q)

/

Gal(K’/K) 1

It is a universal exact sequence:
1 =G — Aut(G) = Out(G) — 1

We have an extension of profinite groups over I'x by

1 1

Aut(G) Xouy(e) Gal(K " /K) — Aut(G)

Gal(K’/K) ———— Out(G)
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, which is associated to a variety F/K. Then

1 1
€] G
Aut(G) X our(a) Gal(K(S) /K (S)) Aut(G)

Gal(K(S) /K(9)) Gal(K"/K) — Out(G)

1 1

Aut(G) Xout(@) Gal(K(S)S/K(S)) is associated to a variety F' X S, which is originally a given variety Y.
Note: 81 EGA IV 2 Let X, Y be schemes over a field k and K/K’ an extension over k. We have injections.

HOHlK/(XK/,YK/) — HOIIlK(XK, YK)

AutK/(XK/) — AutK(XK)

For example let Q be the natural rational field and C the field of the complex numbers. Then the lattice of the
closed subgroups of the topological group Autg(C) determines the intermidiate fields between Q and C. Consider
all the function fields of the complex varieties and arithmetic varieties. They are all contained in C.

In case that given function fields of varieties in the intermediate fields, we make use of a strategy for LGalois

theory. For example consider the next theorem again:

Theorem 1.8. (K.Ueno Conjecture) Let K be an algebraically closed field, S a variety over K, X and Y two
varieties over S. Suppose X = Xog Xg S and f : X =Y a separable dominant rational map over S and that the
general generic fibre Yy of Y/S is a variety of k non negative. Then var(Y/S) = 0.

Proof. Let T' be the absolute Galois group of the function field of S and G the absolute LGalois group of the
function field of the general generic fibre Yj; of Y//S. Then the automorphism group of Y5 of Y/S is contained in

the automorphism group of the absolute LGalois group with section over I'. Hence we have the next diagram:
HY(T, Autr(Q)) — HY(T, (G — Autr(G)))

After changing T, the distingushed element of H*(T', Autr(G)) vanishes by the repeated argument and so the image
of the element in H*(T, (G — Autr(G))) vanishes too. Hence we obtain the conclusion. O

This plays an essential role for the proof of litaka-Viehweg conjecture. Furthermore, we have an litaka-Viehweg
formula:
K(X) > k(X5) + &(S)

k(wxys) > k(Xy) + var(X/S)

for a separable fibre space X/S.
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We shall enlarge the concept of LGalois groups of an algebraic field over a field to the automorphism groups
between formally smooth (resp. smooth) morphisms of schemes and obtain the concept of (resp. non commu-
tative) schemes in point of view of topological groups by pathching. We shall obtain an analogue of Kodaira-
Spencer(resp.Grauert) deformation theory for smooth schemes (resp. reduced algebraic spaces) and moreover for

schemes of positive characteristics.

Definition 1.3. Let k be a field, X a k-scheme and x a point of X. We say that X is geometrically reduced or
separable at the point x over k if for any extension k' of k and any point ' of X' = X ®y k' over x X is reduced

at ' ji.e., Oxr 4 1s reduiced.

2 Langlands Program

We refer to [G] in this section. Notation:K is an algebraic number field, i.e., K/Q is a finite field extension. We write
v for a place of K, i.e., a representative of an equivalence class of non trivial valuations. A finite (non-Archimedean)
valuation is written as v < oo and an infinite(Archimedean) valuation as v | co. We write Po, for the finite set of all
infinite places of K and P for a finite subset of all places of K,, which contains P.,. Furthermore we write K, for the
completion of K with respect to the valuation v. If the valuation v is discrete, then we write O, for the valuation
ring of K,,. We write m,, for the maximal ideal of O,,. If this is a principal ideal, then we write 7, for a uniformizing
element. By fixing a suitable constant C' > 1, there is a one-to-one identification of valuations and absolute values:

o . C) L ifa #£0
The valuationv is assigned the absolute value |- |,, which is defined as: |z|, := Vr € K.
0 ,ifx=0

Conversely, the absolute value vj.|, which is defined as: v.|(z) := —logc(|z]) Vo e K*.
Definition 2.1. The set of the finite adeles of an algebraic number field K, named Ak fin, is defined as the restricted

—0,
product of K, concerning the O,, which means A g, 1= H K,.
vtoo

This means, that the set of the finite adeles contains all (), € vaoo K,, so that xz, € O, for almost all v.
Addition and multiplication are defined component-wise. In this way Ak fin s a Ting. The topology is the restricted
product topology. That means that the topology is generated by the so-called restricted open rectangles, which have
the following form: U = H U, x H O,, where E is a finite subset of the set of all places of K, containing P

vEE v E
and U, C K, is open. In the following, we will use the term finite adele ring of K as a synonym for Ak fin.
Definition 2.2. The adele ring of an algebraic number field K, named Ak, is defined as the product of the set of
the finite adeles with the product of the completions at the infinite valuations. These are R or C, their number is
finite.

—— 0,
That means Ag := A fin X H K, = H K, x H K,.

v|oo vfoo v|oo
We define addition and multiplication component-wise. As a result, the adele ring is a ring. The elements

of the adele ring are called adeles of K. In the following, we write A = HK”’ although this is generally not a

v
restricted product.
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Given a vector space L over K, a general linear group GL, (L) can act a vector space L™. When L is the
separably closure with infinite separant transcendent basis of K, an etale extension of L is L™. Let Ax denote an

adele of K. We have a representation
GL,(Ax) = GL,(L) — LGal(L"/K)
The Langlands correspondence in number theory is a conjectural correspondence between
1. n-dimensional complex linear representations of the Galois group Gal(K/K) of a given number field K, and

2. The automorphic representations of a m-dimensional general linear group GL,(Ag) with coefficients in
the ring of adeles of K, arising within the representations given by functions on the double coset space
GL,(K)\GL,,(Ak)/GL,(O) where O = 11,0, is the ring of integers of all formal cmpletions of K.

Let G be a reductive algebraic group over a number field K and A denote the adeles of K. Let Z denote the
center of G and let w be a continuous unitary character from Z(K)\Z(A)* to C*. Fix a Haar measure on G(A)
and L3(G(K)\G(A),w) denote the Hilbert space of measurable complex-valued function, f, on G(A) satisfying

1.

f(vg) = f(g) for all v € G(K)
2.

f(gz) = f(g)w(Z) for all z € Z(A)

3.

/ F(9)? dg < o0

Z(A)G(K)\G(A)

4.

/ f(ug)du =0
U(K)\U(A)

This is called the space of cusp forms with central character w on G(A). A functtion occurring in such a space
is called a cuspidal function. This space is a unitary representation of the group G(A) where the action of g € G(A)

on a cuspidal function ¢ is given
(Ro(9)9)(x) = ¢(xg)
for x € G(K)\G(A). The space of cusp forms with center character w decoposes into a direct sum of Hilbert spaces

A

LHCUN\GA).w) =B, maVs

where the sum runs over the irreducible subrepresentations of L2G(K)\G(A),w) and m, are positive integers. A

cuspidal represetation of G(A) is such a subrepresentation (m, V') for some w.

Conjecture 2.1. (Langlands)([G]) Suppose E is a finite Galois extension of F' with Galois group G = Gal(E/F)
and o : G — Gl1,(C) is an irreducible representation of G. Then there exists an automorphic cuspidal representation
7 on GL,, over F such that

L(s,m,) = L(s,0)
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2.1 Artin L-functions

Note that the image of the absolute Galois group into a linear algebraic group is finite. So it suffices to consider
a finite Galois extension of K in some sense. Suppose K is a number field and F is a finite Galois extension of K
with Galois group G = Gal(E/K). A representation of G is a homomorphism o of G into GL(V'), the group of
invertible linear transformations of a complex vector space of dimension n. Given a finite place P of K of K, we
say a prime B of Og lies over P if B appears in the factorization of POpg into prime ideals of Og. Given such a

pair B/P, the following local objects are defined, each depending on B only up to conjugation in G:
1. The decomposition group D = {g € G : g(B) = B};

2. The inertia group
I ={g € Dp: g(z) = x mod B for allx € Og};

3. The Frobenius automorphism Frp generating the cyclic group Dg/Ip ~ Gal(Og/B : Ok /P). When Iz = {1},
we call P unramified in F. In this case, Frp represents a conjugacy class in G. Since almost all P are unramified
in this sense and since knowledge of Frz completely determines the factorization type of such P, it is natural

to focus attention on these Frg.

Returning to our representation o : G — GL(V'), let Vi denote the subspace of V' formed by vectors invariant by
o(Ig). Then o(Frp) is defined unambiguously on Vg and the Euler factor

Lp(o,s) = [det(I — o(Frg)(NP)™*)|vy]

depends only on P, not B with NP the cardinality of the field Og/P. Now we can define Artin’s L-function
attached to o by the product
L(o,s) = Lg/k(0,5) = pLp(o,s)

convergent for Re(s) > 1.

2.2 Automorphic L-function

Proposition 2.1. The functor from the category of étale schemes to the category of sets equipped with an action

of the absolute Galois group is an equivalence of categories.

Sch,; — Gal(ks/k) — Set

X

X (ks)

Let K be an algebraic number field. Let G be an algebraic reduced étale group scheme over K. For any
valuation v we have an isomorphism
Ly K, ~C

and an isomorphism

Gal([K] g, /K) = Gal([K] g, /K) ~ Gal([K]c/K)

for another valuation w. Note that Frg € Gal([K]c/K). Given a representation

o: Gal([K]g, )/K) — G(C)with acion of C
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or equivalently
o: Gal([K]g,)/K) = G([K] g, )with action of [K]g,

one obtains a representation to a étale group scheme
o: Gal([Klg,)/K) = G

and hence applying K,
o: Gal([Klg,)/K) — G(K,)

We infer that
Fr, € Autp, (Ok,) — o(Fr,) € G(Ok,)

We begin with L-functions defined by local data but the function defined in this way is not easy to prove an
analytic continuation, functional equation and the convergence. Given a positive integer NV and a finite set of bad
primes, let Psipbe a mathrmGLy matrix for a prime p ¢ S, where p is in the primes in a number field. Then we
have an L-function attached to the local data {U,} defined by

1

L(s,{¥p}) = l_Ii’gsdet(lN —p°Vp)

Note that it is sufficient for ¥, to be determined up to conjugacy classes. In the case of Riemann’s zeta, the set S is
void and ¥, = 1. In the case of Dirichlet L-functions for a Dirichlet character x modulo F, we take S = {p: p|F'}
and the local data at p ¢ S is ¥, = x(p). To define automorphic L-functions, we give how to attach local data ¥,
to an irreducible unitary representation m of a reductive adele group G(Ag) but it is independent of the fact 7 is
automorphic. Since the local group G, where v runs over primes of the algebraic number field K, are known to be
Type I, any irreducible unitary representation 7 of G(Ag) factors over primes into a completed restricted tensor

product:

A

R

v
where 7, is an irreducible unitary representation of G, uniquely determined up to isomorphism. In particular, this
factorization can apply to an irreducible unitary representation 74 generated by a square integrable cusp form ¢.
Let K, be a ’good’ maximal compact subgroup of G. Recall that an irreducible unitary representation of G, is
a spherical representation if it has a non zero K,-fixed vector, when there is a one dimensional space of K,-fixed
vectors in the representation space. Note that for all but finitely many primes v, the local representations m, are
spherical. Let the set S of bad primes be at least large enough to contain the finite set of primes v for which 7,
is non sperical. Let G be a reductive linear group over an ultrametric local field k. Let P be a minimal parabolic
subgroup of G with unipotent radical N and choice of Levi component of M. When G = GL(n,Q,), P is upper
triangle matrices, N is elements of P with 1’s diagonal components and M the diagonal matrices. Let K be a
"good’ maximal compact subgroup of G. Let H¢ x denote the spherical Hecke algebra defined as
Ha, i is the left and right K-invariant complex valued functions on G.
Endow G with a right Haar measure so that the measure of K is 1, which is also a left Haar measure. Hg x is a

convolution algebra with the convolution product

(6 * 9)(g) - /G (gh™)p(h)dh

where dh is the Haar measure.
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Elementary representation theory says that the isomorphism class of a spherical representation is completely
determined by the representation of the spherical Hecke algebra on the one dimensional space of spherical vectors
on the representation. Since the space of spherical vectors is just one dimensional, automorphisms are complex

scalars. Hence to describe a spherical representation 7 is to describe a C-albegra homomorphism
HG, K — C
Let dp be the modular function of P. It means that for a right Haar measure up on P we have

pp(pE) = pup(pEp~") = 6p(p) - pp(E)

for any p € P and measurable E C P. The Satake transform S(y) of a function ¢ € Hg i is defined by the integral
formula
(S)m) =Sp(m)F [ plm)dn = 5p(m) % [ otmn)in
N N

dn denotes a Haar measure on N normalized so that

characteristic function of K — characteristic function of K N M
Let Har,knar be the spherical Hecke algebra of the reductive group M which is a fixed Levi component of the
parabolic P. The Weyl group of M in G is

W = the normalizer of M in G / the centralizer of M in G
Satake’s theorem says that the Satake transform S gives an isomorphism from the spherical Heke algebra Ha, i of
G to the Weyl group invariant elements ”HAVI/; xnn Of the spherical Hecke algebra Has knar of M. Now generally the
spherical Hecke algebra H s, knn Of M is of the form

-1 -1 -1
(C[thl 3Ry %9 5ttt 3y Rny Ry ]

for indeterminates z;, where n is the split rank of G. For example, the split rank of GL(n,Q,) is n. Note that the
spherical Hecke algebra of the Levi component of a minimal parabolic is a commutative Noetherian ring. The Weyl
group W acts in such a manner that the full spherical Hecke algebra of M is integral over the W-invarinat elements.
Therefore H% xnu is a commutaive Noetherian ring. Thus the spherical Hecke algebra Hg i is a commutative
Noetherian ring. For example, in the case of GL(n,Q),), the Weyl group W is the symmetric group S,and it acts
on

Harkom = Clzn, 20 20,25 20, 2
by permutation of these indeterminats z;. Thus the W-fixed subalgebra is

w ~ —1 —1 1w -1
HM,KOIVI_C[thl 722,22 y ,Zn,Zn ] —(C[317827"' ;Sn7sn ]

It is generated by the elementary symmetric polynomials s1, s2, - , s, in the z;, toghther with the monomial s .

