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1 Introduction

2 basic results

Suppose that (S, D) is a minimal pair with x[D] = 2, which is obtained from
a # minimal pair(model) (Xp,C) by shortest resolution of singularities of
C'. The type of (Xp,C) is denoted by the symbol [0 * e, B;v1,va,- - -, vp].
Introduce innvariants Y by V' = >77_;v; and X by X = >0, vt
Moreover, defining w = 4 — d1p,we get w =4 if B # 1. w = 3, otherwise.

Proposition 1 Suppose that B < 2. Letting k denote wp + 2u, we have the
following fundamental equalities:

1. X = 8v% 4 2kvy + k + wy — 27,

2.Y =8 +k+w.

Here k = kp — 2p%, w1 = w — G.



2.1 invariant Z

Following Matsuda([13]), we shall compute v1Y — X, which we denote by

Z. By Z=1Y-X-= 231{1;21@1 — j)jt; > 0, t; being the number of j—

ple singular points on C, we have

0<Z=v(w—g—k)—k—w +29. (1)

2.2 invariant Z*

Hereafter suppose that 1, > 3.
Introducing invariants 7; and Y by v; = v; — 1 and ¥ = Z;Zl vj,
respectively, we obtain Y =Y — r and

Y =8u+k+ Ax

Moreover, introduce an invariant X by
T
X=)7"=X-2Y+r,
j=1

which satisfies that
X =8> +2ku+k— A, —23.

Here, for simplicity, let u stand v1. Thus p > 2.

2.3 case when B > 2

However, if B > 2, we have fundamental equalities :

1. Y:BQU+8M+I€+A1,
2. X = Byo(0 —2) 4+ 8u + 2kp + k — A; — 27,

where By = B — 2 for B > 2. Moreover, if B < 2, we put By = 0.

Defining an invariant Z* to be uY — X, we obtain
—pk —k+ 1A +2§— Boo(o —2—p) = Z*

and
v1—1

Z5 =Y (- ) — .

=2



Note:

Z'=(p—Dy+2(n—2)y2 +3(p—3)ys +... > 0,

where y1 =t +1,,y2 =t3+tu1,y3 =ta +tu2, .
Moreover, we get

Byo(o—2 —p) < —pk — k+ v Ay + 23.
Proposition 2 If B > 3, then
o(oc —2—p) <viA + 29 — pk — k. (2)

~ Suppose that p > 0. Theno —2—p>1+2(p+1)—2—p =1+ p and
k — k > —2. Hence,

o(pu+1)<oloc—2—p) <Ay +2g — pk — k.
However,

viAi+2g —pk—k = (p+ DA — (p+ Dk + (1 - )7 — g,

where § =k — k > —2.
Therefore

olp+1) < (u+1)(A—k)+ (1 —p)g+2.

If g >0, then (0 — (A—k))(n+1) <2. Hence, 0 < A — k.
If g = —1, then

op+ 1) <(p+D)A—k) +p+1=(u+1)(A-k+1)

Hence, 0 < A—k + 1.
By p > 2, we get 0 > 7 and so k + 6 < A. Thus we obtain the next
result.

Proposition 3 I[f B>3 andp >0, theno+k—1< A.
In particular, k +6 < A.



2.4 example with B=3,p=10

Suppose that B=3,g=0,p=0,u > 2 and Z* = 0. Then ¢ = 2u + 2 and
1.Y=0+8u+k+A+1,
2. X =0(0c—2)+8u>+2ku— A+ 1.

Therefore, Z* = —2(u+ )p — kp+ A(p+1) + p — 1 and Y = ru. Hence,
pu=k+ A+ 2u+ 3. Thus,

A=pu—(k+2u+3). (3)
Moreover, by Z* = 0 we get
L 2(p+p=—-kp+Ap+1)+p—1,
2. pu® =kp+ Ap+2p® + 3u.
These imply
ol =AQu+1)+2u—1=(A+1)2u+1) —2.

Letting f = p?,h = 2u + 1, we obtain —2 = pf — (A + 1)k and by
definition, 1 = 4f + (1 — 2u)h. Hence, the ideal (f, h) generated by f and h
coincides with the ring Z[u]. In this case, we say that f and h are relatively
prime.

2.5 a lemma

In general, we have the following result.

Lemma 1 Let R be a commutative ring. Suppose that there exist elements
f and h which are relatively prime. In other words, there exist u,v € R such
that 1 = uf + vh.

If Pf = Qh for some P,Q € R,then there exists L € R such that P = hL
and Q = fL.

Proof. From uPf = uQh, it follows that uQh = Puf = P(1 — vh).
Hence, P = u@Qh + vhP. Thus,P = hL, where L = Qu + Pv.



2.6 signature of £k — A
Recalling that 2 =8f +2(1 — 2u)h and -2 = pf — (A + 1)h , we get

(p+8)f=(A+4u—1)h.

Since f and h are relatively prime, it follows that p = —8 + hL, and A =
1—4p+ fL for some L. Then r =p+8 =hL = (2u+1)L.
By k= pp —2u — 3 — A, we obtain

2u=k=—-6pu—4+ (u+1)uL.

On the other hand, given 4 > 2 and L, let 0 = 2u + 2,u = —-3u — 2+
(w+1)pL/2 and e = 30 + u. Further, let 7 = (2u + 1)L and v = p+ 1.

The type becomes [(2u 4 2) * (6p + 6 + u), 3; (1 + 1)2#+DL] Then B =
2¢e—30 =2+ (p+ 1)pl.

The virtual genus go becomes (21 + 1)u(p+1)L/2. Hence, g = go — (u+
V(2 +1)L/2 = 0. N

By definition, Z = (¢ — 2)(B — 4) = —4p + 2u*(p + 1)L and 2% =
Zg—ru? = —4p+p?L. Hence, A = 1—4pu+p? L,k = 2u = —6u—4+(u+1)uL.
Then —kp+ A(p+1) = u(2u+ 1) + 1. Hence, k — A = uL — 2p — 5. The
value of k — A may be positive or negative.

3 Class 1.

Class I. We say that the type belongs to Class 1, if p = 0.

In this class, k =0 and

Z"=—kp+(p+1)A+(1—p)g.

3.1 case when g >0

Suppose that g > 0. Then since v; > 3 and Z* > 0, it follows that
kp < (p+1)A+ (1 —p)g < (n+1)A.

Thus 1
k< prl
7
+1

Moreover, assume that k = TA'



Then g =1and so Z2* = —kpu+ (u+1)A=0.
Hence, by Y =8u+k+ A —g=8u+k+ A= ru, we obtain

pp=k+ A.
Here, p = r — 8. Since pk = (u + 1) A, it follows that

pu(p+1) = k(p+1) + A(p+1) = k(2p +1). (4)

Letting fo = p(pw + 1),h = 2u + 1, we obtain pfy = kh. Further,
2fo—ph = pand h—2u = 1. Hence, 1 = h—2(2fy—ph) = —4fo+ (14 2u)h.
Thus, fo and h are relatively prime. Moreover, pfy = kh. Therefore, by the
previous lemma, p = hL and k = fyL for some L. Hence, p = 2u+ 1)L
and k = p(pu+1)L.

Conversely, given > 2 and L, let v = u+ 1 and 0 = 2v.
For B=1, put e =3vy + u(u+1)L/2 and r = 8 + (2 + 1) L. The type
turns out to be

2(p+1)*B(p+ 1)+ p(p+1)L/2), L (p+1)"].

Then v = p(p+1)L/2,k = 2u and g = 1.

If B=0,pute=2v; +u(p+1)L/2 and r = 8+ (2u + 1)L. The type
turns out to be

2(p+1) % 2(p + 1) + p(p+ 1)L/2); (n+1)"].
Then v = p(p+1)L/2,k = 2u,g = 1.
If 4 =2, B = 1 then the type turns out to be [6 * (9 + 3L), 1; 3575,

If 4 = 3, B = 1 then the type is as follows: [8 % (12 4 7L), 1; 33+71].

Conversely, if the type of the pair is this, then g = 5-(5+3L)—3(84+5L) =
land A=22=8-(4+3L) —4x (8+5L) =4L. k = 2(3L) = 6L. Hence,
2k =3A =12L.

3.2 case when g = —1

Supposing that g = 0 , we obtain

Z'=—kp+(p+1)A+p—1.



Then since v1 > 3 and Z* > 0, it follows that

pk < (p+1)A+p—1. (5)
Hence,
r<Ptl L
0 I

If kpy=(u+1)A+pu—1then Z¥=0;thus Y =8u+k+A+1=ru.
Hence,
pp=k+A+1.

Since kp = (u+ 1)A + p — 1, it follows that
pp(p+1)=k(p+1)+Ap+1)+p+1=k2p+1)+2. (6)
Letting fo = u(pu+1),h = 2u + 1, we obtain
pfo=kh+2

and
2fo — hp = p.

Hence,
1l=h—=2u=h—22fy— hp) =—4fo+ (14 2u)h.

Combining this with the equation (6), we obtain
(p+8)fo=(2+4u+ k)h.
Therefore, by the previous lemma,
r=p+8=hL2+4u+k= foL

for some integer L. Hence,

On the other hand, given > 2 and L, let vy = p+ 1,0 =2u+ 2,e =
3v1 + u, where u = W —1—2pu, for some L.

Moreover,in the case when B = 1, letting » = (2u + 1)L, define the type
to be [(21 +2) * (3 + 3 4+ u), 1; (u + 1)+DL,



Then B = 2+ p(pu+ 1)L and the virtual genus go = p(p+1)(2u+1)L/2.
g=0,k=2uand Z%2 = p?L — 4p.

In the case when B = 0, letting » = (21 + 1)L, define the type to be
(20 + 2) % (20 + 2+ w); (u+ 1) BrHDE),

Then B = 2+pu(pu+1)L. Furthermore, g = 0, k = 2u and Z2 = p?2L—4u.

In both cases, we obtain A = p2L—4p+1and k = 2u = p(pu+1)L—2—4pu.
Thus kp = (p+1)A+p— 1.

This completes the proof of the following result.

Proposition 4 Suppose that p =0. Then

1 1
Pl - 2,

I I

k<

Moreover, kpu = (u+ 1)A+ u — 1 if and only if the type is [(2u + 2)
(30 3+ ), 1 (- 1)@ o (2414 2) % (20 + 2+ w): (u + )DL
—1-

(u+1)L

where u = 2u for some L.

Moreover, if Z* # 0 then Z* > p— 1. Hence, ku < (p+ 1)A.

Proposition 5 Suppose that g =0 and p=0. If ku < (u+ 1)A+pu—1,
then kp < (p+1)A.

Furthermore, suppose that ku = (u+ 1)A. Then Z* = p — 1, which
implies y1 = t2 +t, = 1. Therefore, we have two cases 1) ¢, = 0,t, = 1 and
2) t, =1,t2 =0.

Note that

Y=8u+k+A+l=to+(pu—Dty+ @ —Dp=1+(u—2)t,+ (r—1)pu

1) Ift, =0 then (p —1)u =k + A. Hence, (p— pu(p+1) =k(p+1)+
A(p+1) = k(2u + 1).

Since 2p 4+ 1 and p(p + 1) are relatively prime, it follows that p — 1 =
(2u+ 1)L and k = p(p + 1)L for some L. Thus r =9+ (2u+ 1)L.

The type turns out to be

2(n+1) «3(p+1)+pu(p+1)L/2,1;3",2],r =8+ (2u+ 1)L.

10



2)Ift, = 1then p > 2and (p—1)pu = k+A—(p—2). Thus ppu = k+A+2,
and

pp(p+1)=k(p+1)+Ap+1)+2(p+1) =1 +k)(2p+1)+1.

For example,if ¢ = 2, B = 1 then the type turns out to be [6 * (10 +
3L),1; 31051,

11



4 Class II.

Class II.
We say that the type belongs to Class IL, if p = 1.
In thisclassp=1, k=w+2u and k =k — 2 and

0< 2" = —ku+urA+(1—pg—k
=—kp+vA+1—-p)g+2-k
:Vl(A—k)+(2—V1)§+2.

Hence,
(2 — V1)§ + 2
%41 ’

k< A+
Thus we obtain the next result.
1. If g > 0, then k < A,
2. If g =0, then £k < A+ 1.
By i we denote A — k. Then i > —1. Moreover,

Z =i+ (2—)G+2=i(p+ 1)+ (1—pg+2. 8)

4.1 case when i = —1

Assume that k = A+ 1. Then g = 0 and Z* = 0. Moreover, Y = 8u + k +
A+1=8u+2k=rp.
Hence, pu = 2k = 2(w + 2u), where w = 3 or 4.

Assume B = 1. Then w = 3 and k = 3 + 2u. Further, 0 = 2u + 3,e =
3u+4+u,r=p+38
Here are many examples.

For example, if p = 1, then
w=2(3+2u) =6+ 4u.

Thus v1 = 7+ 4u,0 = 15 4+ 8u, e = 22 4+ 13u. Therefore, the type becomes
[(15 + 8u) * (22 + 13u), 1; (7 + 4u)?).

12



If p = 2, then r = 10 and by p = 34 2u , we obtain v; = 4+ 2u,0 = 9+
4u, e = 13+7u. Therefore, the type becomes [(9+4u)*(13+7u), 1; (4+2u)'Y].

If p = 3, then r = 11 by 3u = 6 + 4u we get 3(u — 2) = 4u and so
i — 2 =4L and u = 3L for some integer L. Therefore, the type turns out
to be [(7+8L) * (10 + 15L), 1; (3 +4L)!1].

If p = 4,then 4 = 6 4 4u, which has no solution.

If p = 5,then r = 13 by 5u = 6 + 4u we get 5(u — 2) = 4(u — 1). Thus
p=2+4L,u=1+45L.

Therefore, the type turns out to be [(7+8L) * (11 +17L), 1; (3 +4L)13].
And so on.

4.2 case when i >0

If k< Atheni=A—k>0. Moreover,
Z=p(i—9)+i+g+2,

and

Y =84+ 2k +i = 8 + 2w + du + i.

4.3 case when =10

Suppose that i = 0; hence £ = A and
2= (- pg+2. (9)

Thus, (1 — p)g+ 2 > 0 induces that g < 3.

4.3.1 case when g =0

Assume that g = 0. Then
Z¥=pu+1.

From 2(p —2) =2u—4 < Z* = pu+ 1, it follows that pu <5.
p=>5

Suppose that 4 = 5.Then v; =6, 0 = 12+ 1 = 13. Moreover, Z* = 6
and by definition Z* = 4y; + 6ypo.

13



From 4y, + 6y2 = 6, it follows that y; = 0,2 = 1. Hence, yo = t3 = 1.
Furthermore,

Y =8 pu+2k+1=(—1)pu+2.
Thus
Sp=1)=(p-1)-p=2k-1 (10)
Assume that B = 1.
Since k = 3 + 2u, we obtain

5-(p—1)=7+4u—2=5+4u.

Thus 5- (p —2) = 4u. Hence, p—2 = 4L and u = 5L for some L. p =4L+2
and v = 5L for some L. Then r = 10 + 4L and so the type becomes
[13 % (19 + 5L), 1;6974L 3].

Assume that B = 0. Then k£ = 4 4 2u,5(p — 4) = 4(u — 2); hence,
p—4=4L,u— 2= 5L and the type becomes [13 * (15 + 5L); 614X 3].

p=4
From Z* = 4+ 1 = 5, it follows that Z* = 3y; + 4y2 = 5. We have no
solution.

p=3

Suppose that 4 = 3.Then 1y =4, 0 = 84+ 1 = 9. Moreover, Z* = 4
and by definition Z* = 2y;. From y; = 2, it follows that y; = to + t3 = 2.
Furthermore,

Y=8pu+2k+1=(r—1) p+ty+2ts.
Thus
3p—1)=(p—1)-p=2k+1—(tg+2t3) =2k —1—t3,  (11)

where t3 = 0,1, 2.
Assume that B = 1. Then e = 0 + 4 + u. Since k = 3 4+ 2u, we obtain

3(p—1) =5+ 4u — ts.

If t3 = 0 then 3(p — 1) = 5 + 4u. Since 3(p — 5) = 4(u — 1), it follows
that wu =1+ 3L and p =5+ 4L for some L.
The type becomes [9 * (13 + 3L), 1; 411+ 22],
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If t3 = 1 then 3(p—2) = 4u~+4. It follows that u = 3L —1 and p = 2+4L
for some L.
The type becomes [9 * (12 + 3L), 1;43+4L 22),

If t3 = 0 then 3(p — 2) = 4u + 3. Since 3(p — 3) = 4u it follows that
u = 3L and p = 2 + 4L for some L.

The type becomes [9 * (13 + 3L), 1;49T4L 32).

Assume that B =0. Then e = 0 4 .

Omitted.

=2
Suppose that 4 = 2.Then vy =3, 0 =6+1=7. Moreover, Z* =241 =
3 and by definition Z* = y;. From y; = 2, it follows that y; = to = 3.
Furthermore,
Y=8p+2k+1=(r—-3) -pu+3.

Thus
p—1)=(p—1)-p=2k+1-3. (12)

Assume that B = 1. Then e = ¢ + 3 4+ u. Since k = 3 + 2u, it follows
that 2(p —3) = 4u + 4. Thus p —3 =4L,u+ 1 = 2L for someL. Hence,the
type becomes [7 * (10 + u), 1; 310+2v 22],

4.3.2 case when g=1
Assume that ¢ = 1. Then kK = A and g = 1; hence, Z* = 2.
By 2=2* > — 1, we obtain pu < 3.

p=3
Then 2 = Z* = 2(t9 + t3), which implies that to + t3 = 1 ,where t3 < 1.
By Y =8-pu+2k=(r—1pu+ty+2t3=(r—1)u+ 1+ t3, we obtain

3p=1)=(p-Dp=2k—-1—13.

By p =1 we get k = w + 2u.
Suppose that B = 1. Then w = 3 and

3p—1)=(p—-—1pu=28+2u) —1—t3=5+4u —t3.

If t3 = 0 then 3(p — 1) = 5 + 4u; thus 3(p — 4) = 4(u — 1). Hence,
u=1+4+3L,p=4+4L.
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If t3 = 0 then 3(p — 2) = 4u + 3. Since 3(p — 3) = 4u it follows that
u = 3L and p =2+ 4L for some L.

The type becomes [9 * (14 + 3L), 1; 49741 2]

If t3 =1 then 3(p — 2) = 4u + 4. Hence, u = 3L — 1 and p = 1 + 4L for
some L.

The type becomes [9 % (12 + 3L), 1; 4341 3],

p=2
Then 2 = Z* = to, which implies that t5 = 2.
By Y =8 u+2k=(r—2)u+2, we obtain
2(0—2)=(p—2)pu=2k—2.
Thus p—2=k—-1=w+2u— 1.
If B=1 then p =3+ 2u+ 1; hence, r = 12 + 2u. The type becomes
[7 % (10 + u), 1; 310+2u 22],

4.3.3 case when g =2

Assume that g = 2. Then
Z*=3—p.

By Z2* >0, we get p < 3.

If £ =3 then Z2* =0 and 3p = 2k — 1.

It is easy to see that when B = 1, the type becomes [9x(14+3L), 1; 411+4L]
for some L > 0.

Similarly, if 4 = 2 then Z* =1 and p = k.

It is easy to see that when B = 1, the type becomes [7#(10+u), 1; 310+2¢ 2]
for some u > 0.

4.3.4 case when g =3
Assume that ¢ = 3. Then =2 and 0 = 7. Thus, Z2* = (1 — p)2+2 = 0.
Hence, if B = 1 then the type becomes [7* (10+u), 1; 3'°72] for some u > 0.
4.4 case when i =1
Suppose that A =k + 1. Then

0<Z*=p(l—9)+3+7.
Thus,
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4.4.1 case when g =20

Assume that g = 0. Then
Z*=2u+2.

By Z* =2u+2 > 3u9, we get u < 11.
pn=11
Suppose that ¢ = 11. Then vy =12, 0 = 25 and

Z¥=2u+2=24,2Z" =10y, + 18ys +24ys + --- .

Hence, y1 = y2 = 0,y3 = t4 + t9 = 1 and we obtain

Y =8-pu+2k+2=(r—1) p+3ts+8tg.

Thus,
11(p—1) =2k + 2 — 3 — 5ty.

Assume that B =1. Then e = o + 12 + w.

If tg = 1 then 2k +2 — 3 — 5tg = 8 + 4u — 8 = 4u. From 11(p — 1) = 4u,
it follows that u = 11L,p = 1 + 4L. Hence, the type becomes [25 * (37 +
11L),1; 128+4L 9],

If t4 =1 then 2k +2 — 3 — 5tg = 5 + 4u. From 11(p — 1) = 45 + u, it
follows that w = 7+ 11L, p = 4 + 4L. Hence, the type becomes [25 * (44 +
11L),1; 1211448 4],

gu;p7ose that y = 7. Then v, =8 and o = 17.
Z¥=16,Z" = 6y; + 10y + 12ys + - - - .
Hence, y1 = yo = 1,y3 = 0 and we obtain ty 4+ t7 = t3 + tg = 1. Therefore,
Y =8 -pu+2k+2=(r—2)u+ty+ 6t7 + 2t3 + 5tg.

Thus
T(p—2)=2k—1-3tsg — bty =.

Assuming B =1, we get k = 3 + 2u,e = 17 + 8 4+ u. Hence,
7(p—2) = 5+ 4u — 3tg — 5t7.
If t¢ =ty =0 then 7(p —2) = 5+4u. By 7(p —5) = 4(u — 4) we obtain p =
5+4L,u = 4+ T7L. Hence, the type becomes [17 % (25 + 11L), 1;81+4F 3 2],
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If t¢ = 0,t7 = 1 then 7(p — 2) = 4u. We obtain p = 2 +4L,u = 7L.
Hence, the type becomes [17 * (25 + 11L), 1; 83+4L 7. 3].

©w=>5
Suppose that gy = 5. Then v; =6 and ¢ = 13.

Z* =12,2Z" = 41 + 6ys.

Hence, 1) y1 =3,y2 =0o0r 2) y; = 0,y2 = 2.
1). y1 =ta+1t5 =3,y2 =t3+ 14 =0.
Therefore,

Y =8 pu+2k+2=(r—3)u+ts+ 4ts.

Thus
5(p—3) =2k —1— 3ts.

Assuming B =1, we get k = 3 + 2u,e = 13 + 5 + u. Hence,
T(p—2) =5+ 4u — 3ts.

If t5 = 0 then t2 = 3 and 5(p — 2) = 2+ 4u. By 5(p —5) = 4(u — 2)
we obtain p = 5+ 4L,u = 2 + 5L. Hence, the type becomes [13 x (21 +
5L),1;60+4L 5 22,

If t5 = 1 then ¢t = 2 and 5(p — 2) = 2+ 4u. By 5(p —5) = 4(u — 2)
we obtain p = 5+ 4L,u = 2 + 5L. Hence, the type becomes [13 x (21 +
5L),1;610t4L 5 22,

If t5 =2 then ta = 1 and 5(p —3) =4u— 1. By 5(p —2) = 4(u+ 1)
we obtain p = 2+ 4L,u = 5L — 1. Hence, the type becomes [13 * (12 +
5L),1;67T4 52 2] L > 0

If t5 = 3 then ty = 0 and 5(p — 3) = 4u — 4. Hence, the type becomes
[13 % (20 4+ 5L), 1;65T4L 53]

p=4
Suppose that y = 4. Then v; =5 and ¢ = 11.

Z¥ = 10,3* = 3y1 + 4y2.

Then y1 = 2,y = 1.
Hence, the type becomes [11 % (16 + u), 1; 5774, 3,22].
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p=3
Suppose that ¢ = 3. Then v; =4 and ¢ = 9.

Z* = S,Z* = 2y1.

Thus, y1 = to +t3 = 4 and

Y=8-pu+2k+2=r—4Ypu+te+2t3=(r—4)u+4+ts.

Thus
A(p—4) =2k — 2 — t3.

If B=1then k=3+2uand 4(p —4) =4du+4 —t3.
p=2
Suppose that g = 2. Then vy =3 and ¢ = 7.

Z*=6,2% =y, = to.

Hence, the type becomes [7 * (10 + u), 1; 3924 26].

4.4.2 case when g=1
Assume that g = 1.

Z*=p+3.
By p+3=2*>2u— 4, we obtain p < 7.

p="
Then Z* =10 = 6y; + 10y2,y2 = t3 +tg = 1 and
Y =8 p+2k+1=23+5t6+ (r—1)u=243t+ (r— 1)pu.
Hence,

T(p—1)=2k—1—-3tg =2(3+2u) —1 -3t =5+4u—3tsg.  (13)

We have the following two cases:

1) tg = 0.

Then t3 =1 and 7(p —4) =4(u —4). Thus, p—4=4L,u—4="T7L.
Therefore, the type becomes [17 * (29 + 7L), 1; 811+4L 3],

2) tg = 1.
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Then t3 =0 and 7(p — 3) = 4(u — 3). Thus, p—3=4L,u—3 =TL.

Therefore, the type becomes [17 * (28 + 7L), 1; 819+4L .

p=>0
Then Z* =9 = 5y; + 8y2 + 9y3,y3 = t4 = 1 and

Y=8-pu+2k+1=3+(r—1)pu.

Hence,
6(p—1)=plp—1) =2k—-2=4(u+1).
Therefore, p — 1 =2L,u+ 1 = 3L for some L.
The type becomes [15 * (21 + 3L), 1; 78+2F 4].

p="5
Then Z* = 8 = 4y; + 6yo,y1 = to +t5 = 2 and

Y =8-pu+2k+1=2+3t;5+ (r —2)p.
Hence,

5(p—2) = pulp—2) =5+4u—3ts.

ts =0
Then ty = 2 and 5(p — 3) = 4u. Thus, p —3 =4L,u =5L.
Therefore, the type becomes [13 * (19 + 5L), 1;69+4F 22].

t5 =1

Then to =1 and 5(p — 2) = 2+ 4u. Thus, p—4 =4L,u =2+ 5L.

Therefore, the type becomes [13 * (21 + 5L), 1;6'19+4L 5 2],

ts =2

Then t3 =0 and 5(p —2) =4u — 1. Thus, p—5=4L,u =4+ 5L.

Therefore, the type becomes [13 * (23 + 5L), 1; 611+4L 52].

p=4
Then Z* =7=3y; +4ys,y1 =to+t4y =y =t3 =1 and

Y =8 u+2k+1=3+2ts4+ (r—2)u=3.

Hence,

Ad(p—2)=pulp—2) =2k —2 — 2ty = 4+ 4u — 2ty.

20
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ty =0

Thento =1and p—2=wu+1. Thus, p=u+11,e =16 4+ u.
Therefore, the type becomes [11 * (16 + u), 1;5%19,3,2].

The case whent, = 1 does not occur.

p=3
Then Z* =6 = 2y;,y1 = to +t3 = 3 and
Y =8 pu+2k+1=1t34+23+(r—3)p=3+ts+ (r—3)pu.

Hence,

3p—3)=pulp—3)=2k—2—-1t3=2(3+2u) —2—t3 =4+ 4u—t3. (17)

t3 = 0. Then 3(p —3) =4(u+1). Thus, p—3=4L,u=3L — 1.
Therefore, the type becomes [9 x (12 + 3L), 1;48+4E 23],

ts = 1. Then to = 2, 3(p — 4) = 4u. Thus, p —4 =4L,u = 3L.
Therefore, the type becomes [9 * (13 4+ 3L), 1;49+4F 3 22].

ts =2. Thento =1,3(p—5) =4(u—1). Thus, p—5=4L,u =1+ 3L.
Therefore, the type becomes [9 * (14 4 3L), 1;410+4L 32 9],

t5 =3. Then ty = 0, 3(p — 6) = 4(u — 2). Thus, p— 6 = 4L, u = 2+ 3L.
Therefore, the type becomes [9 * (15 + 3L), 1; 41144 33].

p=2
Then Z* =5 =y1,y1 =t2 = 5 and

Y =8 pu+2k+1=5+(r—5pu
Hence, r = 14 + 2u,e = 10 4 u.
Therefore, the type becomes [7 * (10 + u), 1; 3924 25].
4.4.3 case when g =2

Assume that g = 2. Then
Z* =4,

By Z*=4>pu—1, we get p <5.
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p=>5
Then vy =6 and Z* =4 = 4y, + 6y, y1 = to + 15 = 1 and

Y=8pu+2k+1—-1=1+3t5+(r —1)p.

Hence,
5p—1)=pulp—1) =2k —1—3ts =5+ 4u — 3ts. (18)

ts =0
Then v; = 6 and 5(p — 1) = 5 + 4u. Therefore, p —3 =4L,u =2+ 5L.
In this case, the type becomes [13 * (19 + 2 + 5L), 1;619+4E 5]

ts =1
Then 11 =6 and 5(p — 1) = 2 4 4u. Therefore, p —2 =4L,u = 5L.
In this case, the type becomes [13 * (19 4 5L), 1; 69+4L],

p=4
Then v =5 and Z2* =4 = 3y; + 4y, yo = t3 = 1 and

Y=8pu+2k+1—-1=2+(r—1)u.
Hence,
5(p—1) = plp—1) = 2+ (r — Du. (19)
4.4.4 case when g =3

Assume that g = 3. Then
Z*¥=5—p.

When 2* =5-pu=0,p=5v1=6andY =8 - p+2k+1-2=r-p.
The type becomes [13 * (19 + 5L), 1;69+4F].
Conversely, if the pair has this type, g =3,A =4 10L, k =3+ 10L.

When Z* >0 .,5— > u— 1. Hence p < 3.

w=3.
By Z* =2 =2y; = 2(ta+t3), we get to+t3 = 1 and 3(p—1) = 4+4u—ts.

ts = 0. Then 0 = 9,e = 124 3L,r = 9+4L. The type becomes [9x% (12 +
5L),1;43T4L 2],

22



t3 = 1. Then 0 = 9,e = 13+ 3L,r = 9+ 4L. When B = 1 ,the type
becomes [9 * (13 + 3L), 1;48+4L 3].

uw=2.
By Z* =3 = ty, we get to = 3 and 2(p — 3) = 2k — 4.
When B = 1 ,the type becomes [7 x (10 + u), 1; 3972 23].

4.4.5 case when g =14
Assume that g = 4. Then Z* = -2 + 6. Hence, 1) p =3 or 2) p = 2.

1) p=3. Then v; =4 and Z* = 0.

Moreover, Y =8 - pu+2k+1—3 =r-pu. Hence, pu =2k —2. If B=1
then 3p = 4(1 + u).

Thus, p = 4L,1 + u = 3L, for some L. The type becomes [9 * (12 +
3L), 1; [43T4L).

2) p=2. Then v; =3 and Z* = 2 = ts.

Moreover, Y = 8-y +2k+1—3 = (r —2)-u+ 2. Hence, (p —2)u =
2k — 4. Thus p = k. If B = 1 then p = k = 3 4+ 2u. The type becomes
[7 % (10 + u), 1; 39724 22],

4.4.6 case when g=5

Assume that g = 5. Then =2 and Z2* = 1.
Moreover, Y =8 - u+2k+1—4=(r—1)-pu+ 1.
Hence, (p — 1)u = 2k — 4. If B = 1 then the type becomes [7 x (10 +
u), 1; 39724 2]

4.4.7 case when g =26

Assume that g = 6. Then y =2 and Z* = 0.
Moreover, Y = 8-+ 2k +1—5=1r-pu. Hence, pu =2k — 4. If B=1
then the type becomes [7 * (10 4 u), 1; 39+2¥].

5 Class IIla.

Class IIIa. We say that the type belongs to Class Illa, if p = 2 and B =
1,u=0.
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Then k = 6,k = 4 and
Z'=v(A—k)+(1—pug+2. (20)
Thus we obtain the next result.
1. If g > 0, then k£ < A,
2. if g =0, then £k < A+ 1.
5.1 case when i = —1
In the case when k = A+ 1, we get g =0 and
Z=vA-k)+1-pg+2=-11—-(1-p)+2=0.

From Y = 8u+k+A—g = 8u+2k and Y = ru, it follows that
pp =2k = 12.
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Table 1:

p T T e
1 9 12 13 28 41 137
2 10 6 7 16 23 70
3 11 4 5 12 17 5
4 12 3 4 10 14 4172
6 14 2 3 8 11 3“4

The type becomes

1. [28 % 41,1;137],

2. [16 % 23,1; 7',

3. [12%17,1;5M],

4. [10 % 14, 1; 412],

5. [8%11,1;31].

If the pairs have these types, then k = A — 1.
5.2 case when ¢ =0
Suppose that &k = A. Then

0<Z*=(1—p)g+2.

Thus g < % < 2.

5.2.1 case when ¢=0

Assume that g = 0. Then
ZF=pu+1.

By2pu—4<p+1, weget pn <5

w=>.
Z* =6 and Z* = 4y, + 6y2. Hence, yo = 1. Thus t3 +t4 = yo = 1.

Y =8 pu+2k+1=(r—1) pu+2ts+ 3ty.
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Accordingly, 5(p—1) = 13— 2t3 — 3t4. Thus t4 = 1,t3 = 0. the type becomes
[14 % 20, 1,610, 4].
If 4 =4 then Z* =5, Z* = 3y; + y2, which has no solution.

uw=3.
Then
Z¥ =4, 2" = 2y,.

Hence, y; = to +t3 = 2.

Y =8 p+2k+1=(r—2) pu+ty+2ts

Accordingly, 3(p —2) = 13 — ty — 2t3. Thus p — 2 = 3 and the type becomes
[10 * 14, 1; 41 32%].

w=2.
Then
Z* :3,2* =Y :tg.

Hence, t2 = 3, p — 3 = 5 and the type becomes [8 * 11,1;3'3,23].

5.2.2 case when g=1

Assume that ¢ = 1. Then Z* = 2.
By u—1<2Z*=2 we get u <3.

u=3.
Then Z* = 2y; = 2(t2 + t3). Hence, ty +t3 = 1 and

Y=8-pu+2k=(r—1) pu+te+ 2ts.

Since
(p=1)-p=3(p—1) =13 = (t2 + 2t3)
it follows that to =1 and p — 1 = 4.
w=2.

Then 2 = Z* = y; = ty, and p — 2 = 5 and the type becomes [8
11,1;313,22].
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5.2.3 case when g =2

Assume that g = 2. Then
Z¥=3—p.

The type becomes [8 % 11, 1;3'3,2].

5.2.4 case when g =3

Assume that g = 3. Then
Z=(1—-p)g+2=4-2u

The type becomes [8 x 11, 1; 313].

5.3 case when i =1

Suppose that k = A — 1. Then

Z¥=14p+(1—p)g+2.

Then 1+ 5
g<—FP_14 %2 <3
pw—1 w—1
5.3.1 case when ¢ =0
Suppose that g = 0. Then
ZF=2u+2.

Define v’ = Z]’jl:gl tj , where 7 = r’ 4+ t,,. Then 7’ > 0 by hypothesis.
Suppose that 7 = 1. Then Z* = j(u—j) for some j < u = v; — 1 where
w—j > j. Hence,

) 6
p=7+2+—:7.
]_
But
V=8 p+2k+2=(~ Dt +(u—j+ D jrat (r—1)-p
= (1) (2 + D+ (1)
Therefore,

(p=1)-p=2k+2—(j—1) — (=2 + 2ty jrz = 15— j— (11— 2j + 2)t,_jso.

Following the next table, we obtain a solution j =5, =9,t5 = 1.
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Table 2:

i—2 j j+2 6/(j—2 p 2k+3—j 2%k+1+j—p
1 3 5 6 11 12 5
2 4 6 3 9 11 8
3 5 7 2 9 10 9

Thus, v; = 10,0 = 22,e = 32. The type becomes [22 % 32, 1; 109, 6.

Assume 7’ > 2. Then Z* = p—14j(u—j) for some j < u = v —1 where
p+2—73>3 Thus

2u+2>p—14j(u—j).
Hence,
4320 - Dp =20 - 1)
Therefore, 25 + 3 > j2, which implies j < 3. Moreover,
j2

3 4
< =7+14+ —-.
e W A

Hence, ¢ < 7. Then y; = 0 for j > 3.
Let a = y1,b = y2,c = y3. Thus

Z¥=2u+2=a(p—1)+2b(pp —2) + 3c(p — 3).

If ¢ >0 then p > 6 and

(a+20+3c—2)p=a+4b+9+2>6(a+2b+3c—2).

Hence, 14 > 5a + 8b 4+ 9¢ , which induces ¢ = 1,b = 0,a = 1. But this
contradicts 7 > 1. Accordingly, ¢ = 0.

If >0 then p > 4.

By (a+2b—2)p=a+4b+2 > 4(a+ 2b — 2), we obtain 10 > 3a + 4b.
Hence, b =1, 2.

If b = 2 then a = 0 and thus p = 5. By the way , from

Y =8-pu+2k+2=2y2(u—2)+ (r —2)p,y2 =tz +t4 =2
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it follows that
5p—2)=(p—2)p=2k+2-2—2t5 — 3ty = 10 — 4.
Therefore, t; = 0, p — 2 = 2. Hence, the type becomes [14 * 20, 1; 69, 32].

If b =1 then a = 1,2 and thus 4 = 1+ §. Moreover, from Y =
to+ (= 1)ty + (u—2)tu—1 + (r — 1 —a)p it follows that

(p—a—-Dp=2k+2-a—-2—(p—2)ty — (b —4tu-1.

If a =1 then = 7 and we derive a contradiction.
If @ = 2 then p = 4 and the type becomes [12 % 17,1;5'9,4, 3, 2].

If b=c=0 then 24+ 2 = a(p — 1). Hence, ,u:1+£.
Moreover, from Y =ty + (u — 1)t,, + (r — a)u, it follows that

(p—a)p=14—a— (n—2)t,

Table 3:
a—2 a 4/(a—=2) p d4—a M4—a—(p—2) 1ld—a—2(pn—2)
1 3 4 5 11 8 5
2 4 2 3 10 9 8
4 6 1 2 8 8 8

From this table, the condition that 14 —a — (1 — 2)t, is a multiple of
is satisfied we we get 1) a = 3,u = 5,t5 = 2,2) a =4,u = 3,t3 =1 or 3)
a=06,u=2,t, =6.

1) The type becomes [14 * 20, 1;6°, 4,52, 2].

2) The type becomes [10 * 14, 1;4' 4,3, 23].

3) The type becomes [8 * 11, 1; 32, 26].
5.3.2 case when g=1

Suppose that g = 1. Then
Z¥=pu+3.

By Z* =+ 3 > 2u— 4, we obtain pu < 7.
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p="1
Then Z* = 10 and Z* = 6y; + 10ys + 12y3. Hence, yo = t3 +tg = 1.

Y=8pu+2k+1=2t3+5t6+(r—1)-u=2+3t6+(r—1)p.
Therefore,
Tp—1)=(p—1)-p=2k—1—3ts =11 — 3ts.

Here are no solutions.

p==06
Then Z* =9 and Z* = 5y; + 8y2 + 9ys. Hence, y3 =t4 = 1.

Y=8-pu+2k+1=3l4+(r—-1)-p=3+(r—-1)-p.

Therefore,
6(p—1)=(p—1) -p=2k—-2=10.

Here are no solutions.

p=>5
Then v1 = 6,2Z* = 8 and Z* = 4y + 6ys. Hence, y1 = to +t5 = 2.

Y =8-p+2k+1=ty+4dts+(r—1)-p=2+3t;+ (r—2)p

Therefore,

5(p—=2)=(p—2) - p=11-3ts.
Then t5 =2 and p—2 = 1. Hence, r =11 , 0 = 12+ 2 = 14,e = 14 4 6.
Hence, the type becomes [14 x 20, 1; 6%, 52].

p=4
Then v = 5,Z2* =7 and Z* = 3y; +4ys. Hence, y1 =to +t4 =1,y2 =
t3 = 1.

Y=8pu+2k+1=to+3ts+2+(r—2)-p=3+2ts+ (r—2) - p.

Therefore,
dp—2)=(p—2) - p=10—2ty4.

Thents =1and p—2=2. Hence,r =12 ,0 =10+2=12,e = 1245 = 17.
Hence, the type becomes [12 % 17,1;519 4 3].
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p=3
Then vy =4,Z* =6 and Z* = 2y;. Hence, y; = to +t3 = 3.

Y =8 pu+2k+1=ty+2s+(r—3)-p=3~+ts+(r—3)p
Therefore,
3(p=3)=(p—3) - p=10—1s.

Thents =1and p—3 =3.Hence,r=14 , 0 =8+2=10,e =10+4 = 14.
Hence, the type becomes [10 * 14, 1;410 3, 22].

p=2
Then 11 = 3,Z2* =5 and Z* = y;. Hence, y; =ty = 5.

Y =8 pu+2k+1=5+(r—5) pu
Therefore,
2(p=5)=(p=5)-p=38.

Then p —5 = 4. Hence, r = 17 , 0 = 6 +2 = 8,e = 11. Hence, the type
becomes [8 * 11,1;3'3,25].

5.3.3 case when g =2
Suppose that g = 2. Then Z* =4 > ;4 — 1. Hence, 5 > pu.

p=>5
Then v1 = 6 and Z* = 4y; + 6y». Hence, y; =9 +t5 = 1.

Y=8-pu+2k=to+4ts+(r—1)-p=1+3ts+(r—1) - p.
Therefore,
5(p—1)=(p—1) - p=11—-3ts.
Here are no solutions.

p=4
Then v1 =5 and 4 = Z* = 3y + 4y2. Hence, yo =13 = 1.

Y=8pu+2k=to+2t3+(r—1)-pu=2+(r—1) pu.
Therefore,
4p—1)=(p—1) - p=10.
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Here are no solutions.

p=3
Then v1 =4 and 4 = Z* = 2y,. Hence, y; = to +t3 = 2.

Y=8-pu+2k=to+2t3+(r—2) - p=2+t3+(r—2)p.
Therefore,
3p—1)=(p—1) - p=10—1s.
Then t3 = 1,p — 1 = 3; p = 5. Hence, the type becomes [10 % 14, 1; 41,3, 2].

p=2
Then v = 3 and 4 = Z2* = y;. Hence, y; = t5 = 4.

Y=8-u+2k=4+(r—4) p.