The integrality assures that any algebra homomorphism
A HG"K ~ H%,KOM - C

extends to an algebra homomorphism
X Hy kv — C
By an identification

-1 -1 -1
HM,KQMZ(C[thl 3 R2,%9 5ttty 2y Ry ]
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we have the images

A(21); A (22), 5 A (2n)
which are the Satake parameters associated to A. For each prime v of the algebraic number field we arrange the
Satake parameters into a suitable diagonal matrix ®,: in case of GL(n,Q,) with Satake parameters X (z1), A

(22),- - ,;\ (2n), we can take

A (2n)
Then the standard L-function attached to the local data ®, cominig from the Satake parameters is

1

L(s,mAPv}) = lygs—————
(. m AP} = Thgs i — =5,

where g, is the order of the residue class field for v, and S is the finite set of primes where the local representation
is not spherical. This also omits archimedian primes.

Suppose 7 is an irreducible unitary representation of G(Af) in some space H,. Then 7 can be factored as
a restricted direct product 7 = ®m,, with each 7, an irreducible representation of G,, = GL(K,). In particular,
for almost all v, 7, is unramified; this means that its space H, contains a one-dimensional space of vectors which
are left fixed by the group of operators 7(g,), g» € GL(O,), with O, = {z € K, : |z|, < 1}.The product ®,m, is
restricted in the sense that the space consists of vectors w = ®w, with the property that w, is GL(O,)-fixed for

almost all v. Thus the representation 7 (g) is well defined by the formula
7T(g)w = Hvﬂv(gv)wv

since 7(g,) belongs to GL(O,) for almost all v. If there exists an isomorphism A between H, and some subspace V;
of L3 the Hilbert space of square-integrable functions G(K)\G(A k) such that An(g) = R(g)A for all g in G(Ag),
then we say 7 is equivalent to some subrepresentation of Rj.
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ON SOME PROPERTIES OF COORDINATES
TAKANORI NAGAMINE

ABSTRACT. In this paper, we study some properties of coordinates in
the polynomial ring by introducing some concepts which are weaker
than coordinates. In particular, in the polynomial ring in two vari-
ables over an algebraically closed field of characteristic zero, we show
some relations between polynomials and their fibers on AZ.

1. INTRODUCTION

Let k be a field of characteristic zero and k" = k[zy, ..., 2,,] be the poly-
nomial ring in n variables over k. A polynomial f € k" is called a coordi-
nate if there exists polynomials fs, ..., f,, € k" such that k[f, fa, ..., fu] =
k™. We say that f is a generically univariate if there exists a coordinate
g € k" such that k[f] C k[g]. In general, it is difficult to decide whether
f is a coordinate or not. In the case where n = 2, there are some criteria
for a polynomial f € kP to be a coordinate. The following theorem is
proved by S. Abhyankar and T. Moh ([1]).

Theorem 1.1. (Abhyankar-Moh embedding theorem) Let f € kP2l be a
polynomial. Then f is a coordinate if and only if k2 /(f) ~ k!,

On the other hand, we can understand a polynomial is a coordinate
or not, by the notations of derivations. Let A be a k-domain and let
D : A — A be a k-derivation. d is called a locally nilpotent derivation if
for any a € A, there exists an integer N(a) > 1 such that D" (a) = 0 for
N > N(a). We denote AP by the kernel of D.

For a polynomial f € ki = k[z,y], we define a k-derivation A; by

Af = —a—fﬁ + a—fﬁ
Oy dx Oz dy
The following theorem gives a criterion for a polynomial f € k[ to be a
coordinate.

Theorem 1.2. (cf. [3, Proposition 2.1]) Let f € k&\k be a non-constant
polynomial. Then the following conditions are equivalent:

(i) f is a coordinate.

Date: March 30, 2017.
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49



TAKANORI NAGAMINE

(i) Ay is a locally nilpotent derivation and 1 € (fy, f,).

As we can see Theorem 1.2, it is important to decide whether Ay is
locally nilpotent or not. The following gives an answer for this question.

Proposition 1.3. (cf. [4, Corollary 4.7)) Let f € kPI\ k be a non-
constant polynomaial. Then the following conditions are equivalent:

(i) f is a generically univariate.
(i) Ay is a locally nilpotent derivation.

In this paper, we study some properties of coordinates in the polyno-
mial ring by introducing some concepts which are weaker than coordi-
nates. In Section 2, we introduce some concepts which are weaker than
coordinates and show some relations between these concepts and their
fibers on A%, The main result of this section is Theorem 2.5. This theo-
rem gives some geometric characterizations of these concepts. In Section
3, we study algebraically closed subrings of an integral domain. The
main result of this section is Theorem 3.4, which is a generalization of [5,
Theorem 3.1]. Finely, in Section 4, we give some examples of concepts
which are introduced in Section 2.

2. FIBERS AND SUBALGEBRAS OF THE POLYNOMIAL RINGS

Let k£ be a field and let A be a k-domain. We denote Q(A) by the
quotient field of A. A subring B of A is called algebraically closed in A
if for every polynomial f(7T") € B[T] with coefficients in B, every root
of f(T') belonging to A also belongs to B. We say that B is factorially
closed in A if for all a,b € A\ {0}, ab € B implies that a and b belong
to B.

Lemma 2.1. Let B be a subring of A. Then the following assertions
hold true.

(1) If B is factorially closed in A, then it is algebraically closed in A.
(2) B is algebraically closed in A if and only if B is integrally closed
in A and Q(B)NA=B.

Proof. Omitted. O

In the rest of this section, we consider the case where A is the poly-
nomial ring. Let k™ be the polynomial ring in n variables over k. A
polynomial f € kl"'\ k is called a closed polynomial if k[f] is integrally
closed in k™. We say also f is a factorially closed polynomial if k[f] is
factorially closed in k™. We use the notation “coordinate” and “generi-
cally univariate” in the same sense as in Section 1 over a field with any
characteristic.
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Lemma 2.2. Let f € k" \ k be a non-constant polynomial. Then the
following two conditions are equivalent:

(i) k[f] is algebraically closed in k™.

(ii) kLf

Proof. (i) = (i) is clear. (i) = (i) follows from k(f) N k" = k[f] and
Lemma 2.1 (2). O

| is integrally closed in k™.

By the above lemma, we say simply a polynomial f is closed if k[f] is
integrally closed or algebraically closed in k™.

Next, we consider whether f € k" \ k is a generically univariate or
not. We denote k[f] by the algebraic closure of k[f] in k. Then k[f]
is a Dedekind subring of k" containing k. It follows from [10, Theorem
8] that there exists g € k" \ k such that k[f] = k[g] and ¢(0, ...,0) = 0.
Further such a polynomial g is unique up to multiplication by non-zero
elements of k. Then the following holds true.

Lemma 2.3. With the above notations, the following two conditions are
equivalent:

(i) f is a generically univariate.

(i) g is a coordinate.

Proof. The part “(i) = (i)” is clear. So, we prove the part “(i) = (i)”.
Suppose that f is a generically univariate. Then there exists a coordinate
u € k" such that k[f] C k[u]. Since k[g] C k[u] and k[g] is algebraically
closed in k. k[g] = k[u]. So g is a coordinate. O

These four concepts “variable”, “generically univariate”, “factorially
closed polynomial” and “closed polynomial” have some relations as be-
low.

Proposition 2.4. Let f € k" \ k be a non-constant polynomial. Then
the following assertions hold true.

(1) If f is a variable, then it is a generically univariate and a facto-
rally closed polynomial.

(2) If f is a factorially closed polynomial, then it is closed.

(3) f 1s a variable if and only if it is a generically univariate and
closed.

Proof. (1) is clear. (2) follows from Lemma 2.2. The “only if” part of
(3) follows from (1) and (2). The “if” part of (3) follows from Lemma
2.3. U

In the rest of this section, we assume further that k is an algebraically
closed field of characteristic zero and n = 2. Let f € kP \ &k be a
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non-constant polynomial. We consider the morphism ®; : Spec kR —
Speck[f] associated to the inclusion k[f] < k2. Here, we denote CIDJTI(P)
by a fiber of ®; at a close point P € Spec k[f] and note that CDJIl(P) =
Spec (k[z,y]/(f —A)), where A € k and (f — A) is the ideal corresponding
to P. The fiber @;1(13) is irreducible and reduced if and only if the
polynomial f — X is irreducible. The following is the main result in this
section.

Theorem 2.5. Let k be an algebraically closed field of characteristic
zero, let f € kP \ k be a non-constant polynomial and let ®; : Spec k2 —
Spec k[f] be the morphism associated to the inclusion k[f] — k2. Let

m be the degree of field extension Q(k[f]) over k(f). Then the following

assertions hold true.

(1) f is factorially closed if and only if every fiber of ®y is irreducible
and reduced.
(2) f is a generically univariate if and only if

i=1

where F; ~ A for 1 < i <m and _,_, m; = m, for any closed
point P € Spec k[f].

Proof. We set k2 = K[z, y].

(1). Suppose that f is factorially closed. If there exists A € k such
that f — X is reducible, then f — A\ = gh for some g, h € k[z,y] \ k. Since
deg g and deg h are less than deg (f — A\), ¢ and h do not belong to
k[f — A]l. This is a contradiction. Hence every fiber of ®; is irreducible
and reduced.

Conversely, we suppose that every fiber of ®; is irreducible and re-
duced. We may assume that f is irreducible. It follows from [2, Theorem
1.1 (1)] that f is closed. So, k[x,y]27 = k[f] by [8, Theorem 2,1].

On the other hand, since k[z, y] is UFD, Ay = gD for some g € k[z, y]\
{0} and an irreducible derivation D. Since k[f] = k[z,y]*f = k[z,y]",
k(f) C k(z,y)?, where D is the natural extension of D to k(z,y). It
follows from [6, Lemma 2.4 (2)] that the abelian monoid Xp(k[z,y])
contains no abelian subgroup other than (0). Therefore, by using [6,
Lemma 1.5 (1)], we see that k[f] is factorially closed in k[z,y], which
implies that f is a factorially closed polynomial.

(2). In order to show the equivalence, we need some arguments. By
the argument preceding Lemma 2.3, we can write as k[f] = k[g] for some
non-constant polynomial g € k[x,y] \ k. Now, we consider the morphism
U : Spec k[g] — Spec k[f] with respect to the inclusion k[f] < k[g|. Let
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m > 1 be the degree of field extension k(g) over k(f). Then for any
closed point P € Spec k[f],

UHP) = imiQu
i=1

where each @; is a distinct closed point of Spec k[g] and > ;_, m; = m.
Therefore

‘bj_fl(P) = q)g_l(z m;Q;) = Zmiq);l(Qi)'

If f is a generically univariate, then g is a coordinate, by Lemma 2.3.
It follows from Theorem 1.1 that ®_'(Q;) is isomorphic to A" for any
1 <4 < r. Therefore we have the assertion.

Conversely, in order to prove the assertion, it is sufficient to prove that
g is a coordinate. Since g is closed, it follows from [2, Theorem 1.1] that
there exists Qo € Spec k[g] such that ®_(Qo) is irreducible and reduced.
Put P := ¥(Qy) € Spec k[f]. By the assumption, @;1(]3) => . mF
with F; ~ A", where >/ m; = m. Since ®,'(Qo) C @fl(P) and
®_1(Qo) is irreducible, there exists 1 <4 < 7 such that ®_1(Qo) C F; ~
A'. Since the dimension of ®,'(Qo) is one, ®,'(Qo)F; ~ A'. Therefore,
by using Theorem 1.1 again, we see that g is a coordinate.

O

3. ALGEBRAICALLY CLOSED SUBALGEBRAS

Let R be an integral domain and let A be an R-domain. We denote
Q(R) by the quotient field of R. We denote the set of R-subalgebras of
A whose transcendental degree over R equals r by S(r, A), that is,

S(r,A) :={B | B is an R-subalgebra of A with tr.deg zpB =r}.
Here, this set S(r, A) is ordered by partial inclusion.

In order to state the main result in this section, we prepare two lemmas
below. We set K := Q(R) and Ax := K ®r A. The following lemmas
state that some conditions on R-subalgebras of A are invariant by the
extension of the scalar K.

First, we discus about integrally closed subring in A or Ag.

Lemma 3.1. Let B be an R-subalgebra of A such that Q(B)N A = B.
Then the following two conditions are equivalent:

(i) B is integrally closed in A.
(i) B is integrally closed in Ak.

Proof. (i) = (ii). Suppose that B is integrally closed in A. If & € A is
integral over Bp, then there exist (i, ..., 8,, € Bk such that
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Ozm—i-ﬁl()(m_l‘i“""i_ﬁmfla"i_ﬁm = 0.

We choose elements a,b € R\ {0} with aa € A and b3; € B for any
1 <i<m and set ¢c:=ab € R. Then we have

(ca)™ + cBy(ca)™ + oo + 1B, 1 (ca) + ™ B, = 0.

Since ca € A and ¢'3; € B, ca is integral over B, and so ca € B. Hence
o € Bg.

(i) = (i). Suppose that By is integrally closed in Ag. If a € A is
integral over B, then it is also integral over By as an element of Ag.
By (i), @ is an element of Bx. Hence a € Bk N A C Q(B)NA = B.
Therefore B is integrally closed in A. U

By Lemma 3.1, we have the following. Its proof is the same as that of
Lemma 3.1.

Corollary 3.2. Let B be an R-subalgebra of A. Then the following two
conditions are equivalent:

(i) B is algebraically closed in A.
(i) By is algebraically closed in Ag.

Lemma 3.3. Suppose that the characteristic of R equals zero and A is
finitely generated over R. For an R-subalgebra B of A, the following two
conditions are equivalent:

(i) There exists an R-derivation D of A such that AP = B.
(i) Q(B) N A = B and there exists a K-derivation Dy of Ak such
that (AK)DK = BK.

Proof. We may assume that A is generated by aq, ...,a, € A over R.