Therefore,
20—4)=(p—4) -p=12-4=8.

Then p — 4 = 4; p = 8. Hence, the type becomes [8 * 11, 1; 3'2,24].

5.3.4 case when g =3

Suppose that g = 3. If Z* £ 0, then Z2* =5 — > pu— 1. Hence, 3 > p.
Otherwise, Z* =0 ; u=>5.
If o = 3 then the type becomes [10 * 14,1;4!! 3].

5.3.5 case when g =4

Suppose that g =4. Then Z* =6 — 2u > p— 1. Hence, 3 > pu.
If 4 = 2 then the type becomes [8 % 11, 1;3'2,22].
If p = 3 then 3 = 2k — 2 = 10. A contradiction.

6 Class I1Ib.

Class IIIb. We say that the type belongs to Class IIIb if p > 2 except for
the condition of Class III,. 3
Theni=A—-k>0and § =k —k > 0. Thus,

1.Y=8u+k+A =8u+2k+i—7,

2. X =82 +2kp+q4—i—g.

32



Therefore,

Z =i+ 1)+ (- wg—d
Putting i =i — g, we get i + g =i + 2g and so Y = 8 + 2k + 7. Hence,

Z*=i(p+1)+29—q.

Since ¢ > 0, it follows that

i(p+1)+25=2"+G>0.
Therefore,

(i g = i(u+1) > —23.
Thus,
(b +1)i > (1 —2)g.
Suppose that g > 0. Then

i(uw+1) >3
pw—1

If ¢ =0 then g = 1.
If i =1 then g < 4.

6.1 case when g =2

Suppose that ¢ = 3;thus g =2 and i =i—g=1—2 = —1. By
ptl
p—1

Vi
v1—2

>g=2,wegetu<3.

p=3
Then v1 =4 and

Z*=i(p+1)+20—G=—-4+4—G=—q.

Therefore, ¢ = 0 and Z* = 0.

Hence, 3p = pp = 2k +1 = 2k — 1. But from § = 0, it follows that 1)
k=8p=2or2)k=9p=3. Thusk = 8,p =2 and 3p = 15, which
implies that p = 5,r = 13.

IfB=1thenu=1,0=842=10and e =10+4+ 1 = 15. Therefore,
the type becomes [10 * 15, 1;4%3].

If B=0then u=0,0 =8+ 2 =10 and e = 10. Therefore, the type
becomes [10 * 10; 413].
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p=2
Then 11 = 3 and
Z*=i(p+1)+20—G=-3+4—-G=1—4.
Therefore, either A) §=0and Z*=1or B) =1 and Z* = 0.
A)G=0and Z* = 1.
If §=0then Z* =1. Hence, ts =1l and Y = (r — 1)+ 1 = 8u + 2k +

1—9 = 8u+2k—1. Therefore, 2(p—1) = 2k —2 and p = k. But from ¢ = 0,
it follows that 1) k=8,p=2o0r2) k=9,p=3.

1)If B=1thenu=1,p=k=8ando =6+2=8and e =8+3+1 = 12.

Therefore, r = 16 and the type becomes [8 % 12, 1; 31, 2].

fB=0thenu=0,p=k=8andoc=6+2=8and e=8.

Therefore, r = 16 and the type becomes [8 * 8; 315, 2].

2)k=9p=3B=1u=0.Thenp=k=9and 0 =6+3 =9 and
e =9+ 3 = 12. Therefore, 7 = 17 and the type becomes [9 * 12,1;316 2].

B)g=1
From ¢ = 1, it follows that k(p — 1) — 2p? = 1. Thus,

3

Thusp—1=1or 3.

If p=2then k =9. But £ — wp = 9 — 2w = 2u, a contradiction.
If p =4 then k = 11. But k — wp = 11 — 4w = 2u, a contradiction.

6.2 case when g=1

Suppose that ¢ = 2;thusg=1andi=i—g=1—1=0. Then
Z*r=2-—4.

Therefore ¢ =2 or 1 or 0.

6.2.1 case when ¢ =2
If G =2 then Z* = 0. From § = 2, it follows that k(p — 1) — 2p? = 2. Thus,

4
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Table 4:

p 20p+1) 4/p-1) k (k—=3p)/2 (k—4p)/2
2 6 4 10 2 1

3 8 2 10 0.5 1

5 12 1 13 1 3.5

Thus we get the next table.
Thus, p =2,k =10. If B =1 then v =2 and if B =0 then v = 1. From

Y =8u+2k+i—g=38u+2k=rpu.

it follows that pu = 2k = 20.

Table 5: B=1,u =2

W vi o e r
20 21 44 67 9
11 24 37 10
5 6 14 22 12
4 5 12 19 13
2 3 8 13 18

T N =D
=
(an)

Table 6: B=0,u=1

W v o e r
20 21 44 45 9
11 24 25 10
5 6 14 15 12
4 5 12 13 13
2 3 8 9 18

T N =D
=
o
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6.3 case when g =3

Suppose that g = 4;thus g = 3 and i=i—g=1—3= —2. Then since
% > g = 3, it follows that v, = 3. Hence,

ZF=i(p+1)+2—G=-2-3+6—G=—q.

Therefore, ¢ = 0 and Z2* = 0. Hence, pu=2p =2k —2;s0 p=k — 1.
By =k — k=0, we get either 1) p=2k=8o0r 2) p=3,k=09.

Ifp=2,k=8thenp=k—1=7and v, =3.

If B=1thenoc=6+2=8u=1ande=8+3+ 1. Hence the type
becomes [8 x 12, 1; 317].

If B=0then o =6+2=38,u=0 and e = 8. Hence the type becomes
[8 * 8; 317].

Ifp=3,k=9then p=k—1=28and v; =3 and moreover,c =6+ 3 =
9,4 =1 and e =9+ 3 =. Hence the type becomes [9 * 12, 1;316].

6.3.1 case when =1

As was shown before, this case does not occur.

6.3.2 case when ¢=0

If g=0then 1) k=8,p=2or 2)k =9,p = 3. Moreover, Z* =2 — G = 2.
Since Z* > pu — 1, it follows that u = 2 or 3.

w=2.
Then 11 = 3 and Z* = ty. Hence, t5 = 2 and

Y =8u+2k=2+(r—2)u

Hence, (p —2)u =2(p —2) =2k — 2. Thus, p =k + 1.

1) k=8,p=2. Thenp=k+1=9;r=1T7.

IfB=1theno=6+4+2,e=8+3+1= 12 and the type becomes
[8%12,1;315 22].

2)k=9p=3. Thenp=k+1=10;r =18 and o =6+3 =9,
e =9+ 3 = 12 and the type becomes [9 x 12, 1; 316 22].

w=3.
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Then vy =4 and Z* = 2(t + t3). Hence, to + t3 = 1. From
Y =8u+2k =ty +2ts+ (r — 1)p.

Hence, (p—1)p=3(p—1) =2k — (ta + 2t3) = 2k — 1 —t3. Thus, 3(p—1) =
% —1—ts.

1) k=8,p=2. Then 3(p—1) =2k —1—t3 = 15 — t3. Hence, t3 =0
andtp=1,p—1=5;r=14

IfB=1thenoc=84+2=10,e=10+4+1 = 15 and the type becomes
[10 % 15, 1; 413, 2].

If B=0theno =8+2 =10, e = 10 and the type becomes [10%10; 413, 2].

2)k=9,p=3,B=1,u=0. Then3(p—1)=2k—1—t3=17—t3. No
solution.

6.4 case when g =0

Suppose that g = 1;thus g =0 and : =i — § = i.

Assume i = 0. Then 7 = 0 and Z* = —q.

By ¢ = 0, we have two cases, i.e. 1). k=8 p =2B = 1,0 and 2).
k=9,p=3,B=1.

Y =8u+2k=rpu.
Hence, pu = 2k.

Table 7: k=8,p=2,B=1

p r pu v o u e
1 9 16 17 36 1 54
2 10 8 9 20 1 30
4 12 4 5 12 1 18
8§ 16 2 3 8 1 12

6.4.1 case wheni:=1

Assume ¢ = 1. Then
Z'=p+1-4q.
If Z* #£0, then Z* > 4 — 1 and hence, ¢ < 2.
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Table 8: k=8,p=2,B=0

r o u vy o u e
9 16 17 36 0 36
10 8 9 20 0 20
12 4 5 12 0 12
6 2 3 8 0 8

0 =N =D

Table 9: k=9,p=3,B=1

p r p vy o u e
1 9 18 19 41 0 60
2 10 9 10 23 0 33
3 11 6 7 17 0 24
6 14 3 4 11 0 15
9 17 2 3 9 0 12

6.4.2 case when ¢ =2

Suppose that ¢ = 2. Then £k =10,p =2 and Z2* = u — 1.
Moreover,from Z* = y;(p — 1), it follows that y; =t2 + ¢, = 1 and

Y=8u+2k+1l=to+(u— Dty +(r—Du=1+(p—2)t,+ (r—1)pu.

Therefore, (p—1)pu = 2k — (n—2)t,,. Since k =10 and ¢, = 0 or 1, it follows
that 1) (p — 1)p =2k =20,ta =1 or 2) pp=2k+2=22,t, = 1.

1). From (p — 1) = 2k = 20, t2 = 1, we obtain the following tables:
Then the types are as follows:

1. [44%67,1;21% 2],
2. [24%37,1;1119 2],
3. [14%22,1;6'2,2],
4. [12 % 19,1; 513 2],

5. [8%13,1;318 2].
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Table 10: B=1,u=2,p=

p w v o e T
2 20 21 44 67 10
3 10 11 24 37 11
5 5 6 14 22 13
6 4 5 12 19 14
11 2 3 8 13 19

Table 11: B=0,u=1,p=

S O W NI
—_
o
—_
—_
[\
=~
[\]
ot
—_
—

—_
—_

Then the types are as follows:
1. [44 % 45;219 2],

2. [24 % 25; 1110 2],

3. [14 % 15;6122],

4. [12 % 13; 513 2],

5. [8%9;318 2].

2). From pp =2k + 2 = 22,t, = 1, we obtain the following tables:
Then the types are as follows:

1. [48 % 73,1;238,22],
2. [26 % 40,1;11°,10],

3. [8%13,1;318 2],

39



Table 12: B=1,u=2,p=2

p w v o e T
1 22 23 48 73 9
2 11 12 26 40 10
1 2 3 8 13 19

Table 13: B=0,u=1,p=2

p uw v o e T
1 22 23 48 49 9
2 11 12 26 27 10

11 2 3 8 9 19

Then the types are as follows:
1. [48 % 49;238,22],

2. [26 % 27;11°,10],

3. [8%9;318 2],

6.4.3 case when §=1

As was proved before,the case when ¢ = 1 never occur.

6.4.4 case when ¢=0

Suppose that § = 0. Then either 1) k = 8,p =2 or 2) £k = 9,p = 3 and
ZF=pn+1.
Ifpu>4then p>4p+1>2u—4. Thus p <5.

w=>.
Then Z* = p+1 = 6 and Z* = 4y; +6y2. Hence, y1 = 0,y2 = t3+t4 = 1.
Therefore, from

V=8u+2k+1=2t3+3ts+(r—Du=2+t+(r—1u

it follows that 5(p — 1) = (p— 1)p =2k — 1 — t4.
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1) k=8,p=2.

Then 5(p — 1) =2k —1—t4 = 15 — t4. Hence, t4y =0,t3=1. p—1=3
and 0 =12 + 2.

If B =1 then e = 21. The type becomes [14 * 21,1;6!!, 3],

If B =0 then e = 15. The type becomes [14 * 15; 6!, 3],

9) k=9,p=38=1

Then 5(p — 1) = 2k — 1 — t4 = 17 — t4. No solution.

w=4.
Then Z* = p+1 =5 and Z* = 3y; + 4y2. No solution.

w=3.
Then vy =4 and Z* = p+1 =4 and Z2* = 2y; = 4. Then y; = to+t3 = 2.
By
Y =8u+2k+1=to+2t3+(r—2)p=2+t3+ (r—2)u

we obtain
3(p—2)=2k—1—ts.

1) k =8. Then t3 = 0,ty = 2 and p = 7. Therefore, 0 = 10,e = 10+4+1 =
15,7 = 15 for B = 1. When B = 1,the type turns out to be [10%15, 1;4!3,22].
But if B = 0, the type turns out to be [10 * 10;'3,22].

2) k =9. Then 3(p—2) = 2]€—1—t3 = 17—t3. Hence, t3 = 2,t2 =0
and p=T7.0=1l,e=114+4=15,r=15for B=1,u =0.

6.4.5 case when Z* =0

Suppose that Z* = 0. Then 0 = Z2* = u+ 1 —¢. Hence, u+1 = ¢ =
k(p — 1) — 2p%. Thus

pt1=k(p-1)-2p (21)
By Y = 8u + 2k + 1 = ru, we obtain
pp = 2k + 1. (22)
Hence,
pu+ p = k(pp — p) — 2pp”.
Therefore,
2k +1+4p=k(pp — p) — 2pp”.
Hence,

1+ p+20p% = k(pp — p— 2), (23)
This implies that p is odd.
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6.4.6 case when p=1
Suppose that p = 1.Then 2 + 2p? = k(p — 3). Hence, p > 4 and

20

k=2(p+3)+ ——.
(p+)+p_3

Table 14: B=1

p k u pu v o e

4 34 11 69 70 144 225
7 25 2 51 52 111 165
8 26 1 53 54 116 171

Then the types are as follows:
1. [144 % 225,1;70%],
2. [111 % 165, 1; 527],

3. [116 * 171, 1; 547,

Table 15: B =0

p k u v o e
4 34 69 70 144 162
5 26 53 54 113 119

Then the types are as follows:
1. [144 % 162; 707],

2. [113 % 119;54).

6.4.7 case when p=3
Suppose that p = 3. Then

6p° +4 = k(3p —5).
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Sinl(ée 6p?+4 = (3p—5)(2p+3) +p+19, it follows that k = 2p+3+m,m =
p+
Tl p = 2 then m — 21 and k — 28. From 3 = ppi — 2k + 1 — 57, it
follows that p = 19; thus v; = 20,0 = 40 4+ 2 = 42.

If B=1then u =11 and e = 42 + 20 + 11 = 73 ; the type becomes
[42 % 73,1;20M).

If B =0 then v = 10 and e = 42 4+ 10 = 52 ; the type becomes
[42 x 52; 2011].

If m = 2 then p = %, a contradiction. Thus m > 3. Hence, p + 19 >
3(3p —5). So, p < 4. But p=3 and p = 4 cannot be solutions.
6.4.8 case when p>5
Suppose that p > 5. From k > 3p, it follows that

14 p+2pp” = k(pp — p—2) = 3p(pp — p — 2) = 3pdp” — 3p(p + 2).

By p > 5, we get p < 3.

If p=2then 14 9p = (p — 2)k; hence, (p — 2)(k —9) = 19. Therefore,
k—9=1,p—2=19. Then p =21 and 21p = pu =2k +1=21;s0 p = 1.

If p =3 then 1+19p = 2(p—1)k; hence, (p—1)(2k—19) = 20. Therefore,
) p—1=4,2k—19=50r2) p—1=20,2k 19 = 1.

1) p=>5and k= 12.

By 5u = pp = 2k+1 = 25; so u = 5. Hence, B = 0 and u = 0. Moreover,
c=124+3=15,e=15,r=5+8 =13.

Then the type is [15 * 15;63].

2) p =21,k = 10.

By 2lp = pu=2k+1=21, we get p = 1.

If p =4 then 1+33p = (3p—2)k; hence, (3p—2)(k—11) = 23. Therefore,
3p—2=23and k— 11 = 1. A contradiction.

6.5 case wheng=—-1,1=0

Suppose that g = 0 and 7 = 0; thus i = § = 1. In this case,

Z'=p—1-4q.
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I). If Z* #0, then Z* > 1 — 1 and hence, ¢ = 0 and Z* = g — 1. Thus
either 1) £k =8,p =2 or 2) k = 9,p = 3. Therefore, by Z* = y;(u — 1) we
obtain ¢y =to +1t, = 1.

By Y =8u+2k+1=ty+ (u—1)t, + (r — 1)p, we obtain

(p—Dp=2k+1—to+ (up—1)t, =2k + (1 —2)t,.

Suppose that ¢, = 0; hence,t3 = 1. Hence,

(p— Dy = 2k.
1)k=8p=2
B=1
Table 16: k=8,p=2,B=1
p—1 p wu 1nn o e
1 2 16 17 36 54
2 3 8 9 20 30
4 5 4 5 12 18
8 9 2 3 8 12
Table 17: k=8,p=2,B=0
p—1 p wu 1nn o e
1 2 16 17 36 36
2 3 8 9 20 20
4 5 4 5 12 12
8 9 2 3 8 8
2)k=9,p=3

Suppose that ¢, = 1; hence,t3 = 0 and

pp = 2k + 2.
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Table 18: k=9,p=3,B=1

p—1 p w v o e
1 2 18 19 41 60
2 3 9 10 23 33
3 4 6 7 17 24
6 7T 3 4 11 15
9 0 2 3 9 12

Table 19: k=8,p=2,B=1

p u v o e B
1 18 19 40 60 &0
2 9 10 22 33 44
3 6 7 16 24 32
6 3 4 10 15 20
9 2 3 8 12 16

Table 20: k=8,p=2,B=0

p KH Vi o e
1 18 19 40 40
2 9 10 22 22
3 6 7 16 16
6 3 4 10 10
9 2 3 8 8

Table 21: k=9,p=3,t, = 1.

p B v o e
1 20 21 45 66
2 10 11 25 36
4 5 6 15 21
5 4 5 13 18
10 2 3 9 12
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I). If Z2* =0, then ¢ = p — 1.
By o

Y=8u+2k+1=rp

we obtain pu = 2k + 1.
From

p—1=q=k(p—-1)—2p’
it follows that
pp—p = kp(p—1) — p2p>.
Hence,
2k +1=kp(p—1) — p2p* + p.
Thus,
20p> —p+1=Fk(p(p— 1) - 2).
This implies that p is odd.

6.5.1 case when p=1
Suppose that p = 1. Then 2p? = k(p — 3). Hence,

18

k=2(p+3)+ ——.
@+)+p_3

Table 22: p=1,B =1

p—3 p 18/(p—3) 2p+6 k pu v o u e
1 4 18 14 32 65 66 136 10 212
2 5 9 16 25 51 52 109 5 166
3 6 6 18 24 49 50 106 3 159
6 9 3 24 27 55 56 121 0 177
Table 23: p=1,B=0
p—3 p 18/(p—3) 2p+6 k pu v o
1 4 18 14 32 65 66 136
3 6 6 18 24 49 50 106
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6.5.2 case when p=3
Suppose that p = 3. Then 6p? — 2 = k(3p — 5). Hence,

p+13
3p—>5

k=2p+3+
Denoting é’;—_lg by m, we obtain k = 2p 4+ 3 + m.
If p =2 then m = 15 and k = 22. By 3u = pu = 2k + 1 = 45, we get
@ =15. Hence, 1 =16 and 0 = 32 + 2 = 34.
If B=1 then u= (k—3p)/2 =8. Hence, e =34+ 16 + 8 = 58.
The type becomes [34 * 58, 1; 16!1] which has g = 0, 22 = 21, A = 22.
If B=0then u=(k—4p)/2=7. Hence, e = 34+ 7 = 41.
The type becomes [34 * 41; 16!!] which has g = 0, 2% = 21, A = 22.

If p=3then m =4 and k = 13. By 3u = pu = 2k + 1 = 27, we get
@ =9. Hence, v; = 10 and o = 23.

If B=1 then u= (k—3p)/2 = 2. Hence, e =23+ 10 + 2 = 35.

The type becomes [23 * 35, 1; 10| which has ¢ =0, 2% = 12, A = 13.

If B =0 then u= (k—4p)/2 = 5/2, a contradiction.

If p > 4 then there are no solutions.

6.5.3 case when p>5

Suppose that p > 5.
From 2pp? — p+1=k(p(p—1) —2) > 3p(p(p — 1) — 2) , it follows that

6p 1
3+ L= —1>p
PP

By p > 5 we conclude p = 2, 3.
Suppose p = 2 ; thus k(p—2) = 7p+1. Hence, (k—7)(p—2) = 15,p—2 > 3.

Table 24: p>5,B=1

p—2 p k=7 k wu v1 o u e
3 5 5 12 5 6 14 3 23
5 7 3 10 3 4 10 2 16

The type becomes
1. [14 % 23,1;6'3],
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2. [10 * 16,1;4].

Table 25: p>5,B=0

5 7 3 10 3 4 10 1 11

The type becomes
1. [14 % 16;63),
2. [10 % 11;417].
Suppose p = 3 ; thus 2k(p — 1) = 17p + 1. Hence, (2k — 17)(p— 1) = 18.
2k — 17 is odd. We get the following table.
Table 26: B=1,p=3

p—1 p 2617 kK p v o u e
2 3 9 13 9 10 23 2 35

The type becomes [23 * 35, 1; 1011].
6.6 case when =1
Suppose that i = 1,9 = 0;thus g = —1 and i =i — g =i+ 1 = 2. Then
ZF=2u—q.