(i) = (ii). Let D be an R-derivation on A such that A” = B. Since
B is the kernel of derivation D, it follows from Remark ?? (1) that B is
algebraically closed in A. Hence Q(B)NA = B by Proposition 2.1 (2). We
denote Dy by the natural extension of D to Ak, that is, Dk(a;) := D(a;)
for 1 <4 < n. It is clear that By is contained in (AK)DK. On the other
hand, if o € (Ag)”", then Ao € A for some A € R\ {0} and

0= ADg(a) = Dx(Aa) = D(Aa).

Therefore Ao € AP = B, and so o € By.

(i) = (i). Conversely, we suppose that there exists a K-derivation
Dy on Ak with (Ax)”% = By and Q(B) N A = B. We can choose a
non-zero element A € R\ {0} such that ADg(a;) € A for 1 < i < n.
Now, we define an R-derivation D of A by D := ADg. This is a desired
one. Indeed, since BC Bk NACQ(B)NA=DB, B=BgNA. By the
construction of D, we see that D is the restriction of ADg on A. We note

54



ON SOME PROPERTIES OF COORDINATES

also (A)*P% = (Ag)”" = Bk. Hence AP = (A)*”* N A = Bx N A.
From the above argument, we have AP = B. O

The following is the main result in this section.

Theorem 3.4. Let R be an integral domain and let A be an R-domain.
For an element B of S(r, A), the following conditions are equivalent:

(i) B is algebraically closed in A.
(i) B is integrally closed in A and Q(B) N A= B.
(i) B is a mazimal element of S(r, A).

Moreover, if the characteristic of R equals zero and A is finitely generated
over R, then the above conditions are equivalent to the condition (iv).

(iv) There exists an R-derivation D of A such that AP = B.

Proof. The part “(i) < (ii)” follows from Proposition 2.1 (2).

(i) = (ii). Let C be any element of S(r, A) containing B. Since B
and C' have same transcendental degree, the ring extension C' over B
is algebraic. Hence B = (', which implies B is a maximal element of
S(r, A).

(ii) = (i). We denote B by the algebraic closure of B in A. Then B
is an element of S(r, A). Since B C B and B is a maximal element of
S(r, A), B = B. So B is algebraically closed in A.

Next, in order to prove the rest of this theorem, we assume further
that the characteristic of R equals zero and A is finitely generated over
R. We set K := Q(R).

(i) = (iv). By Lemma 3.1, By is integrally closed in Ag. Since K is
a field, it follows from [9, Theorem 5.4] that there exists a K-derivation
Dy of Ag such that (AK)DK = Bg. By Lemma 3.3 and the assumption
on B, we have an R-derivation D of A satisfying A” = B.

(iv) = (i). Suppose that there exists an R-derivation D on A with
AP = B. By Lemma 3.3, Q(B) N A = B and there exists a K-derivation
Dy of Ag such that (AK)DK = By. Since K is a field, it follows from
9, Theorem 5.4] that By is integrally closed in Ag. Therefore B is
integrally closed in A by Lemma 3.1. U

In Theorem 3.4, we consider the case where A is the polynomial ring
R in n variables over R and r = 1. Then we get a part of [5, Theorem
3.1] as a corollary of Theorem 3.4.

4. EXAMPLES

By using Theorem 2.5, we give some examples of factorially closed
polynomials and closed polynomials in the case where n = 2.

55



TAKANORI NAGAMINE

Proposition 4.1. Let k be a field of characteristic zero and let f €
klx,y] \ k be a non-constant polynomial of degree d > 2. The following
two conditions are equivalent:

(i) deg f =d —1, where f := ged(fs, f,)-
(i) There exists A € k\ {0} such that k[f] C k[z + Ay].

In particular, if the above conditions hold, then f is a generically uni-
variate but is not closed, and the algebraic closure of k[f] in klx,y] is
equal to klx + Ay|.

Proof. (i) = (ii). Suppose that deg f = d — 1. First of all, we consider
the homogeneous decomposition of f, and f,. Let f = fy+---+ fo be the
homogeneous decomposition of f. The following give the homogeneous
decomposition of f, and f,:

dfa df1
fe ox toet ox

dfa df1
fy ay + + ay

Since deg f = d — 1, there exists A € k\ {0} such that Af, = f,. Indeed,
we write f, = pf and fy = qf for some p,q € k[x,y]. Then we have

d—1<degf+degp=degf, <d—1.

Hence deg p = 0, which means that p is a non-zero constant. ¢ is also a
non-zero constant. By putting A := ¢/p € k\ {0}, we have \f, = f,.

By comparing the homogeneous decomposition of f, and f,, we have
A f./0x = Of, /0y for 1 < e < d. Now, we represent f. # 0 as

e

Je= Z[e — 1, i]xe_iyi;

i=0
where [e — i,1] € k. Then we have the following:

e—1

Ofe = Z(e —i)le —1, i]xe_(iJ“l)yi.

=0
e e—1

(9fe _ Zz[e . i,i]xe_iyi_l — Z(Z + 1)[6 o (Z + 1>,Z + 1]$6_(i+1)yi-

=1 =0

So, we have

Me—d)e—1,i]=(+1[e—(i+1),i+1]
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for 0 <7 <e—1. Since f. # 0, [e,0] # 0. Here, we can show easily that
the following equation holds for 0 <17 <e — 1:

e (i+1),i+1] = (,L)x‘“[e,oy

]

By using this equation, we have

e e—1
fe= Z[e — 4,1z "Y' = [e, 0]z + Z[e — (i 4 1),7 4 1ae D+t
i=0 1=0

e—1
= [e, 0]z° + Z (Z j_ 1> )\i+1[e’0]x67(i+l)yi+1
i=0

— [e,0] Z (f) 2 ()

= [e, 0](;—1— Ay)¢ € k[z + \y].

Then f =%, f. € klz + \y], and hence k[f] C k[z + Ay].

(i) = (i). Since k[f] C k[z + Ay, there exists w(T") € k[T] of degree
d = deg f with f = u(z+Ay). Then f, = «'(x+Ay) and f, = M/ (x+\y),
where u/'(T) = du(T)/dT. Then u'(x + \y) | f, and so we have

d—1=degu' (z+\y) <deg f <d—1.
Therefore deg f = d — 1. g

Corollary 4.2. Let f € k[x,y]\ k be a non-constant polynomial of prime
degree. Then the following two conditions are equivalent:

(i) f is closed.
(i) deg f < deg f — 1.

Proof. (i) = (ii). If deg f = deg f — 1, then f is not closed by Proposition
4.1. The part “(ii) = (i)” follows from [7, Theorem 3.6]. 0

In the rest of this section, we discuss about factorially closedness of
polynomials.

We prove the following lemma. In this lemma, we consider the case
where the polynomial ring in n variables over an arbitrary integral do-
main. Let R be an integral domain and let R™ be the polynomial ring
in n variables over R. We denote the quotient field of R by K. Let R’
be an integral domain containing R. A polynomial f € R is called
factorially closed over R’ (resp. algebraically closed over R') if R'[f] is
factorially closed (resp. algebraically closed) in R" ®x R

Lemma 4.3. Let f € R\ R be a non-constant polynomial. Then the
following assertions hold true.
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(1) The following two conditions are equivalent:
(i) f is factorially closed over R.
(i) f is factorially closed over K.
(2) If there exist a field L such that L over K is Galois extension and
f is factorially closed over L, then f is factorially closed over K.

Proof. (1) (i) = (ii). We choose two polynomials g, h € R @ K = K"
with gh € K[f]. Without loss of generality, we may assume that g, h €
R, Since gh € K[f], there exist ag, ..., a,, € R and by, ..., b, € R\ {0}
such that

Ao pp o A1 1 am 1
] N m
! ol T bm1f+bm

Putting b := [[\2, b; and ¢; := b(a;/b;) € R for 0 < i < m, we have
bgh = Cofm + lem_l + -+ Cm_lf + ¢y € R[f]

Since f is factorially closed over R, we have g,h € R[f] C K|f].

(i) = (i). We choose two polynomials g, h € RI" with gh € R[f].
Since gh € K[f] and f is factorially closed over K, g € K[f] N R" and
h e K[f]n RM.

So, it is sufficient to prove that R[f] = K[f]NRI. Since f is factorially
closed over K, it is also algebraically closed over K. By Corollary 3.2, f
is also algebraically closed over R. Then we have

R[f] C (K[f]n R") C (K(f)n R™) = R[f],

and so R[f] = K[f] N RI".

(2). Let G be the Galois group of L over K. Here, G acts on a
polynomial of L by acting on its coefficients. Then we can see easily
that L[f]¢ = K|[f], where L[f]¢ = {u € L[f] | o(u) = u, for any o € G}.

In order to show that f is factorially closed over K, we choose two
polynomials g,k € K"\ {0} with gh € K[f]. Since K[f] C L[f] and f
is factorially closed over L, g and h belong to L[f]. Note that L[f]NK" =
L[f]¢ = K[f]. Hence we have g, h € K|[f]. O

We give an example of factorially closed polynomials below.

Example 4.4. Let R be an integral domain of characteristic zero and
R[z,y] be the polynomial ring in two variables over R. Let h(x,y) :=
f(x) +g(y) € Rlz,y] , where f,g € R[T] and, deg, f(z) and deg, g(y)
are relatively prime. Then h is factorially closed over R (of cause h is
algebraically closed over R).

Proof. We denote K by the quotient field of R. Let L be an algebraically
closure of K. For any element of A € L, h — X\ is irreducible as an
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element of L[x,y]. By Theorem 2.5 (1), h is factorially closed over L.

Since the field extension L over K is Galois, h is factorially closed over
K by Lemma 4.3 (2). By using Lemma 4.3 (1), we see that h is also
factorially closed over R. O
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Saitama Math. J. 30 (2013), 1-14.

[GKL] C. Gong, S. Kitagawa and Jun Lu,

Extremal trigonal fibrations on rational surfaces, in preperation.

§1 MRS
52 SEATHER
§3 EHR
§4 SEBAMDIGES

81 FEBLas
X : a smooth projective rational surface /C
f: X — P!': a fibration whose general fibre F is a projective curve

of genus g > 1
We assume that f is relatively minimal,

i.e., there are no (—1)-curves contained in fibres.
Via f, we can regard X as a smooth projective curve of genus g
defined over the rational function field K = C(P').
We assume that it has a K-rational point O.
Let J;/K be the Jacobian variety of the generic fibre F /K of f.
The Mordell-Weil group of f is the group of K-rational points J;(K).
It is a finitely generated abelian group.

r(f) := rkJ¢(K) : the Mordell-Weil rank of f.
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There is a natural one-to-one correspondence between
the set of K-rational points F(K) and the set of sections of f.
For P € F(K), we denote by (P) the section corresponding to P
which is regarded as a horizontal curve on X.
In particular, (O) corresponding to the origin O of J7(K)
is called the zero section.
NS(X) : Néron-Severi group of X, p(X) : Picard number of X.
Let V' be the subgroup of NS(X) generated by
the irreducible components of the fibres of f.
Set Tpy =Z(0) &V C NS(X)
We have the natural isomorphism of groups
J5(K) ~ NS(X)/T0)
in [Shil, p. 214, Theorem 1.3] and [Shi2, p. 362, Theorem 3].

In [Shil, p. 214, Theorem 1.3] and [Shi2, p. 362, Theorem 3],
we have the natural isomorphism of groups
J5(K) ~ NS(X)/T{0)-
We denote by n,
the number of irreducible components of f~!(q) for any q € P'.

As a corollary, we have

r(f) =p(X)—2—) (ng—1). (%)

qer!

[Shil] T. Shioda, On the Mordell-Weil lattices, Comment. Math. Univ. St.
Pauli 39 (1990), 211-240.

[Shi2] T. Shioda, Mordell-Weil lattices for higher genus fibration over a

curve, in New trends in algebraic geometry, Cambridge Univ. Press

(1996), 359-373.
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For the case g = 1, the theory of the Mordell-Weil lattices are suf-
ficiently developed by Oguiso and Shioda in [OS]. In their work, the
lattice E's played very important role as the predominant frame. For
example, it was shown that the Mordell-Weil group is trivial if and
only if there exists a singular fibre of type II" in the sense of Kodaira
whose dual graph contains Eg as a subgraph. The lattice E also ap-
pears in another application by Shioda [Shi3] to describe a hierarchy

of deformations of rational double points.

[OS] K. Oguiso and T. Shioda, The Mordell-Weil lattice of a rational
elliptic surface, Comment. Math. Univ. St. Paul. 40 (1991), 83-99.

[Shi3] T. Shioda, Mordell-Weil lattices of type Eg and deformation of
singularities, Lecture Notes in Math. 1468, Springer, Berlin (1991),
177-202.

In what follows, we assume g > 2.
Since X is rational, by(X) = b3(X) = 0 and b2(X) = p(X),
where b, (X ) denotes the n-th Betti number of X.
This and Noether's formula provide p(X) = 49 + 6 — (Kx + F)?,
where K x denotes the canonical divisor of X.
The adjoint divisor (Kx + F') is nef from [KK, p. 181, Lemma 1.1].
Thus we have that p(X) < 4g + 6.

[KK] S. Kitagawa and K. Konno, Fibred rational surfaces with extremal

Mordell-Weil lattices, Math. Z. 251 (2005), 179-204.
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Lemma 1 ([KK, p. 182, Lemma 1.2]). Let C be an irreducible curve
on X such that (Kx + F).C = 0. If (Kx + F)? > 0, then C is a

non-singular rational curve satisfying one of the following:
(1) C is a (—2)-curve contained in a fibre.

(2) C is a (—1)-section, i.e., a (—1)-curve with F.C = 1.

Suppose that there is a (—1)-curve E with (Kx + F').E = 0 and let
i1 : X — X, be its contraction.
Since F.E = 1, F := (p1)«F' is non-singular on X;.
Furthermore, we have pj(Kx, + Fi) = Kx + F.
If there is a (—1)-curve E; with (Kx, + F}).E; = 0, then,
by contracting it, we get the pair (X5, F5) with F, non-singular and

Kx, + F, pulls back to Kx + F.

We can continue the procedure until we arrive at a pair (X,,, F},) such
that we cannot find a (—1)-curve E,, with (Kx,A + F},).E,, = 0.