If 240 and p —4 > 0 then Z* > 2 — 4 and hence, ¢ < 4.
If p =2 then Z* =4 — ¢ > 0; thus ¢ < 4.
If =3 then 2* =6 — § = 2y; # 0; thus ¢ < 4.

6.6.1 case when ¢ =14

Suppose that § = 4. Then Z* = 2y — 4. Assume p > 4. Since Z* =
yi(p—1)+2y2(pe —2) + 3ys(p — 3) + - - - , it follows that yo =t3+t,1 = 1.
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By
Y =8u+2k+2=2t3+(pu—2)ty—1+r—1p=2+(u—4)t,—1+(r—1pu,

we obtain (p — 1) =2k + (u —4)t,—1.
On the other hand, from ¢ = 4, it follows that k(p — 1) — 2p? = 4 and
hence,

—9p+1)+ ——.
k=2p+ )—l—p_l
Table 27:
p—1 p 2(p+1) 6/(p—1) k (k—3p)/2 (k—4p)/2
I 2 6 6 12 3 2

Thus k£ =12,p = 2.

If B =0 then u = 2;if B =0 then u = 3.
Therefore, (p — 1)y =24+ (u— 4)t,—1.
If t,—1 =0 then (p — 1)p = 24.

Table 28: ¢, 1 =0

p—1 pu vy o e p T
1 24 25 52 80 2 10
2 12 13 28 44 3 11
3 8 9 20 32 4 12
4 6 7 16 26 5 13
6 4 5 12 20 7 15
8 3 4 10 17 9 17
12 2 3 8 14 13 21

The types are as follows
1. [52%80,1;25% 3],
2. [28 % 44,1;13'9 3],

3. [20 % 32,1;13'1, 3],

e

[16 % 26, 1; 712 3],
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5. [12%20,1;5%, 3],
6. [10%17,1;4', 3],

7. [8%14,1;3% 3].

Ift,—1=1then (p —2)p =24+4 = 28.

Table 29: ¢, 1 =1,B=1

p—1 pu v o e p T
1 28 29 60 92 2 9
2 14 15 32 50 3 10
4 7T 8 18 29 5 12
7 4 5 12 20 8 15
14 2 3 8 14 15 22
The types are as follows
1. [60 % 92,1;299, 27]
2. [32%50,1;15'°,13]
3. [18%29,1;8 6]
4. [12%20,1; 5,3
Table 30: t,-1=1,B=0
p—1 pu v o e p T
1 28 29 60 62 2 10
2 14 15 32 34 3 11
4 7T 8 18 20 5 13
7 4 5 12 14 8 16
14 2 3 8 10 15 23
28 12 6 8 29 37

The types are as follows

1. [60 % 62;299, 27],
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2. [32 % 34;15%0 13],
3. [18 % 20; 8, 6],

4. [12 % 14; 5, 3]

6.6.2 case when ¢ =3

Suppose that ¢ = 3,from which it follows that k(p —1) — 2p? = 3 and hence,

k=2 1 —_—
(p+1)+ P
Hence, p—1=1or 5.
If p =2 then £k = 11. But £ — wp = 11 — 2w = 2u, contradiction.
If p =6 then k = 15. But k — wp = 15 — 6w = 2u, contradiction.
6.6.3 case when ¢ =2
Suppose that ¢ = 2. Then § = 2, it follows that k(p — 1) — 2p? = and hence,

Table 31: ¢ =2

p—1 p 2(p+1) 4/(p—1) k (k—3p)/2 (k—4p)/2
T 2 6 4 10 2 1

Thus p=2.If B=1 then v = 2. And if B =0 then u = 1.

On the other hand, Z* = 2u — 2. Then we obtain 1) to +1t, = 2 or 2)
Z*=2u—22>3u—9 for u>6. Hence, u =6 or 7.

In the case when 1) to +t, = 2,by

Y=8u+2k+2=to+ (u— Dty +(r—2)p=2+ (p—2)t,+ (r—2)pu,
we obtain (p — 1)pu = 2k — (u — 2)t,, where ¢, < 2.

t, =2.
Then (p — 2)u = 2k — 2(u — 2) and pp = 2k + 4 = 24.
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Table 32:

p r u v o u e
1 9 24 25 52 2 79
2 10 12 13 28 2 43
3 11 8 9 20 2 31
4 12 6 7 16 2 25
6 14 4 5 12 2 19
8 16 3 4 10 2 16
12 20 2 3 8 2 13
Table 33:
p r u v o u e
1 9 24 25 52 1 53
2 10 12 13 28 1 29
3 11 8 9 20 1 21
4 12 6 7 16 1 17
6 14 4 5 12 1 13
8 16 3 4 10 1 11
12 20 2 3 8 1 9

ty=1.
Then (p —2)u =2k —p+2and (p—1)p =2k +2 = 22.

t, = 0.
Then (p — 2)u = 2k = 20.
6.6.4 case when ¢=0

Assume ¢ = 0. Then
Z* =2u.

If 4 > 6 then 2u = Z2* > 3 — 9; thus p < 9.
p=29
Then
Z* =2u =18 = 8y; + 14y2 + 18ys.
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Hence, y3 = t4 +t7 = 1.

Y = 8u+ 2k +2 =3ty + 6ty + (r — 1)p.

Thus, 9(p—1) = (p— 1)u =2k — 1 — 3t7.
But if k = 8 then 2k — 1 — 3ty = 15 — 3t7,which is not divisible by 9.
If K =9 then 2k — 1 — 3t7 = 17 — 3t7,which is not divisible by 9.

p=3
Then
Z* =2u =16 = Ty; + 12y + 15y3 + 16y4.

Hence, y4 = t5 = 1.
Y =8u+2k+2=4+(r—1)u.

Thus, 8(p— 1) =(p— D=2k —2.
If k=9 then 2k —2=16and p—1=1.
o0 =21,e=30,r = 11 and the type turns out to be [21 x 30, 1,;919 5].

p="71
Then
Z* =21 =14 = 6y1 + 10ys + 12y3.

No solution.

p=>06
Then
Z* =2 =12 = 5y; + 8ya + Yy3.

No solution.

p=>5
Then
Z¥ = 2 =10 = 4y; + 6yo.
Then y; =to+t5 =ys =tz +t4 = 1.
Hence,
5(p—2)=2k+2—3—t4— 3t5.
If k=8 then 2k +2 —3 —t4 — 3t5 = 15 — t4 — 3t5. This is divisible by 5
whenever t4 = t5 = 0.

o = 14,u = 1l,e = 21,r = 13 and the type turns out to be [14 x
21,1,;613,2].
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18,

15,

If £ = 9 then there are no solution.

p=4
Then
Z* =21 =8 = 3y1 + 4yo.

Then Yo = t3 = 2.
Hence,
4(p—2) =2k —2.

Then 2(p —2) =k —1=28and p =6.
o = 13,u = 0,e = 18,r = 14 and the type turns out to be [13 x
1,;52 32

p=3
Then
ZF=2u=6=2y.

Then y; = to +t3 = 2.
Hence,
3(p—3) =2k —1—ts.

Thenk = 8,t3 =0 and p = 5.
o = 10,u = 1l,e = 15,7 = 16 and the type turns out to be [10 x
1,;413 23].

p=2
Then
ZF=2u=4=1y.

Then Y1 = t2 =.
Hence,
p—4=k—1.
Ifk=8then p=11L,u=1,p=2.
o =8,u=1,e=12,r = 19 and the type turns out to be [8%12, 1, ;315 24].
If k=9 then p =20,u=0,p = 3.
o =9,u=0,e=12,r = 20 and the type turns out to be [9%12, 1, ; 316, 24].

54



6.7 case when Z* =0

Suppose that Z* = 0. Then 0 = Z* = 2u—q. Hence, 2u = § = k(p—1)—2p>.

Thus
2u+2="Fk(p-1)—2p°. (25)
By Y = 8u + 2k + 2 = ru, we obtain
pi = 2k + 2. (26)
Thus
k(pp — p—4) = 4+ 2pp° (27)
6.7.1 case when p=1
Suppose that p = 1. Then k(p — 5) = 4 + 2p?; thus
54
k=2 5) + ——. 28
(0+5)+ (28)
Table 34: B=1,p=1
p—5 p 54/(p—5) 2(p+5 k w wu vi o e
1 6 54 22 76 29 154 155 316 500
2 7 27 24 51 15 104 105 217 337
3 8 18 26 44 10 90 91 190 291
6 11 9 32 41 4 84 8 181 270
9 14 6 38 44 1 90 91 196 288

The types are as follows

[316 * 500, 1; 1557],

[

2. [217 % 337, 1; 105%],
3. [190 * 291, 1;917],
4. [181 % 270, 1; 857],
5. [196 * 288, 1;917],
The types are as follows
1. [316 * 342; 155,

2. [190 % 196; 917],
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Table 35: B=0,p=1

p—5 p p+5 54/(p=5) k k—4p u p 7 o e

1 6 11 54 76 52 26 154 155 316 342
3 8 13 18 44 12 6 90 91 190 196
6.7.2 case when p=2
Suppose that p = 2. Then k(p — 3) = 4 + 2p?; thus
20
k=2 3 —_— 29
0+3)+ - (29)

Table 36: B=1,p=2

p—3 p p+3 20 k k—3p w pu v o e

1 4 7 20 34 22 11 35 36 76 123
4 7 10 5 25 4 2 26 27 61 90
) 8 11 4 26 2 1 27 28 64 93

The types are as follows

1. [76 % 123,1; 369,
2. [61 %90, 1;27],
3. [64 %93, 1; 2810

Table 37: B=0,p =2

p—3 p p+3 20 kK k—4p uwu pu vi o e
1 4 7 20 34 18 9 35 36 76 85
2 5 8 10 26 6 3 27 28 61 064

The types are as follows

1. [76 * 85;36'Y],
2. [61 % 64;27'9].
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6.7.3 case when p=3
Suppose that p = 3. Then k(3p — 7) = 4 + 6p?; thus

2p + 32
3p—T°

k=2p+2)+ (30)

Hence, p > 2. Letting m = 2£J+_372, we obtain Pm = 2p + 32, where

P =3p—7. Then (3m — 2)P = 110. From this , the next tables follow.

Table 38: p=3,B=1

3Im—2 P=3p—-7 p m k pu v o u e
10 11 6 4 20 14 15 36 1 52
22 5 4 8 20 14 15 34 4 53
55 2 3 19 29 20 21 45 10 76

Table 39: p=3,B=0

3Im—2 P=3p—-7 p m k u v o u e
22 5 4 8 20 14 15 34 2 36

The types are as follows
1. [36 % 52,1;15M],
2. [34 % 53,1; 15,

3. [45 % 76,1; 211,

e~

34 % 36; 1511].

6.7.4 case when p=14
Suppose that p = 4. Then k(p — 2) = 1 + 2p?; thus
k=2 2)+ ——.
(p+2)+ -
Thus p—-2=1,3,9.
The types are as follows
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Table 40: p=4,B=1

p—2 p 2p+4 9/p-2) k 2k+2 pu vy o u e
1 3 10 9 19 40 10 11 25 5 41
3 5 14 3 17 36 9 10 25 1 36

1. [25%41;111%),

2. [25 % 36;10'2].
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6.7.5 case when p>5

Since k > 3p, it follows that
k(pp —p—4) =4+ 2pp> > 3(pp — p — 4)p.
Hence,
12p +4 + 3pp > pp*.

Defining a function f(z,y) to be yz? — 12z — 4 — 3yx, we get f(5,5)
—14, f(6,5) = 14. Therefore, we see that if y > 5 and = > 6, then f(x,y)
0.

vl

Therefore, if p > 5 then 5 < 4. We shall enumerate all types with p < 5.

p=2
By (27), we obtain k(p — 4) = 4 + 8p. Hence,
(k—8)(p—4) = 36.

From this we obtain the following table.

Table 41: p=2,B=1

k—8 p—4 k p 2k4+2 u vy o u e
4 9 12 13 26 2 3 8 3 14
6 6 14 10 30 3 4 10 4 18
12 3 20 7 42 6 7 16 7 30
18 2 26 6 54 9 10 22 10 42
36 1 4 5 90 18 19 40 19 78

Table 42: p=2,B =0

k—8 p—4 k p 2k4+2 pu vy o u e
4 9 12 13 26 2 3 8 2 10
6 6 14 10 30 3 4 10 3 13
12 3 20 7 42 6 7 16 6 22
18 2 26 6 54 9 10 22 9 31
36 1 4 5 90 18 19 40 18 58

The types are as follows
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. [8%14,1;3%Y,

. [10 % 18, 1; 4],

. [16 % 30,1;6%],

. [22%42,1;10114],
. [40 % 78,1;1913].
. [8%10;3%1],

. [10 % 13; 418],

. [16 % 22;617],

. [22 % 31;10114],

. [40 % 58;19'3].
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p=3
By (27), we obtain k(p — 2) = 2 + 9p. Hence,

(k —9)(p—2) = 20.

From this we obtain the following table.

Table 43: p=3,B=1

k=9 p—-2 k p 2k4+2 pu vy o u e
2 10 11 12 24 2 3 9 1 13
4 5 13 7 28 4 5 13 2 20
10 2 19 4 40 10 11 25 5 41
20 1 29 3 60 20 21 45 10 76

Table 44: p=3,B=0
k=9 p—2 k p 2k4+2 p vy o u e
5 4 14 6 30 5 6 15 1 16

The types are as follows
1. [9%13,1;3%],

2. [13%20,1;5%],

3. [15 % 16; 6],

4. [25 % 41,1;1112),

5. [45 76, 1; 211
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p=4
By (27), we obtain k(3p—4) = 4+ 32p. Hence, letting K = 3k —32, R =
3p — 4, we get
KR = (3k — 32)(3p — 4) = 140.

From this we obtain the following table.

Table 45: p=4,B =1

K R p—-2 k p 2k+2 p vi o u e
4 35 12 13 26 2 3 10 0 13
10 14 14 6 30 5 6 16 1 23
28 5 20 3 42 14 15 34 4 53
70 2 34 2 70 35 36 76 11 123
Table 46: p=4,B =0
K R p—2 k p 2tk+2 pu vy o u e
28 5 20 3 42 14 15 34 2 36
0 2 34 2 70 35 36 7 9 85

The types are as follows
1. [10  13,1; 321,

2. [16 % 23,1; 6],

3. [34 % 53,1; 15,

4. [76 % 123,1;36').

5. [34 % 36; 151,

6. [76 * 85;360].

p=>5
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By (27), we obtain k(4p —4) = 4+ 50p. Hence, letting K = 2k —25, R =
p—1, we get
KR = (2k—25)(p—1) = 27.

From this we obtain the following table.

Table 47: p =5
K R p k p v
1 27 28 13 1 2
3 9 10 14 3 4
9 3 4 1r 9 10
27 1 2 26 27 28

If B =1 then u = (k — 3p)/2 is integer; thus the case when p = 4,k =
17,4 = 9 survives. Indeed, v = (15 — 3 x 5)/2 = 1. Hence, 0 = 25,e =
36,7 = 12. The type turns out to be [25 * 36, 1;20'2].

If B =0 then v = (k —4p)/2 is integer; thus the case when p = 2,k =
26, 1127 survives. The type turns out to be [61 * 64; 2817].

7 Hartshorne’s Lemma

Suggested by Hartshorne ([5]), we consider a divisor 2D + 0 Kg. The inter-
section numbers of this and divisorD and Z, will produce useful identities
among invariants.
By 6, we denote (20 +0Kp)-C. From (2D+0Kg)-D = 20G— (o —2)D?
it follows that
20G — (0 — 2)D? = 0y 4 pY + 22Z.

By the way,
05 = (20 + 0 Kyp) - C
=(0Zy— (0 -2)C)-C
= 20G, — (0 — 2)C?
=0(0B—20—B)— (6 —2)oB
= o(B — 20).
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If B> 2 then B —20 = 2u+ (B —2)o > 0.

If B =0 then B — 20 = 2u > 0.

However, if B =1 then B — 20 = 2¢ — 30.

In the case when 2e — 30 > 0, then ég > 0.

In the case when 2e — 30 < 0, letting L = —(2e — 30) > 0, we consider
03 = (3C + eKy) - C. Then

03 = (3C + eKy) - C
=(eZp—(e—3)C)-C
= 2¢gy — (e — 3)C?
=e(0B —20 — B) — (e — 3)oB
— —20¢ —eB+ 30B
—20¢ — 2¢% + eo + 30(2¢ — )
o(2e — 30) — e(2e — 30)
L(e—o0)
L(u+vy).

Thus 63 = L(u + 1) > 3L > 0. Moreover,

2¢g — (e — 3)D* = 05 + (p+ u)Y + 3Z.

We say that the sign of the type (S, D) is RH(y) if either B# 1lor B =1
and 2e — 30 > 0. Otherwise, we say the sign of the type is RH(_), namely
in the case when B =1 and 2e — 30 < 0.

Instead of D, we take Z. Then (2D + 0Kg) - Z = 0Z? — 2g(c — 2) and
by 62" we denote (2C + 0 Ky) - Zy. Thus

0 7% - 2g(0 — 2) = 0" + pY +22*.
We want to show that 09 > 0 in the case of RH( e Actually,
02" = (2C + 0 Ko) - Zo
= (O'ZO - (O‘ - 2)0) . Zo
= 0Z¢ — 2g0(0 — 2)
—o(0B—40 —2B+8) — (0 —2)(6B —20 — B +2)

= (0 —2)(B - 20)
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Since 02" = (0 —2)(e — Bo+2 —20) = (0 — 2)(2u + Bgo) , it follows that
0" = (0 — 2)(2u+ Bao) > 8u > 0, if B # 1.

If B =1 then 03" = (6 — 2)(2e — 30).

Hence, if 2e — 30 > 0, then 6™ > 4(2e — 30) > 0.

In the case when the sign of the type is RH(_), namely if 2e — 30 = —L
is negative, consider (3C + eKj) - Zy, which we denote by 65*.

Then

eZ? —2(e —3)g = 03* + (p+u)Y + 32*.

By the way,

05" = (3C + eKy) - Zo
(eZo— (e —3))C - Zy

=eZ? — 2g5(e — 3)

=e(0B —40 — 2B +8) — (e — 3)(¢ B — 20 — B)
=e(2+4 50 —2e) —30(0 + 1)
=e(2+20+L)—30(c+1)
=2e(c+1)—30(c+1)+eL
=(0+1)(2e —30) +eL

=Lle—0—-1)
=Llu+v1—1)>2L(u+2)>0.

7.1 invariant w

Since w = 3§ — D?, it follows that

209 — (0 — 2)D2 =20g+ (0 —2)(w— 39)
= (0 —2)w— (0 —6)g.

Therefore,
2D+ 0Kg) D = (0 —2)w— (0 — 6)g and it follows that

(0 —2)w— (0 —6)g = by +pY +2Z. (32)
Thus, when the signature of type is RH(,), then

(0 —2)w > (0 —6)7.
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Hence, if 0 > 8,11 > 3 then g < 3w.
When the signature of the type is RH(_), then

2eg — (e — 3)D2 =2eg + (e — 3)(w — 37)
=(e—3)w—(e—9)7g

and hence, . 3
(e—3)w—(e—9)g=05+(p+u)Y +3Z2.

Thus,
(e —3)w > (e —9)g.

If e > 12,11 > 3 then g < 3w.
7.2 invariant o
Replacing w by o — g, we obtain
(0—=2w—(0-6)g=(0-2)(a—7)—(0—-6)g=(0—2)a—2(c—4)g.

Hence, )
(0 —2)a—2(c —4)g = Oq.

Here by O, we denote 0 + pY + 2Z.
Furthermore,

(e=3w—(e—=9)g=(e=3)(a—7)—(e=9)g= (e —3)a—2(e —6)g = Os.
Here by O3 we denote 05 + (p+u)Y + 3Z.
73 A

Since A = Z% — g, it follows that

0cZ? —2(0c—2)g=(g+A) —2(c —2)g
=0A— (0 —4)3.

Hence, B
cA— (0 —4)g=0"+pY +2Z*.
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When the signature of the type is RH(y), then
oA > (0 —4)7.

If 0 > 6, then g < 3A.
When the signature of the type is RH(_), then

eZ® —2(e—3)g=e(A+7) —2(e—3)g
=eA—(e—06)g.

Moreover,
eA—(e—6)g=05"+(p+uwY +3Z">0.

Thus,
eA > (e—6)g.

If e > 9 then g < 3A.

74 Aand «
We obtain the following identities:

(0 — 2)a— 2(0 — 4)g = 6.
(e — 3)a — 2(e — 6)F = Os.
(0 —2)w— (0 — 6)g = 6.
(e —3)w — (e — 9)g = O,
oA — (0 —4) = Oy,

eA— (e—6)g = 03"
By ©5_1* we denote 205" — O, then
20A — (0 —2)a = O™
When the sign of the type is RH(+), then ©9_1* > 0 and so

20A > (0 — 2)a.
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By O35_1* we denote 203" — O3, that is non-negative and so
2eA — (e —3)a=0O3_1".
When the sign of the type is RH(_), then ©3_;* > 0 and so

2eA > (e — 3)a.

7.5 estimates

Proposition 6 Suppose that either o > 8,11 > 3 ore > 12,11 > 3.

1. Ifw is even, § < 3w. The identity occurs whenever [8x8;4"]*,1 < r <
7.

2. Ifg < 3w then § < 3w — 3. The identity occurs whenever [8
8;4".3]*,0<r <7.

3. If g <3w—3 theng < 3w —5.

4. If w is odd, then § < 3w — 4. The identity occurs whenever [8 x
8,47 2]*,1<r <7.
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C %#HFEHF Vi P2 = P2(C) oSl e 92, C ORATICEER 72
FrREARBREIES, Dtk CIERRA L L CRADHEFRFOFEERTH 5
LT 5, 20X CEAABRRAFEMBREIESZLICT D, 0: V — P2
# C OFRBOF/NDIABREN L T 5, ZHUL o H(C) BNIEHRZER T2
RHRBOTa—T v T OIOERTH D, cllLkd C OEFEESE C' &
L ABTIHC OBCRRE (C)? 2857 5, P20 % yl =iz,
d>3 TERBSNDHHBMET D, 1271 (v,y,2) X P2 ORIKEETHDH, 2
DEE CIERBRE 1 DT R OAEE AR T (C)? =d Th 5.

C ORE P OEEENE mp(C) EIITHIC mp £EL, 2L P OE
BENBIED T, o ® P E(ERNEFEORLEL) 0T —T v 72k 5
C OEAEHBOFIS R E OSBRI 2EEE L0 TH D, b
mp \ZF CEBEE m 2 ki< & EEN%E my EWEEET 5, FE ko
T5 1 2B D, PIAIE (2) 13 Aoy BFERROEBESNTH S, [SST] I
BEoT, CDREN P, Py,y...,P, THDHEXINDDOEMBETIOIAF % 5
WU [mp,, mp,,...,mp,| % Data(C) £ EL, BlzIFREE 3 OFFOF
LA 4 R C 125\ T Data(C) = [(2),(2), (2)] TH 5,

C HR\%E 2O OHHRAFEIIRE T 5, C OMES OXEE/NER
AR R=RP2\C) £#E & W, Ts) 2LV &> 1 83WT 5, £z [To2]
X0 (O <OBKITH, EHIC(C)2=0ThHsrZLérm=1IFFMET
D, ARTIIREE 2 DR OFER SRR C T (C')?2 = -1 2R
bDEERET D,

T 1. C 2 LM% 2 >R OFBRLMPHEERE T 5, (C)2 = -1 745
Data(C) 13RO ENNTH D, 72721 a lFHAETH S,

No. Data(C) deg C
(1) | [(ab+b—1,ab—1,b,_1,b—1), ((ab)2,bs)] (b>2) | 2ab+b—1
(2) | [(ab+b,ab,by), ((ab+1)2,b,)] (b>2) | 2ab+b+1
(3) | [(ab+1,ab—b+1,bs-1), ((ab)a,b,)] (b>3) | 2ab+1

(4) | [(ab+b,ab,bs), ((ab+b—1)2,b,,0—1)] (b>3) | 2ab+2b—1

12 LRI D Data(C) (08 LT AU E EBIF 5 0084 2 SR A HIUE
TR C PEET B,
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728 [Fe] IZBWTREE 2 DR OFER R HE HAR C ORI LEHER S
NTW5, TREDTT(C)? = -1 ZH1=F DD Data(C) ILEH 1 (1),
(2), 3) Ta=10%EaL—%T 2,

BEE. ARNTE LB TS AR YT L 2012 THE LZNA L [To2] 22K
L7=bDTT, AMERET WL 52 NN 2 LITE#W - L E
T, TR RAMFIEIIREFE (22540040) 72 B ONZ R & DBIALE 5210 72 6 DT,

1 FHE1OEADER

D EWFo»im vV EORT, oV =V 2NEHKN, BCc V' #NT
L35, p(SuppB) = Supp D 7D o DET =T v T OHLN D Fi2X
ZOWBDOETHDHEE I B% DICET. I BIED IO EV D,
Ds,...,D, % D OBy &30, LIES D I3 T, D ITHEMIER A
RN THHET D, 77205 DITHHNENRT T D; IZELNTH I,
FE7e D;, D \Cxt LC D;D; < 13V 2, MiE7e Dy, Dy, Dy Ik LT
D;ND;NDy =2 ThdET 5,

DoM77 7% =T'(D) LFEL, T OFTEFIZ, D OIS 2 BERIRK
5y D DACK R D2 % EAE L THZD, ABETIE D L ZDEARTEN
X757 T #KHILAN ERdb D, DRTICE LT [Fu, 4 3 i £ [MT1,
1] 2 Sl TROFEESFSHEEZ WD, PeDIZBITA7 1 —7 v
TN DICBE L THREM (H2WVITHSH) THhoH EI1E P2 D OIERRS (H
DZWVIRRS) THHZ L EDD, ZOHGEIXID BR—ROLXIZTHLHNWD,
ZOREDT o —T v FIIMOHTH D L ED D,

D IIENDEFETH D ET D, 1> 1 DL E T IZ—FHOuEN ST~
DRAZXEGEX T LOERBEENES, 20777 gL r=1077 73k
e TH D EHRT D, BT 28IEHE T 5, TI2iX Dy 5 D, ~[f &
WEZHLNTNT, i=1,...,r = 1IZ{H LT DDy = 1 BRI L S I
Di,...,D, DES%#fHFCHL, T % [-D2,...,—D? $£721% [D1,...,D,]
TET, r(D) =r LEDD, & D; DAHRMBRTHL L& T 2HEBRPHE
PSS, AR CIET RN TORBHITEHEBEH TH D LR T D, T £ 0 »o
D? < 2T RTCOGICHLTKD NI EE T Z2HBBIBHEMES, rxr
1751 (=D; D) DATHIRZ d(T) £ EL, 2L T =g DL xiTdo)=1°%
ED D,

A=lay,...,a)) EHIBHET D, A+ DL EROTEE VD,

‘A= ay,...,a1], A:=[as,...,a,], A:=[ay,...,ar_1].

[Fu, Lemma 3.6] £V d(A) 3R DHE 2 FD,

WRE 1.1. A=la1,...,qa,] ZHIEHET D,
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(i) r > 1725 d(A) = ad(A) — d(A) = d(*A) = a,d(A) — d(A) HHY
HASH

(i) r> 175 d(A)d(A) —d(A)d(A) =1 TH 5,

(iii) A ZFABILEE7 B ged(d(A), d(A)) = 1, d(A) > d(A) > 0 Th .

TFRMIEH A = [ay,...,a,] I L Te(A4) :=d(A)/d(A) LED D, [Fu,
Corollary 3.8] £V e ZFFABBMOES L KM (0,1) DHFEOEA OO
BHRTH D, FRBEHE AT LT A =e (1 —e(*A)) & A DREERIE
P& PS5 ([Fu, 3.9]). [Fu, Corollary 3.7, Proposition 4.7] K 0 #FFAMIEH &
Z DREPERE IR DO HEE % £,

R 1.2. A, B 23RBS E T 5,
(i) e(A) +e(B) =175 d(A) =d(B), e(fA) +e('B) =1 Th 5,
(i) A** = A, [(A%) = (*A)*, d(A) = d(A*) = d(A%) + d(A) DY 1o,

(iil) [4,1, B] 23 [0] IZffite 2 & & A= B* IZ[FAfECTH 5,
BHem EEH 0 > 01X LT my] = [m,...,m)|, t, = [2,] LEDD,
A= [al,...,arL B = [bl,...,bs} a:;(_‘—j‘l/f Ax B = [A,G,T —|—b1 — 1,?}7

—_—
A = Ax- - x A LEFRT D (n>1). ZETROEIEH A, B, CIZxi LT
(A B)«C = Ax (Bx*C) MY Lo, i 1.1 LA 1.2 2> TkaxR
TENTED,

B 1.3. A=[ay,...,a,] ZAFRBIEEHE TS,
(i) BERE n 12t LT [A,n+ 1]* =t, « A* DSV 2D,
(11) A* = tar—l X oee *tal—l VCE)%)O

(i) B m, n B3 H->T[A,m+1] =[n+1, 4] (BHDWIX Axty,, =t,xA)
ThivEm=n,a1=-=a, =n+1(HDONITA= t;T(A*)) Th D,
ROMEZ EH 1 OFEFCEEHT 2 ([Tol, Corollary 8]).
R 1.4. a Z AREL A ZHFAWIEEHE T 5, B ZirAMIBHEIT2T
boHET D, [A LB IE7T =X T OHOEM n LY [a] ITHiTe &RUE
T2, EBIZ[a ITADBTHD LT D,
(i) [a] X ADHDOMBOGE TH D, A* = [B,n+ 1, te_1) AT HK
Bnhdbsd, BS76 A=]|a]*t,*B* HEY LD,
(i) m# OFDO nlEIOT v —T v 71X [a] RFOFBRIZBE L THRFENTH Y |
BOOTu—=7 v FIMANNTH LD, TNTOMINT 0 —7 v 7 DE
RiX [A, 1, B] % [[a] * t,, 1] IZ1& T
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(iii) 7 KT v —7 v 7 OHIS IR [a] OME—D (—1)-BhfR (B A3
—1 D HNRARMH) Th D,

SRR O HIRE 0, n & TRV B Ik LC [[a] * t, + B*, 1, B] 14 [a] I
e,

S

1.1 REDEHE

(C,P) i o icthimm V EOHBROELT5, (C,P) IZRETHD T
D, 0V =V ZZOR/NEDIALREE T D, oL C ODEAERC' M
o L(P) LW DI RED T 0 —T v T OFI V! =V, 75 V| —»
=V BV S Vo=V OB TH D, ROMEIL (C, P) BRETH
HZEL o NRNTHDZENBIED,

HRE 1.5, i > 1IX LT C DV TR DEAZERIT (0go--00;_1) 1(P)
ELHTEDD, ThUL o1 ORISR EICHY i <nlebROTR—T v
7oy ODHLTHH D,

o DiBOTa—T v T ORSNKRE Dy & T 5,
#H%E 1.6 ([Tol, Lemma 11]). KAELY 2D,
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A; DEERIREY Ain, Aia, ... (5D W0IE B; OBEXIESY By, Bio,...) &
EROENSA~ (DI TFD ) [ TEEEMHT 5, 20
& & HORRE A2 A2, . B} B}, .. I 0 Ay, B; MBS L
HIRT,

(i) o =0ggopiopfo---op,opy LOMET D, ZZTH pj (HDWNEpf) X
P OWBIZE L THEFN (b D WITHMDI) Ze7a—7 v 7inbie b,

(iii) % pi == p} o p!l ITRDOME ZFiD,
(a) j <@ lTx LT p; TR Aj, By ZEZ 720,
(b) i lZxt LT Ay D pio---0pg ICKDBIT —1)-#RTH 5,
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(C) Pg [ Ag+Do+Bg % (*1)-%7?7% pg(Ag,l) ﬂl(ﬁﬁ‘o 1< g W2 LT Pi
(3 (pig10---0pg)(Ai+Aip11+Bi) % (—1)-#ifR (pio---0py)(Ai)
(2T

LIS 1.6 (1) DEBY Ay, By AR E R, HE15 LY Thbid
FREIE T H D, Pl DT a—T v T OESE 0; LEL LB 14 L0 RE
B3,

W 1.7. i=1,...,9 2% L TR 2,
(l) Az = toi k B;k, A;k = [BZ',OZ‘ +1]

(i) A; 1% E? < =3 2R =B E 28T,

1.2 REOHEMES

B O T 25| &mEHWD, ap=multpC % C O PIZBIFHEBGE L
95, (C,P) PIRORFFTI/NT A—F Rz FOEL 57 P =(0,0) € V Oiufh
D IRIFTVEERE (z,y) 13 D,

T =1t y= Z cit' (cay 20,01 > ag, ¢y Z0  (mod ayp)).
ZDEEREHZTTEREDOY (g, 01, ...,ap) BDHE—H D, Tk (C,P)
DS & FEA T Chp = Chp(C) L #EL,

(i) ged(ao, ..., ax) = 1.

(ii) ged(ag, ..., 1) > 1725 a; 1d¢; # 0 D ged(ag, ..., a-1) >
ng(Oéo, .. .,Ozi_1,j) ff%‘fl#%d‘@j Th b,

WIZL Y Chp 15 (O, P) DEBHESIAE SRS, i = 1,... k ICx LT

Vi = Q3,11 + MG 2 (0 <my2 <m;1),

m;1 = G;,2M;2 + My 3 (0 <m;3 <mya),

Mini—2 = Qin,—1Min,—1 + Min, (0< My, <Mjp,—1),

Min;—1 = Qi n; Min,,
=77 L mi,1 = g, Mit+1,1 = My p; Tbo D, Qin; > 1,n; >1 Tbhh, a1 > 0,
a;;>0(j>1)Thsd, ZDLZE (C,P) DEBFESIIRTEZ HND,

a
ai,1 Qi,j ko

(ao,ml’l,...,ml,l,...,mi,j,...,mi,j,...,l,...,l).
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-2 — ai’g -2 — ai’4 -2 — ai’ni_

Aj: 8&— — 0 e ..——0 — o0 —e— —@
—_—— ——
a1 a;3 — 1 Ajn; — 1
—1—-a;y, —2—=ajn; 2 —2—ajp;—4 —2—a;3
B;: o—e —e— e .—@ 0O o o— .—@
Ajp;—1— 1 Qin;—3 — 1 ajo —1
(i) nil3A%
—2—aip —2—ai4 —2—Qip;—2 —1—aijn,
A; e .. e O e ... @ O - 0 e— ..—@—0
i1 a;3 —1 Ajp;—1 — 1
-2 — Qi pi—1 —2—aip;—3 —2—a;3
B; : e— . . — 0 —O0—0— . —@—0 —O0—0——@
| a———
Qip; — 1 Qipy—2— 1 a;p—1

(i) nilMBEK

1: A; & B DERMTEIG 77 7

W Z OBREES>Tmp 76 Chp ZFHHETE 5, FEMIZ OV TIX BK,
p.516, Theorem 12] X° [MaSa]| ZZ M L TWoiZ& 72wy, 722 L I bDX
KTl =g EEEINTWD, REBROBFERICZEY (C,P) DE =2 A
A —3%f (Puiseux pairs) (q1,p1),-- -, (qe, pr) 25 Chp MHER I LD,

Q5 Di .
Qg =41 Gk, — = : 5ng(qiapi):l(lzlw"ak)'
a0 qi---4q;

RIZ Chp MBEMRE SN mp ERIEH A;, B; OFfRZIR~2S ([To2, Propo-
sition 10], [BK, p.524, Theorem 15]),

& 1.8, (m1,1, (M10)ars- - (Ming)arn, ) & A1, B, ..., Ag, By ORIC
WOBRNE Y LD, &< g=k Th b,

(i) n; DEFHED & &
A; = tai,1+1 * [ai,Q] Kook ta'i,ni—2+1 * [a’i,ni—l] * ta'iml,i’
Bi = [ain,] * ta; ,_y1 %o % @i 5] % ta, o1 % [aig] * ta, )

T&)éo =77 L n; = 3L EIT Ai = tai,ldH * [ai,g] * tai,s, B, =
[ai’3] *tai,Q Tg?)éo

(i) ni SO & X
Ai = tai,1+1 * [a’iﬁ] kooeok tafi,nifl“’l * [a’iﬂliL
B; = tai,ni * [aiﬂli—l] * tui.ni72+1 *oeox [ai,5] * tai,4+1 * [ai73] * ta'i,2’
Tﬁ)éo =77 L n; =20 L ET Az = tai,1+1 * [ai’z], B, = tal.72_1 <
H 5,
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A b B, DEBIE W7 T 7R LT RO b O TEL bhD, BICH
 (E720T o) 1 (= 1)- it (F 712 (—2)-#hiR) 2%, KSR D
B AE~NTERGZHNTND

2 TH1DiEH

C %R P, Py R OFEREFHEMRE T 5, 0: VP2 % PP, D
/N IALRY, C' % o l2k D C DEAELEH LTS, D=0 1(C) & B
o o=0Woo@ TthHrLLTL, ZZ2ToW iz P, b (FERR/NITEED K
bLat) DT u—T v I N6 D, o N (Py) OFG T T T IEROFEE LT
%5 (k=1,2),

I ] ] ]
k k k k
LBp éBQ éBQJ éBw
o— - —O0—O0— —O0—0—o —0—0—-»—0—0—0 (/!
(k)
PTG AY D

o® oFHOT =T v 7% o rES, AP 130 ot E G &
gk 5, Eicsonc AP AW (g7 BW L B ik s~
(27213 T2 o b~ mxz52T AW & B® $ups L2y, 1.6 &
D o) = g{M oagkl) oagg) o- oaék)1 oa(k) ERRETCE D, TITHK U(k)
(itiaghif¢ %LT%%%(itim“%)&7m—7/7ﬁ%&6
i> 1125 u\fa§f>oa§g> AN, 1, BP] 2 (—1)-dhigiciid. o) 23479
Ta—7 v 7OhNE olF) L#E,

Lt (C)? = -1 L {ET 5, F) = DV L@, ¢’ oTn—4v %
o VoV ETLHZEVICBWT(F)??=0Erb Py A7 Lb—va v
p V' = PLTCERIFRT 7 A NX—THHLOBHH, p=pod :V —
Pl Ry=F)+C" <,

BV EDP)2=0Tbbs0b59 0D PLI s TL—1a LT
DY) BIHRT 7 A R—ICR D HOBB S,

fhii X = V\ DX Q-FAErY—FhH, +74bb r(X,Q) =0 (i >0)
Thd, plx O D77 ARX=LC* =P\ 3R} THDH, ZDLH7%
77 A7 L—ya U [MiSu] IZBWTHFEA e ST 5, DI OFE Tl
ZOWEEREH S, Vbbb nike Y =707l X, ~O WA
p: V=23, Tpop 1%, 2P RPLRIZRDZLONRH D, ¢idp O
BT 7 A= ’aihé( D)-EfENER 7T e —F 7352 L THLILD,
DY L%b5 AV 4 BY oM X9 E 20805, bk Sy, Ss
Y45, S=DP L8, 81, 8, SsiEpD ks vay, ThbbT A
N DRZEEN 1 THD, DTN p DRI v a v zaEEiRn,
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oO—0 ——O—%—0—— —o—o—0o— —O0—%—0—— —o0
° S5 So Sz ©
Lil Ezl TzZ F ZI 111;3 E 2 Tz4
°—..—o0o—x—%— ..—0—o0—-"0o— . .—0—%—0— —O

o S 1 S 3 O S 2
Ty Ei Tio le Ti3 Eis T4
°“—.—0—x—0——.—0—0—0—- 8/ —O0—%—0—- . —O

S 2 S 1 © S 3 O

X 2: F; Ot 77 7 04 (i = 1,2)

W 2.1, 0(S1+52+53) IFHEHNTHS E LTIV, 0(S1) ~ ¢(S2) ~ ¢(S5)
(BIERME) THY, FillHFLTn=p(S)?=0Th 5,

AE. o(S1+ S+ S3) WRRE P #Ff2 L35, POTr—7 v 7 ¢ %17
9o V. ES + 8+ S3 1 TBOENENL p=¢ro9 ERDBIIIT DT Hr—
Ty T ONEFEERRD, PEEBED pop t DT 7 A4 3—0D ¢ \Z X DEALH
BF LLT, 20T 0—X T ¢ 2175, F/ldpoy " ODIRT 7 A "—
DB TED D @ & oo’ TEEWMX DT ENTE D, p(S1+S2+S3) 0
FFOED R R SIT Z OBEZ VIR L CTHEARETHD Z R n0nDd, Lo
T(S14+ 52+ S3) WIBOLNTHDLEIICTR—H T p%ITH T ENTE
D, BOOTRIZIZDOZ EMBHED, O

FoUSND p DR T 7 A N—% Fy,... F & 55, i=1,...,1 1K LT
DIZE&ENIL N F; OB OFz E; LELS, D ORK T T 73—
FEERVOTE B 130 TRV, LoTply 1255 X OfIZC Th 5,
RE(V\D)=27»56 [MT2, Main Theorem| & ¥ E; O&BEKIRL 7L D &
< EH 2 A TRDD, [MiSu, Lemma 1.5] IZBWT 35D 17 va %
FFOC*-T77 A T L—va Y OFFRT 7 A N=PNN L OO RS LT
W5, TNHDOHRTE; OIS D &< &b 2 8TRDD H DI
(L) B & (1) MOMR T 7 A A—12 Tl B, D DR T T 7 B—T %
BERNWIENGA F L (IIL) MTH D Z L3305, [MiSu, Lemma 2.3]
LV pl Fy USMTHFFR T 7 A N—Z @ %22 D UDFFI72, Sold D — Sy &
BRTEDLLDTpIEL LI E3IODRRT 7 A= Fy, Fi, F, ZF>, 4%
i=1,2 LT F+8+8+ 83 DX 7 Z 713K 2 IZ:E#HO L DD E
NE—FT 5, 2BRIZBNT «1E (-1)-iifRE2ET, £ E = Eq+ Ep
ThHY., T, 1Z2Ens LiLian,
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T}J En T}? FY T}ﬁ Ers T}}

ot S s, S s, S w—
Sl l i % J SQ \—i 53
! !
e . e —")

Tn Bxn T, B T, BE» T,

3: D+ Ey+ Ey DBt T 7

R 2.2, %5i=0,1,21x LT p(F) =@(F) THD, Fi+S1+ 52+ S;
ORXF 7T 71XK 2 DFPIDDO LD L —ET 5,

AERA. MR 2.1 £V (Fy) = o(F) TH D, o N F] 2T EET 5, X2
DT T ZIZBNWTF X8 ERDDET D, p=p30pr0p LURT D,
I T F{O7a—27 0 Thh, ei1(F]) 13D+ Ey+ Ey ® 3OO0
KKy L 8b s, W21 K0 o (F) X S; DS OEZ v ard e ickd
BLRDBR. £oToa(p1(S))p2(p1(Fr)) >1 L72oTLE D, E>T
O IE F] ZIEE720, FRRICL T o BN Fy #ESnWZ bbb, b L,
Fyo/hip &b —0M Sy ERDBARTFIUL (S2)2 > 0 & 720 i 2.1 12K
T2, EoTEF & F XS, &85, O

ME22 X0 D+ Ey+ Ey DR 7T 71K 3 ICHHEO LD L —FT 5,

3 TH1DIADGEE

AT O T 2o R ST 2, B il LT <2 ThD I LITEET
Do KBITBNTH T ICENGAENAE 252 THRIBHE BT, i #2
&jzl,Q&C;ﬁ‘LTSi:—S?, fj:—(F]/»)2 i SR S; 22, fj 22—(&)60

fHRE 3.1. WS LD,
(i) BV =[S, 1] THBHELTE, ZDEE Ty =2 THY Toy = 1y,
EETD (I2 > 0).