We put ¥ := X,, and G := F,,.

If £ : X — Y denotes the natural map, then p*(Ky +G) = Kx + F
and G = p,F is a non-singular curve isomorphic to F'.

The original fibration f : X — P! corresponds to a pencil Ay C |G|
with at most simple (but not necessarily transversal) base points.
When (Kx + F)? > 0, Kx + F is nef and big.

This implies that, Y is the minimal resolution of singularities of the
surface Proj(R(X, Kx+F')), which has at most rational double points
by Lemma 1, where R(X,Kx + F) = @,,20 H°(X,n(Kx + F)).
Therefore, such a model is uniquely determined.

We call the pair (Y, G) the reduction of (X, F).
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Now, for a non-negative integer d, we put
Ya = {((XO : Xt X>), (Yo : K))lxlyld — X?.}fod} cP*x P

and call it Hirzebruch surface of degree d.
The restriction of the second projection to X, gives

a structure of P'-bundle. We also remark that ¥, ~ P! x P!,
Conversely, any P'-bundle over P! is isomorphic to X; for some d.
We often consider on the Zariski open subset defined by XY, # 0
and take (z,vy) = (X,/Xy, Y:/Yy) as an affine coordinate.
Let Ay be a minimal section of X¥; defined by x = 0 and
['1q the fibre defined by y = 0.

Then we have that A% = —d, T'?; =0 and Ag.T'q = 1.

§2 SE1T#ER  Saito and Sakakibara [SS, Thm 2.8] show r(f) < 4g-+4.

Theorem 2 ([SS, Thm 4.1]). Let X be a smooth rational surface and
f : X — P! a relatively minimal fibration of genus g > 2. Assume
that 7(f) = 49 + 4. Then f : X — P! is obtained as a blowing up of

an irreducible pencil of hyperelliptic curves on ¥; with 0 < d < g.

[SS] M.-H. Saito and K.-I. Sakakibara, On Mordell-Weil lattices of higher
genus fibrations on rational surfaces, J. Math. Kyoto Univ. 34 (1994),

859-871.

[Vie] K. Viet Nguyen, On certain Mordell-Weil lattices of hyperelliptic
type on rational surfaces, J. Math. Sci. (New York) 102 (2000),
3938-3977.
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Theorem 3 ([SS, Thm 4.1], [Vie, Thm 2.4] and [Kit, Thm 2.2]).

Let X be a smooth rational surface and f : X — P! a relatively
minimal fibration of genus g > 2.

Assume that p(X) = 4g + 6.

Then there exists a birational morphism g : X — Y, withd < g+ 1

such that the following conditions (i), (ii) hold.
(i) p«F is linearly equivalent to (2Aq + (g +d 4 1)L y).

(ii) The pull-back to X of a (—1)-curve contracted by p intersects with

F' at just one point.

In particular, f has at least one (—1)-section and F' is a hyperelliptic

curve.

Theorem 4 ([Kit, Thm 3.1]). Let X be a smooth rational surface
and f: X — P! a relatively minimal fibration of genus g > 2.
Assume that p(X) = 4g + 6.

Then the following conditions are equivalent to each other.
(1) The Mordell-Weil group of f is trivial.

(2) f has a reducible fibre whose dual graph is as follows:

G+ D
@Dy + Dy + Dy + D19 - D— - -

Here 2D is a (—g—1)-curve whose multiplicity in the reducible fibre
is 2 and the numbers within the circles denote the multiplicities of

(—2)-curves in the reducible fibre.
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(3a) f : X — P! can be obtained from X, by eliminating the base
points of the following pencil A: Take a curve H, ¢ satisfying the

following three conditions.

(1) Higlo ~ 2A¢ + (29 + 1)Tg).
(ii) Hyg),0 is smooth at the intersection point of 'y, with A,.

(iii) Hyg o is tangent to I'; at the above intersection point.
Then the pencil A is generated by Hy, o and (2A, + (29 +1)T'y).

(3b) f : X — P! can be obtained from X, by eliminating the base points

of the following pencil A:
2 1g+1

2 2g+1 2 i g
te’y? =y + 2+ )Y e ety
i=1 j=1
where ¢;; are complex numbers

and t is a parameter of the pencil A.

When F' is a non-hyperelliptic curve, Viet and Saito [VS, Thm 1.1]
show r(f) < 3g + 6.

Theorem 5 ([VS, Thm 1.2]). Let X be a smooth rational surface and
f : X — P! arelatively minimal fibration of genus g > 3. Assume that
r(f) = 3g + 6 and F is a non-hyperelliptic curve. Then f : X — P!
can be obtained as a blow-up of an irreducible pencil of plane quintics

or trigonal curves on ¥; with 0 < d < g/3, d = g (mod 2).

[VS] K. Viet Nguyen and M.-H. Saito, On Mordell-Weil lattices for non-
hyperelliptic fibrations of surfaces with zero geometric genus and

irregularity. Izv. Ross. Akad. Nauk Ser. Mat. 66 (2002), 137-154
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Theorem 6 ([VS, Proposition 3.2] and [KK, p. 188]).
Let X be a smooth rational surface and
f : X — P! a relatively minimal fibration whose general fibre

F' is a trigonal curve of genus g > 3.

Let (Y, &) denote the reduction of (X, F).

Assume that p(X) = 3g + 8.

ThenY =3X;and G ~ 3Aq + (1 + (g + 3d)/2)T g

for some d such that d = g (mod 2) and 0 < d < (g + 2)/3.
In particular, f has at least one (—1)-section,

though f has at most (3g + 6) (—1)-sections.

§3 THR

3+l — y+4-23 on X,; and

Example 7. Let A be a pencil defined by tz%y
Dy, 0 a curve defined by y+x* = 0. Then Do ~ 3A 5+ (3n+1)Cy,

i

and the curves defined by tz3y*" !

Yy = y + x* are trigonal curves of

genus g = 3n except when t = 0, 00. Blow-ups at base points of A.

/ é El
\D{n].o — E,

F:-rl] - El

ANS

Dipjo — E1 — E;
F[.,I] —F,— E,
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(—1)-section of f Eon 6

Eﬂn—-'] - EQ-n-—i—ﬁ
| — general

V fibre of f

E; — Eg

E; — E;

E,— E;

o

™~ E, — E,

Eg—} T

Ty — E, — Es — E
E, — E, [n] 1 2 3

A — Bt ———

In+5
Z(A:n] — El) = Z(I‘[n] — E] = Eg e EJ) ) @ Z(Ez o E-i—l) S5 ZE‘JIH—G

i=1
In+6

~7ZAm @ Zl'ym & @ ZE;

1=1

~ NS(X).

Thus the irreducible components of the reducible fibre over t = oo
and the (—1)-section Ey,.s of f generate NS(X). Therefore the
Mordell-Weil group of f is trivial by [Shi2, p. 362, Theorem 3].
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Proposition 8. Let n be a positive integer,

X a smooth rational surface and

f : X — P! a rel. min. trigonal fibration of genus g = 3n.
Assume that p(X) = 3g + 8.

Then the following conditions are equivalent to each other.

(1) f has a reducible fibre whose dual graph is as follows:

(Gn+D0)
GDGn +DCn+ D-Cn + -Cn + -Cn + D) - -

Here (3n+ 1)C is a (—3)-curve whose multiplicity in the reducible
fibre is (3n + 1), 3D is a (—n — 1)-curve whose multiplicity in the
reducible fibre is 3 and the numbers within the circles denote the

multiplicities of (—2)-curves in the reducible fibre.
(2a) f : X — P! can be obtained from X, by eliminating the base

points of the following pencil A: Take a curve Dy, satisfying the

following three conditions.
(i) Do ~ 3Am + (3n + 1)Ly
(ii) Dy,0 is smooth at the intersection point of I';,,; with Ap,.
(iii) D)0 has a contact of order 3 with ', through the above inter-
section point.
Then the pencil A is generated by Dy,,;; o and (3A},,;+ (3n+1)[,).

(2b) f : X — P! can be obtained from X,, by eliminating the base points

of the following pencil A:
3 in+l1

tw:}y:}n;l =y + A Z Z C'i._i:l:iyj'

i=1 j=1
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Proposition 9. Let n be a positive integer, X a smooth rational
surface with p(X) = 3g + 8 and f : X — P! a rel. min. trigonal
fibration of genus g = 3n + 1.

Then the following conditions are equivalent to each other.

(1) f has a reducible fibre whose dual graph is as follows:

GD)

Gr+39

Here (3n + 3)C' is a (—3)-curve whose multiplicity in the reducible
fibre is (3n + 3), 3D is a (—n — 1)-curve whose multiplicity in the
reducible fibre is 3 and the numbers within the circles denote the
multiplicities of (—2)-curves in the reducible fibre.

(2a) f : X — P! can be obtained from X, ., by eliminating the base
points of the following pencil A: Take a curve Dy, 1) satisfying

the following three conditions.
(i) Dpgag0 ~ 3Apmt1 + (3n 4+ 3)Tpgq)-

(ii) Djyq1,0 is smooth at (z,y) = (o0, 0).

(iii) Dy, 41,0 has a contact of order 3 with I'j,,.¢; through (o0, 0).
Then the pencil A is generated by (3A, ) + (31 + 3)T',44)) and
Din+1].u-

(2b) f : X — P! can be obtained from X, by eliminating the base

points of the following pencil A:
3 i(n+1

)
ta:3y371-3 -1 + $3y + Z Z C;JCUlyJ-.
i=1 j=1
where c; ; are complex numbers such with c3; # —1.
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Corollary 10. Let f : X — P! be as in Propositions 8 and 9. Then
the Mordell-Weil group of f is trivial.

Theorem 11.

Let X be a smooth rational surface and f : X — P! a relatively
minimal trigonal fibration of genus g > 3. Assume that p(X) = 3g+8.
If g — 2 is divisible by three,

then the Mordell-Weil group of f is non-trivial.
If g is a multiple of three and the Mordell-Weil group of f is trivial,
then f is as in Proposition 8.
If g — 1 is a multiple of three and that, then f is as in Proposition 9.

Conversely, the Mordell-Weil groups of fibrations as in Propositions 8
and 9 are trivial.

54 FEBAD#IBE Recall Theorem 6: Let X be a smooth rational surface
and f : X — P! a relatively minimal fibration whose general fibre F
is a trigonal curve of genus g > 3. Assume that p(X) = 3g + 8. Let
(Y, G) denote the reduction of (X, F').

ThenY =34 and G ~ 3Aq + (14 (g9 + 3d)/2)Tq

for some d such that d = g (mod 2) and 0 < d < (g + 2)/3.

Put n = [g/3], where [g/3] denotes the greatest integer not exceeding

g/3. We remark that I'iy.G =3 and 0 < d < n + 1,

'1 " 3(n —d)

_g+2-3d J3(nt1-d)
2 ‘

> 1, when g = 3n,

A([G

2 > 0, when g =3n -+ 1,
3(n—d
5 (n )>

— > 2, wheng=3n+ 2.
\ 2
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(B#8) Put n = [g/3], where [g/3] denotes the greatest integer not
exceeding g/3. Let (X4, G) be the reduction of (X, F'). We remark
that I'y.G=3andd=g (mod 2),0<d<n+1,

([ 3(n—d)
1—}—721, when g = 3n,
g+2—3d 3n+1—d
A§<13-G:T=< (7 + )20, when g = 3n + 1,
3(;1—(1)
2—{——2—22, when g = 3n + 2.
\

Therefore, we have the following

Corollary 12. Let D an irreducible reduced curve on X,;.

Then the following holds.
D.G =0ifand only if D = A,y withd =n+1and g = 3n + 1.
D.G =1 if and only if D = Ay, with d = n and g = 3n.

D.G =2 if and only if D = A with d = n and g = 3n + 2.
Sketch of Proof of Theorem 11. Assume that p(X) = 3g+8. Let F

denote a general fibre of f. Let i : (X, F') — (Y, G) be the reduction.
Theorem 6 gives us Y = X, and G ~ 3A[q + (1 4 (g + 3d)/2)Tq.
Assume that the Mordell-Weil group of f is trivial. Then a section
of f is unique. We shall denote the (—1)-section of f by FEj, ..
Therefore, in the process of contracting by i, we may assume that
the point corresponding to E;.; is an infinitely near point of that
to E; for 1 = 1,2,...,3g9 + 5. We recall that A, I')gq and E;,
t =1,2,...,39 + 6 form Z-basis of NS(X). Since (3g + 5) (—2)-
curves F;, — E; 1, 1 = 1,2,...,39 + 5 are connected, a reducible
singular fibre F, of f contains all of them. However, they do not
generate F,. From p(X) = 3g + 8 and the equation (%) of the

Mordell-Weil rank, the number of reducible fibres of f is at most two.
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We suppose that f has a reducible fibre F'; other than F. Let O,
be the identity component of F;. From (x), we show that F) has
exactly one component ©;; other than ©,,. Since ©,; is disjoint
from the zero section (O) = FEj;,.¢ and also from the (3g + 5) ir-
reducible components (E; — E;.;) of the other reducible fibre F,
we can regard ©;; as an irreducible curve on ¥, through p. Thus,
©,1.G = ©;,.F = 0 through p. Therefore, from Corollary 12 we
conclude that ©, ; must be identified with the minimal section A4 of
Ygwithd =n+1and g = 3n + 1. Similarly, F, also has exactly
one component ©_ ; other than the (3g + 5) irreducible components
(E; — E;.1). Furthermore, the image of ®_; on X, ., is linearly
equivalent to 3A, 4] + (3n + 3)T';, 1) by Theorem 6.

From these,

39+5
T ~ 70, ®LOx,1 & (P Z(E; — Ei1) ® Z(0)

1=1

o ZA{'rH—l] B (3n + 3)ZI‘["+1] $ @ ZE;.
=1

This contradicts the assumption that the Mordell-Weil group of f is

trivial by [Shi2, p. 362, Theorem 3].

In this way, F is the unique reducible fibre of f.
From p(X) = 3g + 8 and (%),
the number of irreducible components of F_ is 3g + 7.
Put ©3y45 i =FE; — F;1,1=1,2,...,39 4+ 5.
We denote the two components other than them by ©3,. 4, O3,.5. We

remark that ;¢ does not contract ®3,. and O3, 5.