(ii) k12 > 1, kga > 1 3% > T [S1,T1]" = [Tha, k12 + 1,t1,,], [F1, Ths]" =
(Tha, k3a + 1ty -1, [Toa,S3]" = [trgu—1, f2,To3] &FHT D, Agll) =
toy) * [T12, k12 + 1,t1,,] TH 5D,

1

FEL. () BSY 14X [S1, Tual, [S1, Toul, [Ss, “Tual, [Ss, ‘Tos) D ENTH D, K
3IZBWTC D+ Ey+ By DM 7T 71X FY, So, Fy @5 EMRE S, So, S3
BB D EAICE L O CH D, 20z Ens BY =8, T ThoE LT
X, ZDEETy =0 Thd, Teo# T ETDHE @lIX [Eor, Tao] & (—1)-

90



HIARICTE S, Ko T 14 K0 Tog =t,, EETD (g >1). Top =20 D
XTI =0LEDD,

(ii) ¢ = ppowa1 0P 10P120wae EFIRTE DL LTLWY, T TyeldC'®
Ta—H0 iidTej 1+ Eij+ T2, D72 —XD 2 Thd, (B, Tea) =
[1,t1,,], ©(S1)? = 0 722 HHRE 1.2 (iii) £V @11 1% [S1, Ti1, Bi1, Thi2] % [la2 +
IZET, Lo THIRE 14 £V [S1, T = [Tha, k12 + 1, t,,] EETD (ke >
1). Sy & ZOWHEIZEE L TSR o1 D7 0 —T v 72T~ THRLIZ S
DL [T1, Bi1, Tha) % [thy,—1, 1] 12T @(F])? = 0 220 CTHE#E 1.2 (iii) &
D @19 VX [F, Tis, E1a, Tia] % [k1o] \CHET, Lo CHiBE 1.4 L0 [F], Ths]* =
[T14J<534 -I- 1, thyp—1] EFT D (kga > 1). [FERIC oo X [Tas, Fag, Ths, S3] %

[ksa] \CIET, §E> THIRE 1.4 L0 [Ss, " Tos)* = ["Tos, k + 1, tp,, 1] EETD
(k>1). ( N2 =005 0=—fot+k+1ThDH, RKEOEREIIMELT
MHHED, 0

B 13 [ Tyg, FY), [F], Ths), [Tas, Fy), [F3, Tog) ®ENHTHD, ZbE
ERNCBEERT 2 2 LIC K VER 1 OFTPEOEROGEIFIZ T2, ARTIE
BY) = '[Tis, F{] OB 24D, Y OBA b REICHRT 2 LN T
&5, U B = '[T, Fi] LARET 5.

W 3.2. Tis = 0, ks = 1, Tia = g, kip 1, [Ton, 3] = (2, Tos] T 5

. B2 = YTy, FI) 2005 Ty = @ THY, 31 L0 [Ty, ksy +
l,tkm,l] =151 ThHbd, Lo Tksy = 1, Ty = U —kia—1 L2, o THE
B 3.1 LV [Toy, Ss] = [fo, Tos] TH 5, m

31 g=10D¢E

AP = [Ty, Fj) 7212 AP = ' [F}, Toa) T %, AP = [Tog, Fy) L5 &
Tos =D TEDNOMIE 3.2 KV [Tog,S3] =tp,—1 THD, Lo TTia+ S5+ Toy
DPFIRSIET 2T (—2)-th ﬁT%DAm%m—nﬂﬁﬁH#%ﬁéo:ﬂ
IR LTI %, Lo TAP ='F, Tus] ThY Toy = 2 Th 5, o
THIRE 3.2 LM 1.7 £V [Thy, S3] = [0 +1, Tho, FI] RV D, ZDZ &
M Toy # & THRITIULR B2,

Tu =2 L5, flfkp+1glf1 AW = [Ty, Ss5) A3k 0 ST,
tl, = Too = @ EhowiEsl v BY = [T, o] 2%, LoTh
1.7 50 [0 41, Ty, fi] = [To4, 5] = t, 00 % [Tia, fi] BFLY 20 T
rv o) =2 o =1ek3, ZoLE [T fi] =t [To, fi] B0 D
[Thia, f1]* = [[Tha, f1]%,2] £ 725 TLE S, Mo TTu#3 Thb, g1 =1&
FT2L AY = [T14,85), Toa =@ £720 Toy #2 THDHZLICKT B, Lo
Tm:2ﬁkéo:@&%A§)A%ﬁﬁ%ﬁ%31ibﬂ2_®oyzl,

=85 = [kio + 2] BHY Lo, @17 £ BY =, 132
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3.2 LV Ty ld (—2)-ti72 sz s0chE 17 £ BY = t1y,
AV = Ty, b7es, ZHEHHE 3.2 L RE 1.7 25T [fo, Tos] = tryyin *
[tr ka1, 0 +1] EFEEND, @ # Tig = tg_ppo1 05 [fo, Tog] =
[thrns 3oty —kra2, 08 +1] SO ST, —T7 il?i@U@Bﬂ t4® =
tro1¥t,m = [tr—2,3,t,0 ] THA, YoTo® =2 0" =1, f; = kip+2
B35, k =k b3< & AV = [k+2), BY =, BY = [2], B? = [k+2]
Lis, w17 L0 A =3, AP =[2,3,t,] TH B, LU EOREEICAIE
1.8 #i#H L C Data(C) = [(2(k + 1), (k+ 1)2), ((k+2)2,k+1)] L&HET
HZENTED, ZHIEHL (2 a=1,b=k+1DHAETH D,

32 =20¢E

AP = F} Ty # @ Th b, ﬁ%31;@rn@cay@ﬁﬁwwg@éo
YoTmELT v BY = thz AP =ty ciry AD =¢ o *ll2s +1] T
bb, EEAESL LY r(AD) > 225005 g =1 TRINERLARN, =
@&%Aﬁ:ﬂhﬁﬂitiAﬁ—ﬂhﬁﬂf%éoﬁ 32 50 Ty td
(—2)-H#R 7 T B %, w31 ko AN — S 1 (—2)- MBS O BERIRL
Saate, koTAWY =Ty, S5, Tiu=2, fi = ko +1 %135,

AP ﬁ”tﬁEWL17;DWr1:p9+LTmfﬂﬁﬁojoo;o
fo(f) =1, fi=2To=ty 3 Tob, >Tko=1&%%, Hilf3.1
L0 [S1,Tu] = t}, 11, 0 = [fo+loo— 1] 2755, @ 1.7 LAl 3.2 &
Y [f2, T3] = Aﬁl)* = [S1,Tu1, 07 +1] = [fo + loz — 1,08 +1] Lt
&5, £oTly =1, Tos = [0V +1] Th v 0P =1, oV = 2 &iﬁé
k—b—2&k<&k>1f@@Bﬂ>[k+ﬂz&> m+m.§” 2],
AP =Bl chs, mE1T L AV =23, 4), BY =, Th B, Zhb
26 Data(C) = [(2(k+ 1), (k+1)2), (k+2)2,k+1)] LEIHEIND, Zh
FEE L (2)a=1,b=k+1DHATHD,

3.3 THI1ODORFDIERERDIEA

BR) = Ty, Fj] OBALIED DEED D + Ey + By WK 57 %X
AT, R Lk LEARKTHD, %277 7 L Data(C) LER 1127k
® Data(C) OEMRILL FO L 50 Th b, ZhbibEHR 1 ORRED FHEN
w5,

(1) By ="[T12, F]

(1-1) go = 1. Data(C) = [(2(k: +1),(k+1)2), (k+2),k+1)] Th
DEML©Q) (a=1,b=k+1)Ic—57 %,
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*—— —@—%—O * ]
l * \—Jy —k =2
* o— ooo*Jy

* ‘J\_\ *
k-2 7>L %k \—0
-3
* L O—O0—%—0—0—0—— —e
%/_/

(1-2) Béi) =[T1s, F}], go = 2

k1 k-2 11 —1-1
(e — S~ — * o
L l —k—2
% —®—0—0—%—0—0— l
h,—/ %,—/
Eoo—l=2 =3 11

(271) Bg) = [F1’7T13]7 k34 =1

k1 —k—1
—— ——%—O ° *
i * \—Jy —k =2
3 oo*ol
N———’
k—1 —4

(2-2) Béi) =[F{,Ti3), ksa > 1, Tha =0

(2-3) B;g) = [F{,Ti3), ksa > 1, Tha # 0
4: D+ Ey+ Ey DX 57
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k1 k-1 —1-2 )
Cy— o * — e
— | .
* i —@, —O0—0—— 3o*ol
k-1 -3 (-1 -3 —1—2



—3 —k—2 —4
& —%—0—0—0—x— ° % P~
J * l >l<—>|<— \—0
—4 k-1
* * P %
k
(i) k=1 (ii) k> 1

(3-1) BYY ="[Tbs, F3, go = 1

! k-2 -3 —1-3 k-1
e %00 % o0 % e o0 e —e
J -2

—k—2 *‘ *
L* *— *
k

(372) B;j) = t[T227F2I]7 g2 = 27 k12 = 1

—1-2 ! -3 -3 _I-1
oO—*%—0—— —®—0—0—0—%—0—0— —e
-2 l

-3

—%
*

*.
*

—1-2 [ —k—2 .
oO—%—@®— —8—0—0—@ —%—0— @ —  — @ —O—@—— —
-1 -2
—k—-1 * *
‘ | |
*——8® . *

(373) B!gj) = t[T227Fé]a g2=2,ki2>1,k>1

94



ﬁ_/\_?*ﬁ*oI — — O —%—0—0—0—%x——
T Sy ﬂ ** —k—4
% —@—% k- —@—%—
k+2 k+1
(a) kza =1 (b) k3s > 1
(47171) B.g) = [F2/7T23]7 g2 = ]-7 g1 = 1
k k-3 11 _3 —1-2
T e o0 e — —& o0 % e o0
i * ‘ l k-3
*. —0—0O0—%—0— J
N——’
E+1 —l1=2 l

(4-1-2,) Bfﬁ) =[F),Tes),92=1, 1 =2, kay =1

k —k—2 -3 -1
S P s —
-2 l
° * * * ‘ —k—-3
% —e—0—0— o*i
——— ————
k -3 1-1 —-l1-1

(4-1-2y) Bg) =[Fy, T3], 92=1,91 =2, k3s > 1

k—1 -3 -1 k-3 1-1 -3 —]1—9
— —e¢ o % — —@ % 00 e — —e 0 % e—0
—1-1 L
® *. * - _k — 2
k- .*Q

k+1
(47271) Béi) = [F2/7T23]7 g2 = 27 91 = 27k34 =1
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——TN— ——— ———
. — e o % ® .. — e O O e % 0@ — ...—
-2 L
. . k-3
* @®—%

(4-2-2) BY = [F},Tog], go =2, g1 = 2, ka > 1

4: D+ By + By DK T 7 7 (fix)

(1-2) go = 2. Data(C) = [(2(k + 1), (k+ 1)2), ((k+2)2,k+1)] TH
DEEEL (2) (a=1,b=Fk+1) 12T 5,

(2) Bé) [F1, Th3]
(2-1) k3q = 1. Data(C) = [((1+ 1) (k+ 1), 1(k+ 1), (k+ 1)), ((I(k+
1) +1)2,(k+1))] THYEELL(2) (a=1,b=k+1)I—FT 5,

(2-2) ksq > 1, Thy = 0. Data(C) = [((k+1)3), (2k+ 1,ke)] THYE
1) (a=1,b=k+1)ic—%KT 2,

(2-3) k3y > 1, Ty # 0. Data(C) = [(([+1)(k+1))2, (k+1)141), ((+
D(k4+1)+kU(k+1)+k, (k+1),k)] THYEHL (1) (a =141,
b=k+1)Ic—#T 5,

(3) BS = "[Tz, Fy]
(3-1) go = 1. Data(C) = [(2k + 1,ks), ((k+1)3)] THYEE1 (1)

(a=1,b=k+1)IC—&T 5,

(32) g2 = 2, kio = 1. Data(C) = [((I + 1)(k + 1) + 1)a, (k +
Dig1), ((+2)(k+1),(+1)(k+1),(k+ 1)41)] THYEH
1(2) (a=1l+1,b=k+1)Ic—%T 5,

(3-3) g2 =2, k1o > 1. Data(C) = [(({+1)(k+ 1)+ k, I(k+1)+k, (k+
k), (I+1)(k+1))2, (k+1)141)] THYEET (1) (a =1+1,
b=k+1)Ic—%T%,

(4) BéQ) [Fy, To3]

(4*1*13‘) go = 1, g1 = 1 k‘34 = 1. Data(C) [(k’ + 3), ((k + 2)3)] TE;?) D
EF1(3) (a=1,b=k+2) =535,

(47171]3) g = 1, g1 = 1 k‘34 > 1. Data(C) [((k? + 2)3), (k + 3)] T&) D
FHL(3) (a=1,b=k+2) e 5T 5,
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(4-1-24) g2 = 1, g1 = 2, ksa = 1. Data(C) = [((({ + 1)(k + 2))2, (k +
i), ((+1)(k+2)+1,0(k+2)+1,(k+2))] ThYEHE1
3) (a=1+1,b=k+2)ic—8F 5,

(4-1-2,) g2 =1, g1 = 2, kas > 1. Data(C) = [((1+1)(k+2),1(k+2), (k+
2)1), (((k+2)+k+1)2, (k+2),k+1)] THYEML (4) (a=1,
b=k+2)Ic—%7 5,

(4-2-1) g2 = 2, k34 = 1. Data(C) = [((I(k+2) + k + 1)a, (k +2)1,k +
1), ((+D(k+2),l(k+2),(k+2))] THYEHEHL 4) (a =1,
b=Fk+2) Il 87T %,

(4-2-2) go =2, ksa > 1. TDHE ksy =2 TH D, Data(C) = [((I +
D(k4+2)+1,01(k+2)+1,(k+2);), ((+1)(k+2))2, (k+2)141)]
ThHOVEHLB) (a=1+1,b=k+2)IT—ET 2,

3.4 TEE1DEBRFOEROIH

I #X4C5#MD 7 T 7D—>L 325, MiEH1.2 (i) LM 14 XV T o
W7 T T Fy, Fi, By ITEWIZ DLW 0-ffjlc 7 e —4 oo Tt& %, 2
DT a—=F Nl ED Sy, Sy, Sz DBITHEWVIZD SRV 0-HRTH Y, &
F; OB LM ZD D, EoTEgD3ARDT 7 A "—=LE T a b
BOTZO7Te—F U OFEEWICZELZEICL>TT 2ERT B L
NTED, ME1I4EV T —E —E,—C'IZP2 D2 5108+ 2 L3 T& %,
X o TEHL 1 IR Data(C) 13 2 SO R A& FHFEL S g ¢ o
REDHLDLE LTHEHATE S,
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Wonderful Presents from litaka and Grothendieck

Kazuhisa Maehara

August 31, 2012

1 Introduction

Professor litaka presents a list of problems for arithmetic, algebraic and analytic geometry, which
is called Iitaka program. The canonical litaka fibration is one thing among them and it defines
Kodaira dimension. Kodaira dimension is a birational(resp. bimeromorphic) invariant and plays
a central role for perspective view of arithmetic, algebraic and analytic varieties among all. To
classify the category whose objects are algebraic varieties and whose morphisms are rational maps

he proposes a lot of conjectures: for a fibre space V/W of algebraic varieties

k(V) > k(Vy) + k(W)

From spirit of litaka classification of algebraic varieties by Kodaira dimension it leads to Mori
(resp. Kawamata) program. litaka’s insight from point of view of Kodaira dimension admits
many properties for curves and surfaces to still hold for higher dimensional varieties. For exam-
ple Kobayashi-Ochiai’s theorem generalizes de-Franchi’s theorem for curves. Severi’s theorem for
curves > 2 is generalized to higher dimensional varieties. The efforts to try to prove these conjec-
tures makes me to notice the general theories of Grothendieck’s, a theory of schemes (EGA1-4), a
theory of etale fundamental groups or Galois category, deformation theory for additive category,
an extension theory of group sheaves over topos and a categorical homotopic theory. In this talk I
will explain the last one to obtain a general theorem available to a local test category which is an
analogue to locally simply connected space and apply it to our situation, algebraic schemes, non

commutative algebraic stacks, etc.
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2 Preliminary

2.1 The theory of the homotopy type of Grothendieck[Malt],[Cisinski]

The homotopical category Hot is originally the category of the CW-complexes. The homotopical
category is the category whose objects are topological spaces, and whose morphisms are homotopy
equivalence classes of continuous maps. Two topological spaces X and Y are isomorphic in this
category if and only if they are homotopy-equivalent. This Hot is equivalent to the category
localizing the category of all the topological spaces and continuous maps by topological weak

equivalences W, such that
o W, is a part of the continuous
o 7o(f) : mo(X) — mo(Y) are bijections.
o m.(f, ) : m(X,x) = m, (Y, f(x)) are isomorphisms of groups for n > 1.

That is
Hot = W 'Top.

The category of simplexes is the category the objects of which

Ay =101, ,m}

and the morphisms of which are increasing maps. The category A of the presheaves over A is called
the category of the simplicial sets. We have a unique couple of adjoint functors,i.e., topological

realization and singular simplicial set functor
|-|:A— Top, S:Top— A

A simplicial weak equivalence is a morphism of simplicial sets the topological realization of which
is a homotopy equivalence. This simplicial equivalence is described W,,. Then the topological
realization functor and the singular simplicial set functor are compatible with weak equivalences

and induce categorical equivalences
WA — W Top, WL Top — WA

which are quasi-inverses.
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The homotopical category Hot can be obtained as a localization of the 2-category Clat the
objects of which are the small categories and the morphisms of which are the functors. There are

a couple of adjoint functors, i.e., the categorical realization functor and the nerf functor,
C:A—>C’at, N:Cat — A
where the restriction of ¢ to A is the inclusion A C Cat and the simplicial set
(N(C))p = Homea (A, C), m >0

the ordered set A,, being as a category. A categorical weak equivalence is defined to be a functor
the nerf of which is a simplicial weak equivalence. Let W, be the part of FI(Cat) which are the
categorical equivalences. The nerf functor is compatible with categorical weak equivalence and

induces a categorical equivalence:
W lCat — WA

However, the categorical realization functor is not compatible with the categorical weak equiva-

lences. A quasi-inverse functor to NV
Simpl : A = Cat

, where it associates a simplicial set K to a category of simplexes Simpl(K). The Simpl functor

induces a categorical equivalence
WA - W Cat

which is a quasi-inverse to the nerf functor N. A categorical weak equivalence is characterized by
Artin-Mazur equivalence. Let u : A — B be a functor of small categories and F' a locally constant

over B. A morphism of toposes (u*, uy) : A = B is Artin-Mazur equivalence if and only if
H™B,F) — H™(A,u*'F)

are isomorphisms for m > 0 and any locally constant sheaf F.( as sets for m = 0, as groups for
m = 1, as abelian groups for m > 2.) Let A be a small category and iy : A — Cat (F — A/F)
Then

W, =i3Ws

A couple of adjoint functors
iA W;lfl — WilCat

and
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i Hot = Wy'Cat — W;'A

, where

ia*: Cat = AC — (a = Homeaw(A/a,C))

are categorical equivalences, quasi-inverses each other if and only if A is said to be a weak test
category. A morphism u : A — B of Cat is aspheric if u/b : A/b — B/b is a weak equivalence
for any object b of B. Grothendieck says A is a weak test category if and only if for any category
with a final object % is aspheric, i.e., i% in W.
A category A is a local test category if and only if for any object a A/a is a weak test category.
A category A is a test category if and only if A is a weak test category and a local test category
at once.