Let D; and D, respectively, be the image of ©O3,.6 and O3,.5 on ¥,.
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Since @}/ ZO; ® Z(0) ~ @:?I° ZE;, by [Shi2, p. 362, Theorem 3]
we have

ZIDIEB:ZIlgCZ:ZZShﬂEB:ZIHﬂ. (Q?)

If one of the two curves D; and D), is a trisection of X,

which means a horizontal curve meeting a fibre of 3, at three points,
then the other one must be a fibre of X,.

Therefore, ZD| @ ZD> ~ 3ZAq @ ZI'q, which contradicts (9).

Thus, at least one of them is a section of X .

In what follows, we assume that D, is a section of X;. In particular,
D, ~ Ag + 7T'jq for some non-negative integer v and is smooth.
Forh=0,1,...,3g+4and j = 39+ 5,39+ 6, we know ©,.0,; > 0
and F.O; = (0).0; = 0.

Hence we have

Os3g.6 =Ao+ ' —FE1—FE>;—---— Ep,g, Di1.G< 39+ 5,
3g+5
Ougs= Ao+ AT — 3 6B 22 a8 2822 S5 20,

i=1

ot

39+

51' - DQ.G,

i=1
dp,.c+1 = 0 for some non-negative integers «, 3. Therefore we have

( Dy .G
Di.D;— Y 6;=D\.D>— D>.G if D».G < Dy.G,
0 < O3546.O3g45 = 1 Iflc
Dy.D,— ) 6; < Dy.Dy— D,.G otherwise.
i=1

\

Thus,
min{D,.G, D».G} < D;.D, (<)

is a necessary condition for the Mordell-Weil group of f to be trivial.
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At first, we concentrate on the case where I'iy. D> = 1.
Then we may assume that G = D, + 2D»
since suffixes can be exchanged each other if necessary.
When D».G < D,.G,
we have D,.D, + 2D3 = D».G < D;.D, from ($).
This implies D5 < 0. Thus Dy = Ag.

g+ 3d
9

However, ZD, & ZD, =~ ZA{(I] S (1 — ) Zl“[d].

which contradicts (). )
When D,.G < D,.G,
we have D? + 2D,.D, = D,.G < D,.D, from ().
This and D;.D, > 0 imply D7 < 0.

Hence D; = A4, which also leads a contradiction to (9).

Therefore, the case where I'j.D; = 1 does not occur.

By an argument similar to the previous case, we can show that the
case where I'j4.D> = 2 does not occur.

At last, we consider the case where I'(y.D> = 0.
Then D> must be a fibre of 2.
This implies that D{.D> = 1 and D-».G = 3.

From (<), we have D,.G < 1.
Therefore, from Corollary 12 we conclude that v = 0 and

(D,.G.g.d) = (1,3n,n),(0,3n + 1,n 4+ 1). [l
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1. [FCBHIC

WEAED JSEC2016 (23T [ ALk v XFEHE ZDOIREBICET 2058) K1l Z25%E L
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VRFEE, L0 RICEHpOREFEOMN (1+p+-+p™) DOBELND AN XFEHE
WIHbDEEZEZNE, TR LR pZERICLEEL2BEVSEAH LD TE AR
EA3MERN, FREITo7DOTH L. FEMITKEIC TR 523, HAFEDHIRIZBWTH
BpZh B L2 2 A ERT D LRI L. 2 LTAEE, ZoFEpa oL
RO ESE LML LICTF Y LUV LE.

2. FEDHRE

WEEEIT S T2 WFZED N D, A 4EAT o 1o HFFEIC B9~ 25 B0y & fl ISR 9 5.
FTHEB2 OREZFOMMNLELND AN XFE M, Thbb,

My =1+2+2%+ - +2"1
LR M, B 2D, LT,

a=2"1x M,
LiELS. ZOLE, () FalNOHBOMET DL
a=r1(a)

MLV SID. T72bb, ZOLHCLTHELNTKAUIETEEETH D Z ENNhoT.
ZIT, FH 3 OREIFEOMMLELND AN XBH M, 2 ER L TH. T2b
H

M, =1+3+3%+-3"1
EVWIERM M, THD. FLT,

_n-1, 3
a=3"""'x "M,
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a=2t(a) — M,
EWVIERIBRL D SLD Z LIZRB DN, S HICHEH 5 OREIFOMMOLHELND ALt
v RFEH M, %
M, =1+5+ 451
EWVWIOIEH M, L,
a=5"1x M,
WL CHhTe. ZDORER,
a=41(a) -3 x °M,
LW O IERIZ IR LT,
F TR, FEpOREFEOFNLELIND AU XHEK
PMy,=1+p+p*+-+p"?
EEFRL, "Mz pA LU XREHEESZ LICLE. LT
a= pn—l X PMn (1)
RHEEMTE LI Z A
a=(@-Dt@)-{p-2)"M, (2)
MDD Z L &EE LD, ZREFEHALE. Z0ald PM, Lp 1O AL D729,
PM REBE S Z T LTz,

R, SRR SEo%IE, PMIRESUSMNC L H DD TR nWnE o7z, 22T,
UTHEER LI ZEDZ.

TE ("M, L% )
pEFEH, M EpANt L XERETH. Z0LXaNPM,TEHTHD LIE, an
a=({p-Di(a)-(p-2)"M,

T EE 20 ).

GEE1) p=230 L%, PM e IIHHTHD.

3. SEOHMEAH

INFETHEDN TR HOW T, B ERRH S, F1ux, fLxaica—7
Uy RTPREL, 18I AA T —DFEH LIZIROEFRTHS.
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TE @Q—9Vybk-F145-)
M,=1+2+-+42"1L 1L, a=2""M, 2525, ZOLEM,PHEHLOIE, alTzEe
BThsd. W, B (208 OFEERBIIZDO LI RIBITRDS.

AEIOHFFEIZB W T, EOEB(=—27 U v R« 44 7%, PM 522z nTEX
MZBHEHBEEIZLT.

4. p=3570DGED M, TEHOMHE

AWFEO BRI, B (22— Uy KA A7) %, PM 22 EEZHRZH L ThHD.
ZDT=DIZp =3,5,7D8E 0, FrZ PMIRELSN O PM, 582 5%, 7V —/ 7 | wxMaxima
VY, 10FE CTOFPHCTar Ba—X 2RV CRE L.

p =3DEE, M, I HOWTIE, 3My =13 D L & PM RSSO PM, 52850 L L
T 1809 & 18549 MRS oTo. TNHDOEEHTT D &,

1809 = 33 x 67, 18549 = 3* x 229
Lo TEY, 180913575671, 185491FFEE229% KL L THROZ & phoiz. p=
5, 7122V, PM IREBLIANOFEpIc BT 5 PM, 52 2T RO b otz £ T,
AFFROEIEL L TWAER(2—27 Vv K« AA T ) RETE, M52 a%zpDfi
BTH2a=pr QLW IHIEOLDIZRY FETIUIT L VO TIZ AW EE 272,

LML, "M, EE2BaDEEMID, p=3DEZTalTFHRTHIN, EhbENLT, a%
pDEHIEEFICEBET A2 EIETERL. £F2T, 35D L—RICLTa=p,* Q=L
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n M, d D1 Q e Ha
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8 3 6547 37 x 6547
17 3 129140149 316 x 129140149
19 3 1162261453 318 x 1162261453
7 3 1093 36 x 1093

7 1093 11 3 176053 310 % 176053
17 3 129139069 316 x 129139069

79
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7 | 1093 11 3 176053 22221111111
17 3 129139069 22222222221111111

80



@ p=5018 : M, 7TEHa=p  QOREHOD 5 ERTDT—4
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1. EE1OHFEICHTLIER
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L5,
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MBS 2> T, Flin=d OEAICB W, 81 2452 N T,

FE2 p230tEn=d&xRETDHE, BEIIFELWV.

(GEBA) bidpZREICF 2720 L, a=p* b &T5. £LT, a=p4 hidPM, 5585
THHEWELFEEZELS. n=dXVPMy;= M, T, ZHIEIFEHKTHD. T L ThixmE
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BafloTnd.
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2. R[AJDTERRICOWT, Ri&i@5 2 DDA & FBDR;D 2 D DHERDR D £
1260°CTH 5. BIZIEH 1 0 THWRIE, MRICHEIT D MHA,DHEMHI L, MRS HB, OPE
WK & OREIO Ay = LHR,] 1360°TH 5.
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(SFBH) X1 0B W\WT, =AF

RBIAIFIE=ATH DD T,
LB1R2A2=6OOVC\\&)6. :@:k k,
MA, DEERRHI & B DBERRK )N 5,
2JR,I =2 %x90°—60° =120° A
/ 3 |
L7=23> T, fiy = £HR,] = 60° = 48, J
GEHIHE) /X L
| - 7_'_,~.' -.“‘."‘.- -—'-277:_"".
K Ay 1N /R
] .l“‘,‘ :f.»‘ k1
| By~

X1 0 (Ay=<2HR,))

%A, 372

(FI 1 MEEA)
Pba+p=1200THHZ %, K

11Z2HWTRT.
HMRICBWTK 1 1 Tlida=

2
LHR,P =£QR,I ToH % . 72 B =
LLR,JTHD. y' = 2JR,I L EL &, Q. 3

ME2 Ly =1200TH 5. £LT
Y =2QR,LTHDH. LTEN-T, &

R,DJEY DAMND,
a+p+2y =360°

DKV LD, Lo T
a+f =120°
ThDH. QOHEELREIIREN
X11

5. (REPAHE)
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4. EnfAhoFEonsd/IL—O—XKf

E=AEAN LGN V—u —ER[A]Z — LT D702, IEnfAfE TOMIEEIT S
ZElcLT.

&3 (EnfAlh B ohd/L—a—EH).

n=3& L, EnfilBA1A; A aBR, TNEERAIFALES. T L TZEOELEGE
T4, SbIZ =12, nlHLT, 4 zPLed o EE1OMNAEL, LDV E
9 2O00MIFRZDSTND D LTS, MA; & MAjL L DRRTELGIZEWT DR EZR; &
T5 (2L, j=nD L Ej+131ET5). 2L X, nfilDAR, Ry, -+, Ry &EZ DD
nfEDILRR,, RyR3, -, Ry,RiMOBIELGNLXIEEZ, EnfAAD bHF LN S IL—O—Ef
ERECY, Ry[A]&EHL. ZLT, MR ZR,J[AIDTERE VS, FTz, R,[A]D 1 DDTEAIC
B2 2 >OINOHER OB DA%, R,[A]DA &S,

EE4 (R, AT 2.

Ry [A] DWW THA; & A, DR R TR, TV Z By, [AARICHA, & A DA TR, T2
WRAEB, WD K912, nfllD By, By, -+, By 5B % 5. TLTj=12,,nlZkLT, B
EPLETLHELOHBEEASD. 20O L EHB; L MB DR TR TRVKREZR
ETD. 2L, j=ndD & XX, B, B, DA TR CHRWHER ET5H. ZDL %k,
n D SR, R 5, Ry & T OB OnfE DYLR'R',, R',R'3, -, R,R1 TIELN D KK %
R',[B] & #E%, R, [Bl%ZR,[AlC{THET DRI & W5,

f\4 A,
e By ° B
» »
OR'_‘
A , 5 L A e . R's
5 e R_g R w© A3 Se }‘: ‘Q’ R} S H3
RgRS{A] R‘-‘ Q(I‘:'[B]q_ﬁ.
Ry 7 g F") * g
) / J Y \ 2
R', R,
L] L L &N
A| /\2 Ay . Al‘f

B 12 (Rs[A] & Rs[ANCATIES 2 XIFER'5[B])

CEB) n=30t &, MB1 LEF 2LV, RJ[ANHTRET 2 XIER 5[BlIE, R3[A]DSHx
X ThH 5.
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RLJAIlICOWTHRERZ A T2 0BV, TNOLOHEOAEZ, UTOXLIITERLTE
SRERDD.
FHE2 4T 1) nflORARFR CRCTHLHE, £ OREMR,[BIIZM L7253, Z
DA DOMR,[B]Df413180° & EFKT 5.

(4854 4 F2) R[A] = R, [B] T L A B HIA %@%@M&fﬁ%ﬁ“é.
5. Enfalh>ESN3 L —O0—RFIcET 5 TE

EZAEANGEOND L —a—XEICET A EH 1 2L L2 ROEBRZRE AL,
FEAT S Z N TE .

T2, EnfAANLIELN D V—u—XJER,[AlD A Za, R, [ANIZATHET 2 XJER,[B]
DfERETDHE, LUTFAAY L.

360° 360° 360° 360°
(1)aST@&%, a+ﬁ=T, (2)a>70)&’a°, a—ﬂ=T

AEIZIIA T D 2 oOfmEEE Y. £T IO EZREHT 5.

W3, R,[A]L Ry[BIOHFDALR BjA; 112DV T,

, 180°(n — 2)

D AVASY

(REBA) X1 3 & MW TR
|4jBj1| = |4;B;| = |RiB;| = |RjB;—1| = 1
K0, WMAIEAB_RBI3EFTh 5. [FERIC,
WUS4TZA;+1BjR} 1B 1 BERTH D
£ T, E R
ZR{B;B;_y = £Aj,1B;Bj.,
Thd. EnfifED 1 DO LB; 1 BiBjyqlE
180°(n — 2)
n
THDHDT, BN LD, GERAK)

LB]'_l B]B]+1 =
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@iRE 4.  Ru[AlER,[BlZEX 5. ZDLE, MADEB _(\ZBT SR E, MBORR
BT DRI AT TH S.

(REBA) M1 42 HWTRT.

|4jBj-1| = |B—1R';| = |RjB;| = [4;B;] = 1
K0, WHIEAB_1RBIFETH .
F72, 2A;Bj 1E = tBiRID =90°Th 5. LTIz 5 T,
HERB;_ E LR DIT AT T 5. (REWIFE)

(EE20IEBH) X1 52HNTOOHAEERT.
ST N D, a=2PBQL LTEWN
M5 LV, ERTQEVWIXEITRDT
4BiDRj,; =aTdH%. 3 LD,

_180°(n - 2) g
- n

ThbH. F1o,

4Rj;\BiD =y —90°,£B;Rj,\D = f+90° [

Thb. Lo>TEMAFBR,DEY,
(y —90°) + (B +90°) + a = 180°
Thbd. LT=NRoT,

360° X 15
a+ﬁ=T

WALV LD, @ bFEKICLTREND. GEFK)

6. TEHESEDHRAE

LLEDS, SFEOMIERRETHD. MotaE A% — K LIZEHIE, WANWARIEZMAEAND
BHnD A —n—ER[A] %< 72012, GeoGebra D\ &~ A % —F 2% = L IZH]IF &
iz, £ LT, GeoGebra DEWG b H2FREHM T, R[A]Z A L—XTHiE, < DT
— B & END K DT o1 LARFIC, RIAIDKEERBA R L, ZHUC X 0 S8 1 2% 0T
DT ENTE . RS E EEN LT RTHTIEZ AT, oz 52 8T, 20
RN GBOWENAZ T D EWVHIEBNTEZ LT T o Lol TD%, EHE
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2 BRI ORI B2 olc. L LENEGEAT 5 F TIZiEn/ D RN
Moz, A D DT EZ R LI Z EDRRERTFHEHN &0, ZNNER 2 OFEIC
BN o7z

ST, TN DLDOMESE#TH L0, SFEERYMATE I —n— ARV RS &,
INHITTRTCREEEOM ZEHEE U T2 iR XTEOME TH 5. BIXEELEOD 2 R
R ChorLaE22L, ZOHEADPLEDEIOBMR BOENDSIOMIZHSIE
M, ZL CHLDEMIYRELGEIMBBEZIELMEL LT, L—ra—XBD X 5 22dh#t TH
FNTHMEEERTEZ DO TIIRNIEAINEBZZTND. 2L, [LEO 2 kihirz 5L
L LI RIE CAE R E 2T 5 2 LA BEWT 56D Th D, HIIE, GeoGebra THf
DEPONDHIE TS ETTE D 328 AR 2 WL IRKIEZE->T, T b%
HHEICEIDT 70 7T AF TSRS ETND. T LT, Tafio T oD FEk L8l
BrPBIRoTNDHA, ELEHEAWVBREZEZ TIW7R0.

e = 0548 < j

16 (FEMHIZXAHL—a—[XF)

Z PN
(1] V—rm—D=fJF, Wikipedia,
https://ja. wikipedia. org/wiki/%E3%83%AB%E3%83%BCUE3%83%AD%E3%83%BCUE3%S 1%AE%
E4%B8%89%ES8%AT%92%E5%BD%A2
[2] v—u—DZ AT, Wikipedia,
https://ja. wikipedia. org/wiki/%E3%83%AB%E3%83%BCUE3%83%AD%E3%83%BCE3%S 1%AE%
E5%A4%9A%ES%AT%9I2%E5%BD%A2
(3] N—m—0 =ML XEME,
http://www. fumiononaka. com/Sample/Creators_MeetUp/Creators_MeetUp_161124. html
[4] W.Gleiftner, H.Zeitler, The Reuleaux Triangle and its Center of Mass, Results
in Mathematics, May 2000, Volume 37, Issue 34, pp 335-344
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Z2/mZN5 D57 ST7DEA~AD
B IAAIZDUINT

Bl BE
RISE-REEIZH -AENZR2E

TEVIVEF EEOZADOEITHTRERD)NHELDERET,

5677 7K
|

3
9 0
KAISERIZEBH AL T ENTES, v

5 90
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<TEHEH>

SEE£ 4 Z7Knl, genus

_ [(n=-3)(n—-4)
9= [ 12

DORIEIZEHIAFEFNS,

MREDFGE

ST ITTHEVNEDIEHFEY S Mo TULVELY,

FITSAEIFK, Z/mZDIL—ILE  TST7EEZT,
EDgenusDHIEIZIROHAFTFNSDMIATELT =,
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Z2/6Z 122U\ T _
2/67207 77

el 2 s e s Lo |
1 2 3 4 5 0
2 4 0 2 4 0 2 0
3.0 3 0 3 0
Bl 2 o 2 2 o
5 4 3 2 1 0
3 5
0=g=1Th%, 4

a7 77 Tl w,
[IRE] glEl<oMm?

2/ 672077 7Dg=0E~DEHAL
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Z/7Z 1221\ T 720
1

2/ 12077 7Dg=08d@m~DEHAL
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Z/8Z 22U\ T

2/820777

X Ts e 13 e L5 e 7 1o | 0

1 2 3 4 5 6 7 0

2 4 6 0 2 4 & 0 i i ; N\

3 6 1 4 7 2 5 0 2 / 7

B 4+ o 4 o a4 0o 4 o0

5 | 2 7 4 1 6 3 0

Bl ¢ 4+ 2 o s 4 3 o0 3 /

7 "6 s o 6
0<g<21Th%. ¢ °

TE7 77 TClaiw,
[IRE] glEl<oMm?

Z2/8Z2D7 7 7Dg=1HE~DEDAL
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Z/9Z |22\ T

2/972 757

O O O O o o o o

X777 TIAN,

[IRE] glEl<oMm?

L/9LD T 7 7 D=2 E DR HA L
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FED

Z/6Z

Z/72
(2557

Z/8Z

Z/9Z

0=g=1

g=1

0=g=2

0=g=3

ENT-#hmE
g=0
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Rational unicuspidal curves on Q-homology projective planes
whose complements have logarithmic Kodaira dimension —oo

Hideo Kojima (Niigata University)

§1. Introduction
/C

- A cuspidal curve means a projective curve whose singular points are locally irreducible.

Definition. Let S be a normal algebraic surface.

(1) S is called a Q-homology projective plane if it has only quotient singular points
(i.e., kIt singular points) and H;(S; Q) = H,;(P?; Q) for all i > 0.

(2) S is called a log Q-homology plane if it has only quotient singular points and
H;(S;Q) = H;(C?%; Q) for all : > 0.

§2. Results of Gurjar-Hwang—Kolte

Theorem 1. ([1]) Let S be a Q-homology projective plane and set S° = S — Sing S. Let
C' be a rational cuspidal curve in S°. Then the following assertions hold true.

(1) If the logarithmic Kodaira dimension of a resolution of S—C' is —oo, then®(S° — C') =
—o0 and # Sing C' < 1.

(2) If K(S° — C) < 1, then # Sing C < 2.

(3) ®K(SY—C) #0.

The assertions (1) and (2) of Theorem 1 generalize results of Wakabayashi [7, Theorem],
and the assertion (3) generalizes Orevkov [6, Theorem B(c)]. (See also Yoshihara [8] and
the author [3] for results related to them.)

83. Results of this talk

Let S be a Q-homology projective plane and set S° = S — Sing S. Let C be a rational
cuspidal curve in S°. Let 7 : V — S be a resolution of singularities of both S and C
such that 7=!(C') is a simple normal crossing divisor. Here A’ = 77!(Sing S) is a simple
normal crossing divisor since S has at worst quotient singular points. Set D = A + A/,
We assume further that the map 7 is minimal, that is, the Picard number of V' is the least
possible. Then such a map 7 is determined uniquely. We call the map 7 the minimal
SNC-map for (S, C).

The main result of this talk is the following.

Theorem 2. ([4]) Let S be a Q-homology projective plane and C' a rational cuspidal
curve with #SingC' < 1 in S° = S — Sing S. Let w7 : V — S be the minimal SNC-map
for the pair (S,C) and set A = 7= 1C), A" = #71(Sing S) and D = A+ A’. Let C' be
the proper transform of C on V. Then the following assertions hold.
(1) S° — C is affine ruled if and only if C"* > —1.
(2) Assume that C"* < —2 and ®(S° — C) = —oco. Then —5 < C"” < —2 and the
weighted dual graph of D = A+ A’ is one of (a)—(g), where we omit the weight
corresponding to a (—2)-curve. All the cases (a)—(g) can be realized.
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(a) :
A: TC . ~ > AV T (m = 0)

O O—— e —0 O o
-t =3 —(m+2)
Cael T
A: S A o 5
-3 —1 -3
(c) T T
A: g O 0 A o o o
-3 -1 -3 e
Cel T
A: s A o—o o
-4 -1 -3
T el T
A: S o A: o o o o
-5 -1 -3
A O O A, O o
-1 -4 -3
(2) T o T
A: o o A o o o
-3 -1 -3 3
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(BB 2 HE R D BEEL R D K I O

X
L:

L:

L:

K RTICEET HEERE

SHMXF HEIZFE 1BE EH

=JL ==

X A&

ERBAELERSN-n RTEREFEZHRHE
X EDORAF

EELGEF=(X,L) : RIBZHIK

nef M DbigiEAF=-(X, L) : £IRIBLZHRIK
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SHEZASC L

BEERDOXBYIFORTIET 5 EE

— (B)REBSHEDFEEZTRVIAIGNMLR
THB. |

SEEZBHE
SHAREICLAEERFEICOVTERZS.

— MEFEROKETIORTIZOLNTOHBREE F
NICEEET HEEET 5.
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am DAL

1. FrmEAEE & FEER D KRIFE YT D Xt & DR
=@l

2. BSFEICET H5EICDLVT.

3. FEEFERO K UIETDOXRITICREET 5 T8 -RiEE D
oGNS il DlNT:

Beltramette-Sommese F 82D\ T

(Conjecture 1) [Beltrametti-Sommese (1995)]

(X, L):nRTIEFERIBZEA
Kx + (n — 1) LH nef.
—> h%(Kx + (n — 1)L) > 0.

LT, COFEZBSTEREMES.
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Beltramette-Sommese $8(Z D1 T

(BSFHEIZOWTHM>TWB I &)
(i) dim X < 20FEEFM o TLM .
(i) dim X = 3Mi54 (2006).
(iii) dim X = nHDh%(L) > 0DIHE

Héring (2012).
(iv) dim X = 4D3i5&E (2016).

L ERAERIZ DT

CHEBRICDELLIFBEHRAEOTEER

= BT iEH
LUTTCChIZDODWTHRET 5.
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1. BE&ABRICOT

Notation 1
X:nRITH 5 ZHRIK LXJ:G) ERR

=x(L%) : tICET 2 ZHEATRELE Zn

=x(L®) = ZZ o XX, L) ("% )

1. BrmEmBEIEHRIZDOUINT

Definition 2 (BrE&{A7E%Y)
(X, L):n RITERIE 2 HRK
i:0<i<nBESEEOEH

=(X, L) DF i BTE#AEHg:(X, L)

gi(X, L) := (-1)’ '(Xn—i(X, L) — x(Ox))
+ 3 io(—1)" AT (Ox)
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1. ErEAEEFERIC DT

Remark 3.
(i) 9i(X, L) € z.

(i) i =0 = go(X,L) = L:R¥.

-1 =1= g1(X,L) = g(X, L):FmEEL.
st = =g (X B =8B (@ ).

bEfr TE 2 (] AR 2R D 7 (e[ HU AR

X #E4FE, LEnefHDbigTEHEBEH
1%1<i<n-—1%#H=TEY

=|L|Dn — iBDO—HEDTDintersection Z,,_; &
1 RITIEFEF = ZHRIA

= gi(Xa L) = hi(ozn—i)
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fiT D 28 (] A 2R D AR AR R B

= gi(X,L)F—#RIC (X, L) ’n RTERBZH
DL EIRTIFFEREZSHRAEDEMIERDFEFD
MELBELUDOEEZHE ODOTIEALM?E LS EifF
MeEL 5.

bEfT T 2 (] A2 28 OD 3 ArT HU E R

I RITTIFFF RN ZHRMADRAERICET 6FER

= FIMEBEMERLGEEZFELT
N RITERIBLSIRADEIE~E LV Z A HE!
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BRI A O ERIB S HRIKRANDE L MEZ

Theorem 4.

S : —figReh@E = h2(Os) > h1(Os).
= ChOERBSIFAERIELUTOREY
Conjecture A.

(X, L) : n RAUFBRBRERBSHAT
k(Kx 4+ (n—2)L) > 2

= g2(X, L) > h'(Ox).

Conjecture A[ZTDINVT

Conjecture AIZDWL\NTHMHTLNS Z &.
(i) n = 3MOEFIXIE L L.
(ii)) n > 4D Dk(X) > ODEFHLIELL.
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ETE R AT 2T FK

Proposition 5.

X ZEHEHE, LEnefhDbigTEREH
1720 < i< nzH-TEH

= 9i(X, L) > h*(Ox).

I —HRICHERILT DD TIE?

FE S EFE IR 5 A FK

Conjecture B.

X ZIEHE, L ZnefHDbig
170 < i< nEH-TEHY
= gi(X, L) > h¥(Ox).
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Conjecture BIZDUL\T
Remark 6. |
-1 =0= go(X,L) = L" > 1= h"Ox).
i=1= BERICKSFE.
.4 =n = ga(X, L) = h™(Ox).

#BTHRS&LSIC
Lt &€ Conjecture AL BIlX, BSFEEBEZRMAHS.

B 7 6 (AT RE A & B 3R D KIS ) B 0D SR T
- DB

(X, L) : nXIT{miB S HRik

(Definition) EFENDEE#HtL1 <: < nZkdiEE
DEHIIZH LT

Fo(t) := h°(Kx + tL)

' Fz(t) = Fi_l(t + 1) — Fi_l(t).
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&ﬁﬁ%&%ﬂ@%&& e 3R D KIS BT D Rt
& DER

(Definition) ‘
0<i<nBGHAEEDEBEHIIZHLT
A,;(X, L) o= n_.,;(l) c‘:i%?é

O A TR & B SR D K M D R 5
DR

(Proposition)
1<i<nBGA3EEDBHIICHLT

Ai(X,L) = gi(X, L) + gi—1(X, L) — h~}(Ox)
AR Y ILD.



W A TR 5 & B R D K YR D R T

L OBE
(Theorem) EEDEEH L1 < i < nEdEE
DEMIIH LT i(t) = Y (t j 1) Aj(X,L)

| 75&‘5?' L sID.