A test category is as good as the category of simplicial sets A.

Theorem 1 (Theorem A of Quillen’s) If u: A — B is a morphism of Cat such that u/b: A/b —
B/b is in Wy, for any object b of B, then u is in W.

Definition 1 (Weak Basic Localizer) The weak basic localizer W' is characterized by the fol-

lowing conditions.

e (La weak saturation) the identity is in W. If two morphisms of a commutative triangle in
W, then the third of them isin W. Ifi: AC B ,r: B — Aandroi=1idy, thenir e W
implies 1 € W.

e (Lb final object) If A is a small category with a final object, then the unique functor A — {pt}
s in W.

e (Lc Theorem A of Quillen’s) If u : A — B is a morphism of Cat such that u/b: A/b — B/b
for all objects b of B, then u is in W.

Definition 2 (Basic Localizer) The basic localizer W is characterized by the following condi-

tions.

o (La weak saturation) the identity is in W. If two morphisms of a commutative triangle in
W, then the third of them is in W. Ifi : AC B ,r: B — A androi =1du, thenir €¢ W
implies 1 € W.

e (Lb final object) If A is a small category with a final object, then the unique functor A — {pt}
s in W.
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o (LC relative Theorem A of Quillen’s) Given a commutative triangle in Cat
- B
C

and if u: A — B is a morphism of Cat such that u/c : A/c — B/c for all objects ¢ of C,

A

then u is in W.

Given a weak basic localizer W, we can do an analogue to an original categorical weak equiv-
alence W,,. We have analogous notions, Hoty =W ~*Cat, W-weak test categories, W-local test

categories, WW-test categories.
Kan extensions are universal constructs in category theory.

Definition 3 Let A, B, C be three categories and F': A — B, G: A — C.

A-L-B

W2

C

The right Kan extension of G along F' consists of a functor R : B — C and a natural transfor-
mation n : RE — G which is co-universal so that for any functor M : B — C and a natural

transformation pu : MF — G, there exists uniquely a natural transformation 6 : M — R in the

/X

G a MF

following commutative diagram.

The left Kan extension of G along F' is dual to the right Kan extension.

A-L-B
M
M

F

AN

G y MF

G

-

Q
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A theory of Kan homotopical extensions is the concept of Grothendieck theory of derivaters. A
localizer is a couple of (M, W) such that M is a category and such that W is a part of morphisms
Hotwy(I) is a localization of the category Func(l, M) of functors from I to M by induced W
argument-wise on natural transformations. For any functor v : I — J between small categories

we have an inverse image functor u* : Hotyw)(J) — Hotw (1)
\ | / J
M

If there exists a structure of a Quillen,s closed model category on M whose weak equivalences

1

are W and if M admits small inductive limits (resp. projective limits), then there exist the left
Kan extensions (resp. the right Kan extensions). For example the localizer (Cat, W) is the one.

For every functor F': I — Cat, we obtain a cofibred category by Grothendieck construction which

/F%I
I

fIFL)fJF

-

uy : Hotcarwy (1) = Hotcatw)(J)

is called an integration of F' along I;

From the following diagram

u
[

we obtain

induced by localization. This is a left adjoint functor to
u* HOt(Catyw)(J) — HOt(Cat,W)(]>

The dual notion of integration is co-integration, denoted by 7;F = ([, F°)° for a contra-variant
functor F': I° — Clat.
Given a basic localizer W, Grothendieck says a functor between small categories u : A — B

(resp. B’ — B) is W-proper (resp. W-smooth) if for any cartesian square

A/L)A

q %

B ——B

the base change morphism
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uw* — v
is an isomorphism, where uy : Hot(cqr,w)(A) = Hot(car,wy(B) and uy : Hotcar,wy(A") = Hot(car,w)(B')

are homotopical left Kan extensions. They are dual each other.

Let A be a small category and a functor
ja:A— Cat/A
defined by j4X = (A/X, A/X — A). Since j,'(W/A) = W, the functor j induces
ja: HwA — HotyCat//A = (W/A)"'Cat/A
which is called the category of W-types of locally homotopical constants over A and Hy = W1,
Proposition 1 Let W a basic localizer and A a W -local test category. Then
ja: HywA — HotyCat/]A

is a categorical equivalence.

i Z Cat/A
*l dis T_,
p =
Ax A ~ Hom(A?, Cat)
=" : Hom(A° Cat) — Cat/A F i yaF
=:Cat/A — Hom(A° Cat) a— a\C

Representations of a presheaf of small categories over a category. Let A be a small category
and A a presheaf of small categories over a category A. The category Rep(A) of representations
of A as follows. An object of Rep(A) is a couple (X, ) such that X, is a presheaf over A, for each
object a of A and for every morphism « : @ — a' a morphism of presheaves &, : X, — A X, for

each object a of A and &, = 1x,. We have a following picture;

X, Xo — AL X,
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For any composed morphisms of A
ol ;o "
a—a —>a

we have the following commutative diagram

X = 4% X, S 4%, A X,

\%1&__.-’—?
{aa

To each morphism ¢ : (X, ) — (Y, n) associates a morphism ¢, : X, — Y, for any object a of

A such that for any « : a — o’ the following square is commutative.

Let A be a small category, G a presheaf of small groupoids over A and BG = 57 G the classifying

category associated to G.

Lemma 1 Let A be a small category and A a presheaf of small categories over A. Then we obtain

the canonical categorical equivalence.

VA = Rep(A)

Theorem 2 (Grothendieck) Let W be a basic localizer and u : A — B a W-smooth functor.
Then if B is a W -local test category, A is also a W -local test category.

We here assume an axiom of great cardinality which is said to be the principle of Vopenka.

Hence every localizer over a small category is accessible.

Corollary 1 Let W be an accessible basic localizer and A a W -local test category and A a presheaf
of small categories over A. Then the category of A-representations admits a structure of closed
model category with generated cofibrant the cofibrations of which are the monomorphisms and the
weak equivalences of which are the W -equivalences. If moreover W is proper, then this structure
is proper. There exists a categorical equivalence between the homotopical category Hy Rep(A) and

the category Hoty [/ <7 A of the locally constant W-homotopy types over s7A.

Hotw// v A= VA
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Given a presheaf of small groupoids G over a small category A, we have a classifying space BG

of G with a universal G-torsors
EFEG— BG

From now on suppose a basic localizer is accessible and that A is a W-local test category.

Since E'G is a G-torsor over BG and since the morphism from E'G to the final object of G
is a right proper W-equivalence. We can construct such a classifying space by choosing locally
cofibrant representation E G that the morphism from E G to the final object of Rep(G) is a trivial
fibration in the meaning of the structure of the category of local closed models with respect to
W. We can hence define BG as the quotient of EG under action of G. The forgetful functor
RepG/EG — Rep( is a left Quillen equivalence for the categorical structures of local or injective
closed models with respect to W.

There exists a left Quillen equivalence
Rep(G)/EG — A/BG (X,X - EGw— (G\, G\ — BG
Since we have a categorical equivalence
HywRep(G)/EG= HyA/BG
and a canonical categorical equivalence
HyRep(G)/EG = Hy Rep(G)
we have a descent functor which is a categorical equivalence
Desc : Hy Rep(G) +— HyA/BG
The descent functor admits a monodromy functor as quasi-inverse
Mon : Hy A/BG < Hy Rep(G)

defined by
(X,X - BG¥" X x50 EG

The fact that functors descent and monodromy which are quasi-inverses can be considered as
a generalization of the topological Galois theory giving a correspondence between the category
of covering of a locally simply connected space and the category of its fundamental groupoid

representations.
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3 Results

Let us consider the 2-category of categories of the sheaves of groupoids representations whose
objects are the sheaf of groupoids representation categories and whose morphisms are functors
compatible with sheaf of groupoid action. Apply it to the category Sch of locally noetherian
conncted normal schemes and take a sheaf G of groupoids as a sheaf of categories whose objects
are universal schemes over opens and whose morphisms are Grothendieck etale fundamental groups
acting on universal schemes. Then

Rep(G) = 7G

Hyw Rep(G) = Hy Sch) 7 G
Hiw Rep(G) = Hoty // v G
Let X be a locally noetherian connected normal scheme and replace Sch by Sch/X. We obtain
Rep(G[X) = vG[X
Hw Rep(G|X) = Hy Sch/X | v GIX
Huw Rep(GIX) = Hotyy // v GIX

Hence X is uniquely defined by G|X. G|X is determined by the absolute Galois groups of all
points on X.

Proposition 2 Let k be a ground field. Let K be a function field over k and K?® a separable
closure of K in an algebraically closed extension of K. Then to each automorphism o € Auty(K)

associates an automorphism of Gal(K*/K) such that
o € Auty(K) — (g — ¢%) € Aut(Gal(K*/K))
which is a mono-morphism. Here extensions are given for each automorphism of Autg(K).
Proof 1 Let Auty(K*®, K) = {g|g € Auti(K®),9(K) C K}. We have a natural homomorphism
¢ Auty(K°, K) — Autp(K).

Then Gal(K®/K) = ker(yp). Note that Gal(K®/K) is center-free. Thus for any o # id of Auty(K)
there exists an extension o since K°/K is algebraic such that g — ¢° = d'ga is non-trivial
automorphism. g+ ¢° = g for all g implies o = id. Hence g = ¢° for all g implies « = 3. Thus
o (g€ Gal(K*/K) — ¢° € Gal(K*®/K)) is injective.
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Proposition 3 Let G denote Autg(K®) = Gal(K*/K).

1. there exists an exact sequence

1 — Autg (K?®) — Auty,(K°, K) — Autg(K) — 1

2. In the following diagram, the vertical homomorphism is surjective and the horizontal homo-
morphism is defined by g° for an element o of Auty(K?®, K) for any element g of Auty (K?).

Here & is an extension when o is an element of Auty(K).

o= (g g7 =0 1g0)

Auty(K*, K) — Aut(Autg (K*))

|

Autk(K)

Auty(K*) = lim Auty(K*, v(K)

where ¥ runs all Auty(K?®).
AUtK(KS) < Autk(KS, K)

AU_tw(K) (Ks) < Autk(Ks, @ZJ(K))
6. There exists a surjection
Aut(Gal(K*/K)) — Aut,(K®)
which is a fibre space with the same fibre Gal(K*/K).
Proof 2 1. Since K*/K 1is separably algebraic, every automorphism of Auty(K) is able to have
an extension to Auty(K*®) which keeps K into itself. Hence we have a surjective homomor-

phism
Aut(K*®, K) — Auty(K)

whose kernel is Autg (K?®). In fact K is a fized field by action Gal(K®/K) on K*.

2. From (1) it is obvious.
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3. It follows from (1) and (2) replacing K by (K).
4. From (1) it follows immediately.
5. The proof is the same argument as (4).

6. Since Autg(¢(K)) is isomorphic to Autg(K) and
Aut,(K?®) = lim Auty(K*, ¢(K))
N
we get (6) with the aid of (1).

Definition 4 Let k be a ground field and K a function field over k. A groupoid is defined to be a
category whose object is Spec(K®) and whose morphisms are Gal(K*/K).

Proposition 4 Let k be an algebraically closed field. Let E be a groupoid extension of a profinite
group P by a groupoid G. Assume

e I has a group section over P. Here it is necessary to assume k is algebraically closed.
e P is the absolute Galois group ' = Gal(K /K).

e (G is a groupoid whose objects is the separably algebraic closure of a field in an algebraically
closed field, i.e., Spec(K?®) and whose morphisms are the absolute Galois groups acting the

object.

e the automorphism group Autr, (Gp) of G, is locally algebraic group for every algebraic ex-
tension field L of K.

Then P is trivial extension after base-change by a finite extension K' of K.

Proof 3
HY(P, Aut(Q)) — HY(P, (G — Aut(Q)) — H*(P,G)

T |

H'(P,0ut(G))

A given extension class is in H'(P, (G — Aut(G)). If E has a group section, P — E, E — Inn(E)
and Inn(E) — Aut(G) gives an element H*(P, Aut(G)) = Hom(P, Aut(G)). By assumption this

image is a finite group. After base-change E attains a trivial extension.
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We will next give a proof for a special case, which is a prototype of the precedent. Let p be a
prime number. Let K be a subfield of a finitely generated field extension of QQ,, which is called a
subp-adic field. Let Gal(/K) be the absolute Galois group Gal(K/K), where K is the algebraic

closure of K in an algebraically closed field containing K. In the following commutative diagram

SpecK (X) SpecK (Y)
\ /
SpecK (5)
SpeicK

where K(X), K(Y) and K(S) are function fields which are regular extensions over K, i.e., X, Y,
S are varieties geometically irreducible, reduced over K, if X is trivial, i.e., X = Xy xg S for
some variety X, over K, when does Y decompose Y = Yy x g/ S for some variety Y, over a finite
extension K’ of K? The answer is yes when Aut; (SpecK (Y)) is a group scheme which is locally
of finite type, i.e., locally algebraic group.

Remark 1 1. The object of our groupoid is a universal covering of a scheme to act by the
absolute Galois group, where the universal covering must also a universal covering of such
a scheme that we should prove in the conclusion. For example it is suitable for the aim to
take Spec(K) as a scheme since its universal covering Spec(K?®) is also a universal covering

of any type sub-covering.

2. Let K , L be function fields over a ground field k. Assume L is an extension of K. Let
Gal(K*/K), Gal(L*/L) be the absolute Galois groups of K, L, respectively. Then we have a
homomorphism Gal(L*/L) — Gal(K*/K), which canonically factors in the following way:

Gal(L*/L) — Gal(K*/(L N K?))

1S a surjection.

Gal(K*/(L N K*)) — Gal(K*/K)

1S an injection.

4 Mochizuki’s Galois theory

Let k£ be an algebraically closed field of characteristic 0, say, the complex number field. We

investigate the birational algebraic geometry from the point of view of the profinite Galois groups
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thanks to Mochizuki theory. Let X — S be a fibre space of smooth algebraic spaces over k. Let
Speck(n) denote the generic point of the fibre space and k(7) the algebraic closure of k(n). The
absolute Galois group of R(X) is defined to be the Galois group with Kull topology of the Galois

etension R(X)/R(X), which denotes I'x = Gal(R(X)/R(X)). This is a pofinite group.

Theorem 3 [Mch] Let p be a prime number. Let K be a subfield of a finitely generated field
extension of Q,. Let Xk be a smooth pro-variety over K and Yx a hyperbolic pro-curve over K. Let
Hom%™ (X g, Yx) be the set of dominant K-morphisms from Xg to Yi and Homp"™ (I, Iy, )
the set of open continuous group homomorphisms Ilx, — Iy, over I'x, modulo up to inner

automorphisms arising from Ay, . Then the natural map
dom open
HOHIK (XK,YK) — HOHII}; (HXK7 HYK)
is bijective.

Here we have a natural homomorphism 7 (Xx) — I'x. Let Ax_ be the maximal pro-p quotient

of the geometric fundamental group m(X). Let Ilx, = m(Xk)/ ker(m (Xg) — Ax,).

Theorem 4 [Mch] Let p be a prime number. Let K be a subfield of a finitely generated field exten-
sion of Q,. Let L, M be function fields of arbitrary dimension over K. Let Homgpeqk)(Spec(L), Spec(M))
be the set of K-morphisms from M to L. Let Hom*"(I'y,Ty) over T'x, considered up to com-
position with an inner automorphism arising from ker(I'y, k), where T'p and Ty are the abso-
lute Galois groups of L and M, respectively. Then the natural map Homg (Spec(L), Spec(M)) —

Homp?™(I'y, T'wr) is bijective.

Theorem 5 ([SGA] SGA1 EX.IX Th.6.1) Let S be the spectre of an Artinian ring A with the
residue field k , k a algrbraic closure of k, X an S scheme, Xo = X @4k, Xo = X Q4 k, @ a
geometric point of X, a its image in X and b its image in S. Suppose that X, is quasi-compact

and geometrically connected over k. Then the sequence of canonical homomorphisms
1— 7T1(X0,EL) — 7T1(X, Cl,) — 71(57 b) — 1

is exact and
m1(S,0) = m(k, k) = Gal(k/k)

We in fact use the following homotopy exact sequence.

Proposition 5 ([TAM] Prop.5.6.1, [SGA] SGA1, [GG] Lemma 5 182-20) Let X be a quasi-

compact and geometrically irreducible and connected scheme over a field k. Fix an algebraic closure
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k of k and let k, the separable closure of k in k. Let X = X @ ks, T a geometric poit of X with

values in k. The sequence of profinite groups
1= m(X,7) = m(X,7) = Gal(k,/k) — 1
15 exact.

Proposition 6 Let k be an algebraically closed field of characteristic 0, k(x) and k(y) extension
fields of k. Suppose k(x) @y k(y) — k(z,y) is injective. Then

mi(Speck(z,y), (7,y)) = m(Speck(x) @k k(y), (7, 9))

is an isomorphism. Furthermore we have an isomorphism:
7Tl(SpeCk('xv y)7 (:Ev g)) — 7.‘-I(SpeCk(‘r)? Q_Z) X T (SpeCk(y)v g)

Proof 4 For an inclusion k(x)®ik(y) C k(x,y) there exists a canonical dominant map: Speck(x,y) —
Speck(x) ®y k(y) and a group homomorphism: m (Speck(x) ®y k(y), (Z,y)) — m1(Speck(z) @y
k(y),(z,y)). By universality of product there exists a homomorphism of groups m (Speck(z) ®y
k(y), (z,y)) — mi(Speck(z),z) x w1 (Speck(y),y) since we have i (Speck(z) ®x k(y), (Z,7))
m(Speck(x), x) and m (Speck(x) ®y k(y), (Z,y)) — m1(Speck(y),y).

We have the following commutative diagram of three exact sequences.

_>

1 —m(Speck(z), ) ————— mi(Speck(x,y), (7,y)) ———— m(Speck(y),y) —1

l | l

1 —— i (Speck(x), T) ———m(Speck(x) @4 k(y), (7,5)) —— m(Speck(y), y) — 1

| | |

1 —— m(Speck(x), z) — m (Speck(x), z) x m(Speck(y),y) — m1(Speck(y),y) —1

Four arrows of both sides of exact sequence are isomorphisms. There are two arrows among

profinite groups in the center of exact sequences. Hence they are isomorphisms.

Proposition 7 ([Mch]) Let L be a sub-p-adic field and a function field. The absolute Galois

group 'y, is center-free.

Proposition 8 Let K be an algebraically closed field of characteristic 0 and L a function field.

The absolute Galois group I'y, is center-free.
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Proof 5 Let K be an algebraically closed field. It is known by Douady that the absolute Galois
group of the function field of P& is a free profinite group. Every open subgroup of a free profinite
group is also free([FJ]). A free profinite group is center-free. Let X be a variety associated to
L. X is considered to be a fibre space over a projective space P with a general fibre a curve. Let
M be the absolute Galois group of the function field of P. Note that the absolute Galois group
M is center-free since a projective space is birationally equivalent to a product of projective lines.
A natural group homomorphism h : L — M is surjective The image of the center of L by h is
contained in the center of M, which is an identity. Hence it is contained in ker h, which is the
absolute Galois group of the general generic fibre of X/P. An absolute Galois group of a curve
is open subgroup of the absolute Galois group of the function field of a projective line, which is

center-free. Thus ker h is center-free. Therefore L is center-free.

Let p be a prime number. Let K be a subfield of a finitely generated field extension of Q,,. It is
called a sub-p-adic field. Note that there exists an isomorphism ¢ : K = C when K is uncountable.

Let X5 be the geometric generic fibre of X/S. Then there exists a variety Fy, and a finitely
generated extension field Ky of Q such that Fi, xx, C = Xj.

Note that Birc(Xp) = Birg: (Fr, @K, Qp).

Let m : I'p,, — 'k denote the structure map associated to Spec K (Fk) — Fx — Spec(K),
which is a surjection since K is algebraically closed in the rational function field of F'. Let Z(I'g,.)
denote the centre of I',.. Then 7 induces 7 : Z(I'p, ) = Z(I'k).

Lemma 2 Let K be a field of characeristic 0. Let A be an algebraic space in group locally of
finite type over K (i.e. with at most countable components) and let p : I's,, — A be a continuous

homomorphism as topological groups. Then
1. The image of this homomorphism p is a finite group.

2. Let P =Tgs,.. There exist a variety Sy which is generically finite over Sk and an injective
homomorphism P' — P with (P’ : P) < oo such that the representation p' : P — A is
trivial. Here P' denotes the absolute Galois group I's; = Gal(K(S%)/K(Sk))-

Proof 6 An algebraic space in group A is locally of finite type over K. The representation p :
P — A induces p: P — AJA°, where A° denotes the neutral component of A. Note that there is
no countable profinite group. Since AJA® is a countable set, p(P) is a finite group. Replace by P
the kernel of p. We have p : P — A°. We have an isomorphism

HYK(Sk)/K(Sk), A°%(K(Sk))) = H' (P, A®) = Hom Continuous (P, A®)

Topological group
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Hé,t(Spec K(Sk), A%) = TORS(Spec K (Sk), A%).