BT T A (T R 4K & BEAE SR D KB DI D Rt
& DER

t<ni=nt£§t. |
wEx+e0) =3 (17 1) ax,0)

j=0 Nt J



BS $18 & DES:E

EE2DODHBRZANVD ERNEZS.

Conjecture A+Conjecture B —> BS %418

A(X,LYDHE

(Remark) i =0D&E, Ay(X,L)=L">0
i =1D¢E, A(X,L) >0
Ay(X,L) = 0 & (X, L) & (P", Opn(1))

i =nOEE, Ay(X,L) = hO(Kx+ L) >0
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A(X,L)YDEE

'i=20)t§,
dim X <4755 A(X,L) >0
kK(X) > 0% A(X,L) > 2
=3¢ ZF,
ﬁ',(X) > 075 A3(X,L) >0

A(X,LYDHE

~ (Conjecture) |
1 <i<nBE3EFEE0OBEYI-HLTA, (X L) >
0 AR Y L.
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2. BSFHEIZDIT

(BSF#8)
(X, L):n RTIEFFRIRE S HRE
Kx + (n — 1)L nef. -

= h’(Kx + (n — 1)L) > 0.

2. BS¥#I(Dol\T

n = ADBADBS FEDHEHDFIEMBICR 5.

FThI(Ox) > 0L EBFBEITOVTERS.
===

ZDEEIL, AlbaneseEE LB ENTED. T
5Eh’(Kx+3L) > 0 < h°((Kx+3L)r) >0
LB ELDNB. (1= L FlXAlbanese ERD
o e WAL
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2. BSFRIZTOIT

FORFTIEIUTELELEDHDT, BREICEITHHER
ERAVTYSER(Kx +3L) > 05X B.
L= > TH®RA(Ox) =0&£T 5.

2. BSTEIZDOT

3 Lk(Kx +2L) = —cofid, t =1,2120/ LT
h°(Kx +tL) = 0.
=—> HoringDEE &L Y h°(Kx + 3L) > 0.
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2. BSFHEIZDILT

Horing O B |

(X, L) EnRamBEHRAETKx + (n — 1)LI&
nefE95. CDEFE, 1<t<n—-1G55H5F
eI LThY(Kx +tL) > 0L 5.

2. BSFHE[zDOL\T

K(Kx +2L) > 0&RELTELY
=M ROERLEIY Kx + 2LI&nef&E LT KL

Qx (L) M generically nef THH & F,
As(X,L) + 243(X,L) >0

ZALBAT 5 ENTES.

—

hO(KX + 3L)

= A(X, L) + 245(X, ) + As(X, L) > 0.
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2. BSFEIZDIL\T

Qx (L) higenerically nef TH LV & &,
HEIARTEREFNELZHREX' & Y, NFEE
Bup : X' > X TLTHE774/\—ZE/ :
X' =Y BNEFELTm :=dimY < 4 &#Y,
AD—HE T 7 4 /18— F) I&rationally connected &
BY, E5I27 € [0,4— m]NQEBIIEEMD; &
D ~q Kr, +j (u* (L)), #H1-F FLDEED
AT ITEFDIZTHULTAY (D) =0 LE51D
NEFHEY 5. |

2. BSFEIZDIT
dimY 12 & BBERTET-T, BHET 5.
dimY =0 3 L<KIF 10BE. ZDEFE,
t=1,2,3I21 LT, h%Kx +tL) = h°(Kx/ +

p*(tL)) =0&%G5 T &AM b.
LA L ShIEHoringDEEIZFEY 5.
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2. BSFHE(=DNT
dimY = 20N,

hY(Kp, + p*(2L)r) = OBRYID. —H
k(Kx+2L) > 0&Y, k(Kp, +p*(2L)F,) >0
NEZS.

‘Adlm F)‘ = 2J: l’) hO(KFA —|— H (2L)F)‘) > 075‘
WX, FIELTS.

2. BSFH(ZDI\T
-dimY > 3MD5E.

A (Ox) = 0BEERANDE Ay(X,L) < O
ERTCENTEDN, —HTSORREOFTIE
Ay(X,L) > 0L BB LERTENTESD
TFEETHED.
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2. BSFHIZOT

n = 3,408, LITHALZS.
h(Kx + (n —1)L) =0
= (X, L) EROVFhb

* (P", Opn(1))

" (Q% Ogn(1)) -

- JESFERER IR £ D scroll

hO(KX + (n — 1)L) 1455 (X, L)DREL
T

3. BEEROKREYHORTICET S
%u..\ Fl:ﬁiﬁ_

- (Conjecture 2) [lonescu (1990)]
| (X, L): IR RERBZIRE T Kx + LhHinef.

= h°(Kx + L) > 0.
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3. BEFEROXKEVIEORTIZEAT S
%ﬁg ) Fl:ﬁELE

(Conjecture 3) |
(X, L) : nRulmiBLER{E (n > 3)

51 k(Kx+(n—2)L) > 0455, hO(Kx+ (n—
2)L) > 0ARL YLD,

HhMh-oTWBZ &

(Conjecture 2, 3)
-n=3ND&EFFIELL.

Conjecture 3%%’3’(:[1. Kx + (n — 2)L{&nef
ERELTENC EXREERDERN o HHS.
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3. BEEROABYIFORTIZET 3
48 - M5

(Conjecture 4)
(X, L) : nRITImELHRIK
CDEE, RHBBYILD.
(1) h°(Kx + mL) > (m‘ )
for every integer m > n + 1
(2) hO(KX - nL) >0
unless (X, L) = (P", Opn(1))

Hh->TWWBZ &

(Conjecture 4)

- (1) IZ2WZTlEn < 4TIERKIL.
*1-dimBs|L| < 14 5 EERT THRIL.

()22 TlEn < 4TI
n > 5TIZhO(L) > 0& L5 &HET TIIARIL.
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b#jTU6:t

(Conjecture 4)

- (2)I2ELT, LERCEHOTTR(Kx +
nL) = 173% (X, L)DFELHM 2TV %.

-(2) D = 412D TIL&RE Andreatta-Fontanari
HRLTLVS, arXiv:1703.00758 =S8

3. BEEFEROXE IO RTIZET S
%7@\ - Fl'-'ﬁiEEIE

(Conjecture 5)
(X, L) : nRuEAmBZHRE (n > 3)
S(X,L) :={m eN | h°(Kx + mL) = 0}
CDEE, RARYILD.
(1) fgS(X, L) =n,
- then (X, L) = (P", Opn(1))
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3. REHEREROXEFORTICET 3
¥4 - FnﬁiEEE |

(2) IF4S(X, L) =n — 1,
then (X, L) = (Q", Ogr(1)) or
a scroll over a smooth projective curve.

Hh-oTWAZ &

(Conjecture 5)
-n < 5 CRIL
- Conjecture 45 IE L LV/Z 5, Conjecture 53 1E L
Ly |
+ h%(L) > 0755 Conjecture 5IZ1E L L
"Vt > n+ 1T LThY(Kx +tL) > 0% 5
Conjecture 5(X1E L LY
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3. BEEEROKEYIFDORTIET B
¥ - B8
(Conjecture 5) IZB8:E L TROMELEZ 5N B:
(Fiz&1) |
- q(n) :=min{m € N | h°(Kx +pL) > 0

for Vp > m and V(X, L)}
EBWNEEE, gqn)DIEZRD K.

hh->THZ &

(BRE1)ICEHL Thh-Tha &,
-n < 5TlEg(n) = n + 1HELAL.

—RFTTlEg(n) < 2B L1AthA> TN,
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3 Biﬁ!#ﬁa)jtiﬁiﬂlﬁﬁd)ﬂxl Eﬂ'é’é
T8 - BE |

(Conjecture 6)
(X, L) : n RITRIBS HxlF

0<i<n—1G5FEEDBHIHLT,

hO(Kx + (n —4)L) > gi(X, L) — hi(Ox)

Hhh-oTWABAZE

(Conjecture 6)
n<3NEEF0<i<nHBZEENITELWL
i = ODBEIE, n < 4ATHI

1 =n — 1D, IEL L.
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'b#?fbé:t

~ (Conjecture 6)

- i = 10X, XX (Canad. Math. Bull. 41
(1998), 267-278, Conjecture 3.8) TR 5> t-

F8.

3. HHEOXEEIMORTIZET 5
| %ﬁg - Fnﬁ%g |

~ [RE 2 (Tsuji)

EEDEEH MIZH LT

R (Kx + (m +1)L) > h(Kx +mL)
MELY ILDH?
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Hhh->TWWBZ &

(1) dim X < 4128 L TIERIT 3.
(2) dmX > 5MDELE
~ Conjecture BA'IE L 1T IS, BIREDFFX I RIL.
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BRILKDFFHRE

e B
BUTEBESEFIPEMARTER

2017 9R 22 H

SIS
 RIIBE KABTHEH LENLR BR
- BP9 H O REE O B O BIKK, ESEKE

> BRFEE -

TR 18FE3 B : BRERIXFAREEMR FE

TR 18~22 5 : MILKFIRIEE TSI RIBHIESER

R 22~24 5 : FILKZRZE B AR ZHRF BLaHERRE
TR 24~27 & : EILKZRZRE AR SMER BLREERRE
TR 27~29 5 : ILKZARERBAREHER BLHFRE
T 29F 4 B : ZLUEEMAETISHLER SR B

vV vy vV VvV VY

L B (RLEE) RILK OZREFE
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Introduction

RILAOHRHARERETE-ICLVEASH, G-AOTIRKRE7ORZ
D ABKIZHFATETH B I ENTRSI N

T D%k, BT —ICK Y, DBELK, TLHOBENAK, symmetric #AK, QF-#k
RKEZHARETHD I EN RSN,

CDRRTIIFRIMAOHKHRIEDCERZMHRT 5 & &6, LRUMADHK
HAAELRILAZRENT 2.

W B (RLEE) BRILADOZERE

Q EEHLEA
o RILADHHERENERZLME
o IRILADHHERIEICET 2EIRMDHER

Q R
o RHAERIRILK
o EARLETHWERILK

L B (RLEE) RILK OZREFE
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REZRELEA BIKK OZRBREDES & HE

FRILKDAREFEICET 2 BER DfER

W B (RLEE) BRILADOZERE

EEZREEA BRILKOZREREOER &
BRILADOZREREICEY 2

BA AICDOVWT, K A-MMEFDOE AM &&E A-MEEDOE 4 M HEREE
mBEE, AL A IFHERIE (Morita equivalence) TH 2 E WD

EXE 1.1 (Morita)
BRA AICOVWT, RIZAME.
1. A& A ISHERE.

2. BIRGERINEY A M (BRREMRFHH D DEMMEF) NFEL T,
End" (4 M) = A’ B¥EK VW I D.
D g My %=F5HEMNEF (Morita module) &L 5.

o

AHERMEICEL > TAERIRICET 2MEIFHFHTZE (Morita invariant) T
HBEELND. HIZIE BWMER, FEMER £ (FBAH)x—9—R &
(FEB) 7T 14 VIR ARRTETREFATERLMEETH 2.
—7, By, THIRO EEHRBERETRL.

L B (RLEE) RILK OZREFE
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BILKDAHRIE

12 ANE B OILARE (B ADBHIE) £ HR2BE% A/BERT.

EZ 1.2 (Miyashita, 1970)
2DD’RILK A/B, A'/B' IZDWT, 2 DDFMEMNE AMa, pNp D EFIE
LT, uA®p Ng = 4Mp BBRWIIDEE, A/B & A'/B Z5HREIE
(Morita equivalence) Tdh % & W D.

B K A/BICDWT, A/B & M,(A)/Ma(B) (n > 1) RBARETH 3.

n

M=A¢pAe ---2A N=BoBd---dB

&:ﬁg&511‘£144f1@§B-AGWn(B);§ AAJMmiB)iﬁﬁEbjjifj.

W B (RLEE) BRILADOZERE

EEZREEA BRILKOZREREOER &
BRILADOZREREICEY 2

RILGADFXHRIEDEAEI (1/2)

LI, ARKTIZA/BE A'/B EHRERETHZE L, AMy & pNp &
FNICEAT2HRAMEE T2 (THbE, 4ARp Np = A Mp/).
7z, N*:=Hom'(gN,pB) EE®H, pe N*IZ&LBue N D&% up T
x7.
ZITpNDIHEERMETHZ I &LV, BREDTOM {f;,m;} &
{9k, i} (g8, fj € N* ng, mj € N)DEELT, UFARYIIDZ IS
FELTHL.

1. FEDOneNIZDWT, n= Zj nf;-m; BV Y ILD.

(ZDA{fj,m;} % pN ORMIEIE (dual basis) &1 ))

L B (RLEE) RILK OZREFE
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ZITUTDE®RaEEZS.

a: N g Awg N — A" 2 End" (M) 2 End" (1A ®p N)
PRTIU— [yRv =y vp T & u

ZDEE, ald B-B-AMTHZ (FERIEh— 3, fjo(1om)hTE
AbNd) S6IC, ald N*opBog N = B %589 5.
TN @A NICBIIBBELUTDELIICEDE Z ENHEKS.

(pRrxRu)(cRYyRv):=pRx Uy .
INICEY N op Aop N BRERT (BATE Y, f; © L my).
A/B & A'/B' HHEEER S,
A =N*®pA®p N D B =N*QgBeg N (R& LTHEA—R).

W B (RLEE) BRILADOZERE

EEZREEA BILAOHZEREOERE HE
RILKOZREREICEY 2 BRI ORER

BRI D#ER (1/4)

78 1.4 (Ikehata,1975)

HHEHBERRILK A/B, A//B' I2D2WT,
1. pADBRERFENGRSIE, g A EERERFENTH .
2. pANERMERSIE, p A EERMEETH .

L B (RLEE) RILK OZREFE
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REZRELEA BRILAOHZHEREOESE HE
BILAOZRAREICEY 2B OFR

BRMDiaR (2/4)

RADBOESE X IZDOWT, LTOLDICEDS.

Va(X):={a€Alax =za (Vz € X)

ELISBIEK A/BIZDWT, Vo(B) 1& A B3 BOHRDMEER
(centralizer) TH Y, V4(A) BLICT VE(B) FENETN AB LUV BOHF
10> (center) TH 5.

78 1.5 (Ikehata, 1975)

HERERRILK A/B, A/B I22WT, ZFREMEE 5N ORHEE%
{fj,m;} £F2EE B

go:A—)A’,m—)ijj@a@mj

BRI Va(B) = Va(B'), Va(A) = Va(4), Va(B) = Vp/(B') 5%
¥5.

W B (RLEE) BRILADOZERE

EEZREEA BILAOHZEREOERE HE
RILKOZREREICEY 2 BRI ORER

BEFIDIER (3/4)

f#m2 1.6 (Ikehata 1975)
HERERRILK A/B, A/B' I22W\WT, B

p EndE(BAB) — Ende(B/A'B/) = EndE(B/N* RAR NB’)
n—1lon®l

ICDWT, BURAYER W 32D,
1. pRBRETH 2.
2. p ENEEED AR Hom (5 Ap, pBp) = Hom (g A'p/, p B'pr) %558
95,
3. p IIIEEORE Aut’(A/B) = Aut’(A'/B') #5F8¥ 5%,
4. H B Aut’(A/B) DBHBT, A7 = Boe, 47 = B AR Y
iID.

L B (RLEE) RILK OZREFE
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REZRELEA BRILAOHZHEREOESE HE
BILAOZRAREICEY 2B OFR

IR DHaR (4/4)

BRILKA/BIZDOWT, UTDEIICESD .

(Ap A ={pc Ap A|lpa=ap (Vo € A)}

78 1.7 (Ikehata 1975)

HEREARBILA A/B, A//B I22WT, {fj,m;} BET {g,n} EHE
ERINEE N D2 DODTTDMET D, TDE &, BEfR

¢:A®BA—>A/®B/A/
zRy+— > (i ®r®n) @ (g @y @ my)

J.k

EIER DR (Aop A)A = (A 9 A)Y 58T 5.

W B (RLEE) BRILADOZERE

EEBREGA BILAOHZEREOERE HE

. RIEAOHERNEIET 5 BEAORKRE
HEFEABILA (BAORR)
HFHRME CARERRILKIFFREFTZ (Morita invariant) TH2 &b 3.
EX2 1.8 (Miyashita, 1970)

UTOBRILKIIHRBALRETH 5.
1. G-AO7HK
2. 7AR=Yy ALK

A\

I 1.9 (lkehata, 1975)
UTORILKISZHZAFRETH 5.
1. DEEILK
2. EHDREILK (H-DBEHAK)
3. symmetric LK
4. QF-#EK

A\

L B (RLEE) RILK OZREFE
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2. FER

W B (RLEE) BRILADOZERE

HET
TR HEF

R BEHLA K (strongly separable extension)

EZ 2.1 (Mewborn - McMahon, 1984)

BRILK A/BIZDWT, V=V4(B), C=V4(A) &BL. 2D & X, A/B
HYEE D BEIL K (strongly separable extension) T#H % & &, oV HY BIRERK
BEMTHY, A-A-HERE

a: A®g A — Hom'(Ve, Ac)
TRy [v— zvy]

DD HLET (split epimorphism) IZ72% & ZFITWD.

A\

EE 2.2 (Y, 2016)
BB KIIHREFRETHS.

A

L B (RLEE) RILK OZREFE
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#E
%

EHER

FEHE 2.2 DEEBH DREE (1/2)

=& 2.3 (Sugano, 1996)

BILK A/B HROBMTH B D DBRE+S ML, ARED
v; EVaA(B) &Y w4y Ry € (Avp A)A DEEL T, EBED u € Va(B)
IK2WTu=3, vgiuyy BPRYIIDIETHS.

[(EBA) A/B & A'/B' |37%HRMET, A/B V' @OBNTHZ & L,
v, €VAB) BLU Y 24 Quir € (Axp A & EOBEDRHE2H7-T
TDHMET 5.

Do ah @yl = (f5 0T 0 nk) © (g 0 yir © my),
r r.j.k

UZ/- 3:Zf)\®vi®m>\
A

EEDHDBE, v e Va(B) DY, o, @y, € (A @p ANV &123.

W B (RLEE) BRILADOZERE

HREFERRILK
TR HEFZETRWRILEA

EIB 2.2 DEFRA DAL (2/2)

FEED U = ZZ fi®u®@mg e VAI(B/) (u S VA(B)) [CDWT,
Zvl'-x;ru’ygr = Z (fr®vi-mafj - T ©ng)(fr @ w-megy - yir @ mj)
i,r 1,7,X,5,k,0
= Z (fx- myf; @i -z @ ng)(fo - mege @ u - yir @ mj)
RSWE Y,
= Z (f] @ V; -+ Tjp X 'nk)(gk XU+ Yir X yir)
Z"T?j7k
= ij@’ (szlzruyzr> ® m;
7 @Tr
= Z fi ®u®m;
J
=
L7 >T, A/B £ @D BN TH 5. O

L B (RLEE) RILK OZREFE
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depth two LK

EZ 2.4 (Kadison - Szlachanyi, 2003)

IRYILK A/B D7 (£72134) depth two 5K (depth two extension) T# %
sk, Ao AN ADEREBEDEMDEMEFIC B-A-B (£721% A-B-
B&)ICEBEEITWVD.

EX 2.5 (Y, 2016)

& (F£721378) depth two K ITFHRERETH 5.

W B (RLEE) BRILADOZERE

BRETE
EHER ARETETY

AERAICRE 9 % Key lemmas

%8 2.6 (Y, 2016)

HERBEABILK A/B, A//B IC2WT, #fE 1.7 121 2 B54& ¢ (EIER
DR (Aop AP = (A g AP 2FET 3.

=8 2.7 (Kadison - Szlachdnyi, 2003)

IRILK A/B B £ (£7-13%) depth two kA TH 27D DHE+ 2R M
X, BRREDt; € (Aop A)P & ; € End'(pAp) P EELT, £ 2,

weAIHL, Y iti-fiz-w=z0w (FLEY,, 2z - fw-t; =20 w) B
RYWIDZETHD.

L B (RLEE) RILK OZREFE
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I 2.5 DA DR (1/2)

[FE8H] A/B & A'/B' \3ZHEMET, A/B 3% depth two HiATH 2 & L,
ti = ZT Lipr X Yir S (A ®B A)B ZBctU‘ ﬁl S EndE(BAB) %%@ﬁ%@%
Hewbl-dTDET 3.

th = Z(fj®wir®nk)®(gk®yir®mj) BLUY pli=10p1
N

EEDNIE, € (A 0p ANV DD Bl € EndY(pA'p) &%,
T, UTOB-B-ARIAEERS.

0: A g A — N"@wpAx AR N
(PpRxRU)R(CRYRV) — pRIT-UTRY RV

Ol pRreyeu— Y (r@ren) Q@ (grRyRu) THALND)

W B (RLEE) BRILADOZERE

FEIB 2.5 DEFRA DAL (2/2)

EEDZ =3, pr® 2y @uy, v :Z”UMQ@UJH@UH e AIZDWT,
0(2 @w') =30, PA @2\ Rur0y Wy R vy, THY,

«9( Z t;ﬁ’(z')w')

= 9( Z (fj ® iy @ ng) @ (g @ Yir - Mjpx - Bizn - UNOy - Wy @ v#)>

1,7, 1,5,k
= Z fj ‘mjp,\® (Ztl -BiZ)\-U)\O'u-wu> ®vu
A 1,7 7
= ZpAXJz,\@u)\au-wM@vu.
A
Ih&W Y ol w =2 @uw /5D T, A'/B' IZ7% depth two #EK
THhs. O

L B (RLEE) RILK OZREFE
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HETERERIEA
EHER AH- TP

5990 BEHA R

RILK A/B EfE A-A-MBE S ICDWT, IBEMNABR D : A — S
B-1%> (B-derivation) T# % & &, D(zy) = D(x)y + 2D(y) (Va,y € A)
M2 D(B)=0 (B eB)PHRYIDEEITWVD,

EF 2.8 (Hamaguchi - Nakajima, 2013)

IRILK A/B D559 Bt HL K (weakly separable extension) T#H % & &, &
D B-W52 D: A— ADREBH (inner), b5, BEHLG v e ADFHE
LT D) =ur —au &RBDEEITWVD.

EE 2.9 (Y, 2016)
BABILKIIHRERETHS.

W B (RLEE) BRILADOZERE

HREFERRILK
TR HEFZETRWRILEA

FEERICRE 9 % Key Lemma

R 2.10

A/B & A'/B ($F%EREE 5. @ A-A-INg S ICx L,
S =N*QgSg N EBZE, LTDLDICEDS.

Derp(A,S):={D|D: A — S & B-#% }
Derp/ (A, S") :={D'|D': A’ — S' |1& B'-#% }

ZDEE,
7 : Derg(A,S) — Derp/(A’, S")
D—13D®1
FIERDOBRERTH 5.

L B (RLEE) RILK OZREFE
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I 2.9 DA DR (1/2)

[(EBA] A/B & A'/B' I3%HREMET, A/B 3BoBHNET 5.

ERD B-#%3 D' IDWT, EDfEL WEEA B9 D DM FEELT
D'=19D& 15 I,

A/B 3B RERNEN D, BERove ADFRELT D(z) =ve —av

(r € A)&RIND. £E<ITwe Va(B)ITERLTHL.

g, =Y, fjovem; B

W B (RLEE) BRILADOZERE

BEREARER
IR AETECAVERLK

FEIB 2.9 DEFBA DAL (2/2)

IDEEFRDY = pr®a, Qu, € A IZDVWT,

D'(a") =" pr © D(2,) @ uy
:Zpréb(vxr—a:rv)@ur
:Z{(Zfi'mipr> R VT & Uy — Pr @ Tyv @ (Zu,«fj.mj)}
r i J

:Z(fi(g‘v'mipr'$r®ur_pr®$r'urfj'v®mj)

7,%,J
= Z {(fimvem)(pr @z ®ur) = (pr ® 2 @ur)(f; @vRmMy)}
7,%,J
=2’ — 2.
LD >T, D IZATHTHS. O

L B (RLEE) RILK OZREFE
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EHER

Z D DIRIEARICDWT

» IRYLK A/B B EBRARILAK (trivial extension) T# 2 & 1, #2442
B-B-INESHEELT, A=BOSHDAILBIFBEN
(b,s)(c,t) = (be,bt+sc) (b,c € B,s,t € S) THEALNBEEICWD.
» IRILK A/B 1 centralizing 3K (centralizing extension) T# % & |&,
A= VA(B)B = {Zz v;b; ‘ v; € VA(B), b; € B} DY IIDE E(C
W,

R 2.11 (Y, 2016)
BRAGIEKIIFHATETHS.

fnRE 2.12 (Y, 2016)
centralizing b K IEHREAFRETH 5.

W B (RLEE) BRILADOZERE

TR

AFRERZE THRWRIEADHI (1/2)

k=REEBp DIEEL, A=K[t], B=k[tP] £ BE, RILKA/BZEEX
5. ZDEE, {aP|lrec A} CBERD.

OB 13 &Y, A/B & My(A)/Ma(B) EHRERETHS,

—ﬁpY:[éé]eM%@%%ié&&E@E%#ntomf
X" =X ¢ Ma(B) THZDE, LTO LD BRBILADOHEIZHREARET

RN,

RILKA/BICDOWT, BEALER B n > 1 DMEELT{2" |z € A} CB
AW ILD. J

L B (RLEE) RILK OZREFE
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EFE 2.13

IR K A/ B DL BEL K (quasi-separable extension) T# % & IE, {E&
DO A-A-NEF S ISOWT, ADS S ADHLH B-HEAATRTOT
HBEEICWD.

Z T T B-#4% D DNiDH (central) TH 2 & 1d, yD(z) = D(x)y

(Vz,y e A) B’ERYILDI & ERBKT 5.

fHmE 2.14 (Komatsu, 2001)

FEBEDBILK A/B 122 WT, M,(A)/Mo(B) (n > 1) 12555 BEAT
55,

BUSBILKIEHRATETAL.

W B (RLEE) BRILADOZERE

1. S. lkehata, On Morita equivalence in ring extensions, Math. J.
Okayama Univ. 18 (1975), 73-79.

2. Y. Miyashita, On Galois extensions and crossed products, J. Fac. Sci.
Hokkaido Univ., Ser.l 21 (1970), 97-121.

3. S. Yamanaka, Note on Morita equivalence in ring extensions, Comm.
in Algebra 44 (2016), no.9, 4121-4131.

Thank you for your attention!!

L B (RLEE) RILK OZREFE
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ZIRTTREADEBIAE D D E &
WSRO SR B RRER KR

1 AHAROBE

AIFEIE, WEE 8 HICHE R F CRBEIN/ZY A7 2 AXITBEWTHLL FER (B “HFOE, Bl
ERFRINIZNEZIR TR, HFATHELLZEDTH S,

RFREDOHMIZLLTD@ED TH 5,
E
f(x)y=az?+bx+c=0 (a#0)DEKa,b,c ML T, KM [-r,7] (r>0) OEZFKRICHEIrS L L

5E7T5,
ZOLE rDEZZFHIED L, f(z) =0 DEBIROMFEBMDEENED X S IZ2T 200 %2HNR5,

2 IHER
21 r=107T. a,b,c "EENDOEBEDAZ LB L&

MR 5 EHEERD 1 63.1%
ERIROMEB T & OERIFIROED { EfEZ2RFD :0.9%
FRIRE 720 : 36.0%

22 r—ooo&liEE
a,b,c WEFMEDAZ L DL U &, HHNOERKEZELTLD S5 L TOMRIT, WINEHROM@D
M7 5 “EBRERFD - 41/72 +log2/12 = 62.7%

EEV g A (RO 72 < 01TE W
FRIR A Rz 70 :31/72 —log2/12 = 37.3%

Rz, a,b,c BHIFAINOFERERTED 52 Lz Eid, r DIEICEDL ST, MROMBOEEGIZ EOED 1245,

3 SRR T7ATT

a,b,c WEBMDOAZLD S5 Uz X, —42r THLMN O DAL, 22 =42y DRED DB, BFRT
HHLODMEBEBATEHEEZER Uz, 7 — oo DBEAX. MOMBOEEE r DATERTNZEH L, #iWE T
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