Let Q be an A°-torsor over Spec K (Sk) associated to p: P — A°. AY is algebraic (quasi-compact,
faithfully flat and of finite type) over Spec K (Sk). There exists an isomorphism A° x Q — Q x Q
over Spec K(Sk). Thus along Spec K(Q) — @Q — Spec K(Sk), the pullback of A°-torsor Q
becomes trivial. Namely, the A°-torsor Q is trivial over Spec K (S};)). Hence the induced homo-
morphism Gal(K(Q)/K(Q)) — A° is trivial. Let Sy — Sk be dominant and S}, the subvariety of

Q of the same dimension as Sk. Then I'q — I's;_is a surjective homomorphism. We have

FQ%FS;(CFSK—)AO—)A.

Since T — A° is trivial, i.e., Tg — 1, Ls — A is trivial. It is obvious that (I's; : I's)) < o0o.

Hence im(p) is a finite group.
Note that a quotient of a scheme by a finite group is in the category of algebraic spaces.

Proposition 9 Let X/S be a fibre space. Let 1 — G — E — P — 1 be an extension of a profinite
group P by a profinite group G associated to a fibre space X — S. Namely G, E and P are
profinite groups which are the absolute Galois groups associated to the rational function fields of

the generic geometric fibre Xz, X and S, respectively.

Proof 7 Let X/S be a fibre space with the generic geometric fibre X;. To a fibre space the epi-
morphism I'r(xy = Ir(s) is associated. Consider a morphism Spec(R(X)) — Spec(R(S)) with the
generic geometric fibre SpecR(X5). Grothendieck’s algebraic m in SGA1([SGA]) gives the exact
sequence: 1 — m1(SpecR(X5)) — m(Spec(R(X))) — mi(Spec(R(S))) — 1. Here m (SpecR(Xj5)),
m(Spec(R(X))) and m(Spec(R(S))) are the absolute Galois groups G, E and P themselves, re-

spectively. See the diagram:

)f X5 Preoy <— Trixy)
S <—— Speck(i) Tres) <—1 =Tk

Thus to a fibre space X/S the extension of a profinite groups 1 - G — E — P — 1 is associated.

We make use of theory of Schreier’s classification of group extensions, Grothendieck-Giraud’s
classification of topos extensions or Breen’s classification of 2-gerbes and 2-stacks.([AM], [Gir],

[Breenl]|, [Breen2]) Here we take the notion of Breen’s.

Definition 5 An extension of groups 1 - G — E — P — 1 is said to be neutral if it has a

section which is a group homomorphism o : P — FE.
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An extension of groups 1 — G — E — P — 1 is said to be central if G is contained in the center
of E.

E is said to be a semi-direct product of G and P if G is a normal subgroup of E and if the
multiplication (z,y), (u,v) € G X P is defined by (zu¥,yv), where u¥ = o(y)uo(y)~t. E is
denoted by G x P.

Inn(G) denotes the inner automorphism group of G. E — Aut(G) denotes the natural homomor-
phism x € E — (g — ¢°) € Aut(G). Out(G) is defined to be Aut(G)/Inn(G). This induces
a homomorphism E/G — Aut(G)/Inn(G),i.e., P — Out(G).

We call left crossed module a homomorphism of groups § : G — H , equipped with a left action of
H onto G (h,g) — "g([Breenl]):

1. 0(*g) = ho(g)h™"
2. 6(9’)g — g/gg/—l

G

"~ H
N
Aut(G)

i1 G — Awt(G), where g — i,(xz — gxg™'), and the natural action Aut(G) onto G defines a
crossed module, which denotes G — Aut(G).

To an exact sequence 1 — InnG — AutG — OutG — 1, we have an exact sequence
H'(P,InnG) — HY(P, AutG) — H'(P, OutQ),
ie.,
Hom(P, InnG) — Hom(P, AutG) — Hom(P, OutG).

Here OutG denotes the outer automorphism group of G. Let G — AutG denote the crossed
module. The set of the etensions of a profinite group P by a profinite group G denotes Ext(P, G).
A group extension can be defined to be as an element of H' (P, (G — AutG)). There exists an exact
sequence 1 — Z(G)[1] = (G — Aut(G)) — OutG — 1(|Breen2]). We have the exact sequence of

cohomologies([Breen2]):

0 — H*(P,Z(G)) — HY(P, (G — AutG)) — H'(P, OutQ).
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Here Z(G) denotes the center of G. There exists another sequence Aut(G) — (G — Aut(G)) —

G[1] in the homotopy category. See the next commutative diagram:

HY (P, Inn(G)) — H'(P, Aut(Q))

T

H'(P, Aut(G)) —= H'(P,G — Aut(G))

T

H'(P,0ut(Q))

H*(P, Z(@))

H*(P, Z(G))
This vertical sequence is nothing but the following exact sequence
Ext(P, Z(G)) — Ext(P,G) — Hom(P, Out(G)) — H*(P, Z(Q))

When Z(G) = 0, an extension 1 - G — E — P — 1 is determined uniquely bya continuous
group homomorphism ¢ : P — Out(G) pulling back the exact sequence 1 — G — Aut(G) —
Out(G) — 1(cf.22 Th.4.8([AM]). Hence

H'(P,G — Aut(G)) = H'(P,Out(G)) = Hom(P, Q)
In general we refer to the following theorem.

Theorem 6 ([Gir], [Breenl], [Breen2|, [Roul,[AM] ) There are equivalent expressions of ex-
tensions of I's,. by G.

1.
BiTors(G) = Eq(G[1]) & (G — Aut(G))

as monoidal categories.

H'(Ts,.,BiTors(G)) = H'(Ts,., Eq(G[1])) & H'(T's,., (G — Aut(Q)))

as pointed sets

Mon(I'g,, BiTors(G)) = Mon(I's,., Eq(G[1])) = Mon(I's,., (G — Aut(G)))

as morphisms of monoidal categories.
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Proposition 10 Let K be a field of characteristic 0. Let K(x) and K(y) be function fields over
K. Assume K(z) @k K(y) — K(z,y) is an inclusion of K-algebras. Then m (K (z,y), (Z,y)) —
(K (2),7) X, (k,7) T1(K(y),y) is isomorphic.

Proof 8 Let K be an algebraic closure in an algebraically closed field which is an extension of K .
Let G = 7 (K(2),7), I'x = m(K,K). The following diagram in two vertical extensions in the

right-side is a base-change of extensions:

1 1 1

G G e

?? m(K(z,y), (2,9)) <— m(K(z),7) x m(K(y),7)
m (K, K) T (K (y),9) T (K (y),7)

1 1 1

There exists an evact sequence: 1 — m (K (y),y) — m(K(y),y) — m(K,K) — 1. Consider the
following exact sequence of extensions and an element & associated to the central vertical extension

in the diagram above:

1 = Monr, (I', Eq(G[1])) — Monr (1 (K (y), §)), Ea(G[1])) = Monr_(m (K (y), ), Ba(G[1]))

The image of § in Monr_(m1 (K (y),y), Eq(G[1])) is a trivial. Hence there exists an extension &
in Monr, (I'k, Eq(G[1])) whose image is & in Monr, (71 (K (y),v)), Eq(G[1])) & corresponds to a

vertical extension in the left-side. Thus 77 is (K (x),Z). Therefore
m(K(z,y), (2,9)) = m(K(2),2) X x5 T (K(Y), Y)

From here in several steps we shall prove that when there exists an S-dominant rational map
Y — X and when var(Y/S) = 0, then var(X/S) = 0 if the general generic fibre of X/S is of

Kodaira dimension > 0.

Proposition 11 ([EGA]) Let S be a scheme, (Xy,vz,) a filtered projective system of S-schemes;
assume that there exists o such that v,y is an affine morphism for every X\ > «, so that the

projective limit X = li_mX,\ exists in the category of S-schemes. Let'Y be an S-scheme and for
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every A > «a let ey : Homg(X,,Y) — Homg(X,Y)the map which gives f = f\ o vy to each S-
morphism fy : Xy — Y, where vy : X — X, is the canonical morphism. The family (ey) is an

inductive system of maps, which defines the canonical map
li_r{lHomS(X,\,Y) — Homg(X,Y).

Suppose that X, is quasi-compact and quasi-separated and that the structure morphism Y — S
is locally of finite presentation (resp.locally of finite type). Then the map above is bijective (resp.
injective). Furthermore, suppose that <li_mYp, where (Y,,t,, is a filtered projective system of S-
schemes such that the structure morphism is locally of finite presentation for every p. One has a
canonical bijection

Homg(X,Y) = liin(liin Homg(X,,Y),)).

P A

Proposition 12 Let K be a sub-p-adic field and X/S a fibre space of varieties over K. Let Sy be

a filtered projective system of K-varieties such that
1. K(Sy\)/K(S) is a normal extension for every A
2. the structure homomorphism Ik s,y — I'i is surjective.

LetI'g = ker(I's — I'x) and I'sy = ker(I'x — T'x). Suppose that there exists a sectional homomor-
phism I's — I'sy C I'x so that one has a homomorphism I's — Autr, (I'x) and I's — Autp, (I'x, ).

o open

Let B(S) = im(I'g — 1<iTm(li_£>n Homp " (I'x,, I'x,,) /T'%;). One has a canonical Mochizuki bijec-

tion:

lim(li_;n Hom""(I'x,, I'x,)/I'%;) & likrtn(li_;n Mor%™ (Spec(K (X)), Spec(K (X,))).

R P
By the precedent proposition, one obtains

lim (lim Mor{?™ (Spec(K (X, ), Spec(K (X,,))) C Morg (lim Spec K (X)), lim Spec K (X,,)).
N ~ <T

One also gets canonical homomorphisms of topological groups:
I's — B(S) C AutK(lin Spec K (X)) C Birg(X5).
In the other way, one obtains a canonical homomorphism
I's — B(S) — AU_tFK(I}éH Tx,, 1<17m FXH)/lién I'g — Out(I'x,).

In particular, if I's — Birg (K (X)) is a trivial homomorphism, then so is I'g — Out(I'x ).
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Proof 9 Since Sy be a filtered projective system of K-varieties such that
1. K(S\)/K(S) is a normal extension for every A
2. for every p > X K(S,)/K(Sy) is a normal extension
3. the structure homomorphism Ik (s,) — 'k is surjective,

and by assumption there exists a sectional homomorphism I's — I'sy C I'x, one has a homomor-
phism I'g — Autr, (I'x) and I's — Autp, (I'x, ). By Mochizuki’s theorem, one has

limy Hom?"(T'x,, I'x, ) /Tx; = lin Mor%™(Spec(K (X), Spec(K (X,,)).

Hence

lién(li%n Homp?"(I'x,, I'x,) /Tx;) = hﬁm(liﬁm Mor32™(Spec(K (X,), Spec(K(X,)))

Owing to Mochizuki’s bijection and the precedent proposition in EGA,
I's— livm(li_An} Mor#™(Spec(K (X,), Spec(K(X,))) C MorK(lin Spec K (X)), 1%1 Spec K (X))
Therefore one gets non trivial canonical homomorphisms of topological groups:
Fg — AutK(ljén Spec K(X,\))

Note that
Autg (lim Spec K (X)) C Autg(Spec K (Xj)) = Birg(Xj)
A

Secondly, we show that there exists a canonical homomorphism
Autr, le I'x,, l<iTH1 I'x,)/ li%n FXTL — Out(I'x ).
Since 1{121 I'x, = I'x,, one has a canonical map
A
HOHIFK(FXA, qu) — HOHIFK(I(iTHl FXM FXH)'

It follows that

l{gl(l%n HOID?I;?“(FX)\, FXM)/FTH) — l{iTm(Hom?f" (1(%11 FX)\, FXM)/FTH)

and from the definition of the projective limit

I}THI(HOIH%I;?TL (1$ FX)\, FXM)/FT#) = Hom;lﬁn (1$ FX)\, I%D FX;L)/ l%n FXT
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Since

I%Il FX# — FXK
one has a canonical map

open

Tx (k%nFle(%anu)/l%nr)ﬁ — Out(FXR)

and a canonical homomorphism

Hom

AUtFK (1<£1 FXA) l%ﬂ FXM)/ L%nrxip‘ — OUt(FXR)

We consider the following diagrams:

YK XK SK XK SK
Spec K
FYK XI‘K FSK FXK FSK
'k

Proposition 13 Let K be a sub-p-adic field and Xy /Sk a fibre space over K. Let 'y, , T's,
and T'i be the absolute Galois groups of the sub-p-adic fields K(Xy), K(Sr) and K, respectively.

To a fibre space Xk /S up to birational equivalence, i.e., algebraically closed extension K(Sk) C
K(Xk), there corresponds an exact sequence:

l=>Tx. =2 Txe =5 =1

1. The extension of profinite groups above is expressed by an element of the pointed set HI(FSR, (Tp. —
AU_t(FFR)) .

2. The following is bijection H' (s, (Tp. — Aut(I'p,_)) = H' (g, Out(T's,))
3.

H1<FSI-(7 AU_t(FFR» —— H1<Fs}_{, (FFR — Aut(FFR))

T

Hl <FSR’ Out(FFR))
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4. Let Sie — Sk be a dominant K -rational map and Xy /Sy a pull-back of Xk /Sk.

Fg
/|
Xk 1
avs
Xi Sk
L
Sk
lin Autr, ()T = AT /T (1)

Proof 10 1. There exist a natural restrictions Autp, (I'x, ) — Aut(I'x,).

2. Letp : I'x,, — ' be the structure map. Let u be a I'k-automorphism I'x,. and x € Ix..
p(u(z)) = p(r) =1 € I'x. Hence u(z) € I'x,.

Lemma 3 Assume there exists a dominant Sk -rational map Yk X g Sg — Xg. Then there exists
a continuous homomorphism I's . — Autr, (I'x, ), which is an element of H'(Is_, Autr, (x,)).

In other word, we have I's. — Autg (K (Xg)). The following square is commutative.

Hl(rsk, AU_tFK (FXK)) — Hl(rgk, (FFR' — AU_t(FFR»

T

HI(FSR, Out(FFI_())

Proof 11 Since there exists a dominant Sk -rational map Yi X xSk — X, Mochzuki’correspondence

implies the commutative diagram of open homomorphisms

FYK XTIy FSK FXK FSK

Ik

There exists an open homomorphism Iy, X I's. — I'x. — I's.. Hence there exists a sectional
homomorphism I's,. — TU'x. C I'x,. By the sectional homomorphism I's,. — I'x,., we have a
continuous homomorphism I's . — Autr, (I'x,.) by inner automorpisms. Since s, = 1CTgk, we
have I's. — Autp, (I'x, ).
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Note that letting K(Sk) and Xx — Sk be such a finite extension in a sub-p-adic fields and
its pull-back that x(Sk) = dim Sk , then k(Xg) > x(Fg) + dim(Sk).

Lemma 4 Let K be a sub-p-adic field. Assume that Bir(Ff) is an algebraic space in group locally
of finite type and that there exist a dominant Sy -rational map Y X ¢ Sx — X Then there exists a
generically finite morphism Sy — Sk such that the natural map H'(Ls_, (T'p, — Autp, (I'p.)) —
Hl(FS}{, (Tr. — Aut(I'p.)) sends the extension class to the trivial extension class, i.e., a distin-

quished element.

Proof 12 Since there exist a dominant Si-rational map Y X Sk — Xk, there exist a section
Is. = I'x, and a I's, — Inn(I'x,) — Aut(I'x,). Choose a K-dominant map Si — Sk
such that I's,. D TS% is mormal and of finite index. Hence il induces I's, — AutpK(FX}{). Let
Aut®? ™" (I, ) C Aut(I'x, ) be a subgroup such that each automorphism is equivariant with natural

maps I'x,, — I's, — 'k and keeps invariant normal subgroups.

FXK<7FX}<<7"'<7hm<—FX”K<7FFR
g, Fs}{ cee lim, g, <— Fm
'k [k [k =1

Auti?" " (Tx, ) [ Tx . — Autpm (T'xy. )/FX;2 —— lim_ Autp?"" (T'xz) /FX;(

| l |

BirK(K(XK)>equi,nor S BirK(K(X}{»equi,nor S 11II1<_ Bir]{([((}(}/{))equi,nor

At ™ (T ) /Tx, —lime Autpl ™ (Uxy ) /Txr — Autr, (D, ) /T

i | |

Birg (K (X} ))®nor ——1lim,  Birg (K(X}))®“nr —— Birg (K (Fk))
Thus by the precedent proposition the image of I's, — B(Sg) C Bir(Xg) is finite and there

exists a homomorphism I's . — B(Sg) — Out(I'r. ). Thus one can obtain there exists a generically
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finite morphism Sy — Sk such that the natural map H'(Tg_, Out(T'p_)) — Hl(I’S}(, Out(l'r,))

sends the extension class to the trivial extension class, i.e., a distinguished element.
Proposition 14 We have the following results.

1.
Hom”*™""(I'x,., [y )/Ts_ & Mor 2“5 (Spec K (X ), Spec K (Sk))

, where epi and alg.closed mean epimorphisms and K(Xk)/K(Sk) algebraically closed ex-

tensions, respectively.
2. (1) is equivalent to a category of fibre spaces between projective varieties

Xk

|

Sk

|

Spec K

up to birational equivalence.
3. there exists a restriction map
Hom?’;:”(FXK,FSK)/FS? — Hom%’;"(FX?,FS?)/FSF
, where I';z = 1.
4. the following map is pulling back extensions or “base change”.

EXt(PSK, FF?) — EXt(FS?, PF?)
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5. the following is an exact sequence.
1—>FX?—>FXK—>FK—>1

1— HOH]FK (FK, FSK) — HOHIFK (FXK7 FS}() — HOIDF?(FXK, FS?)

1—>F5?—>1“5K—>1“K—>1

1— MOIlpK (FK, Eq(G[l])) — MODFK (FSK, Eq(G[l])) — MOHF?(FS?; Eq(G[l]))

Hom""(T'p,, ') /T = Morg (Spec K (F), Spec K)

Proof 13 1. Applying Mochizuki theory we have (1) and (2) since a fibre space has connected
fibres.

2. (3) is obtained by restricting homomorphisms to homomorphisms over 1 =I'z — T'g.
3. (7) is Mochizuki correspondence.

4. (4) and (6) are pulling back extensions by base change I's_ — I'g.

5. (5) Applying a left-exct functor Homr, we have an ezact sequence.

6. The contravariant functor Homr, (—,T's,) is a left-exact. Note that Homr,(—,I'g,) =

Homp?(—, FSE)‘

7. The contravariant functor Monr,. (—, Eq(G[1])) is left-ezact. Note that Monr, (I's,, Eq(G][1])) =
Monr (I's,., Eq(G[1]))

Proposition 15 Let K be a sub-p-adic field. Assume that Bir(Fj) is an algebraic space in group
locally of finite type and that there exist a dominant Sk -rational map Y X Sk — Xg Then there

exists a generically finite morphism S — Sk such thatthere ezists a birational equivalence over
Stk
XK X Sk S}( = FK XK S}(

, i.e., Xk /Sk is birationally isotrivial.
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Proof 14 Let K be a sub-p-adic field. Assume that Bir(Fj) is an algebraic space in group locally
of finite type and that there exist a dominant Sk -rational map Y X x Sx — X Then there exists a
generically finite morphism Sy — Sk such that the natural map H'(Ls_, (T'p. — Autp, (T'p.)) —
Hl(FS}(, (T'r. — Aut(T'r.)) sends the extension class to the trivial extension class, i.e., a distin-

guished element. Let G = I'p.. One has the following exact sequence:
1 — Monr, (I'k, Eq(G[1])) — Monr, (T's; , Eq(G[1])) — Monp?(FS/?, Eq(G[1]))

The element of X X g, Sk in Monr,(I's, , Eq(G[1])) maps to 1 in Monr_(I's._, Eq(G[1])). Hence
K
choosing a variety Fr one obtains X X g, Sy = Fi X S birationally by pull-back and Mochizuki

correspondence. We make use of the following proposition for existence of a variety Fi.

Proposition 16 Assume the assumption of the proposition above. Let PG be a projective space
such that Xg — P% is defined over a function field K(S). Let P% be the pull-back of P} by
base-change Spec(K (S)) — Spec(K). Then the closed inclusion of the absolute Galois groups

I'x, C Fpgb induces the closed inclusion I'p, C Fp;é.

Proof 15 We have the following diagram.

1 1 1 1
iy S s me-Tp 5 “-Tp K
Cre s oo =5 Trg — Ty
Tk Iy —%>Tg %
1 1 1 1

Here all vertical sequences are exact. Two middle vertical sequences are pull-backs from both
outer side sequences via I's — ', respectively. The homomorphism I'p, — I'pn which we will
show the ezistence of in the proposition follows from the fact that ker(I'xy, — I'p, ) is contained in
ker(Fpg — Fp}ré). The given closed inclusion homomorphism I'x, C Fpg is obtained by base change
from I'p, — Fp;é via I's — I'. Hence the inclusion I'p, — Fp}} is closed. From the ordinary
Galois theory and [K(F) : K(PR)] = [K(S)(Xs) : K(5)(P%)], one obtains a function field K(F')
associated to I'p,., which is the absolute Galois group of K(F).
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LOCALLY FINITE ITERATIVE HIGHER DERIVATIONS ON
klx,y]

HIDEO KOJIMA

ABSTRACT. We classify the locally finite iterative higher derivations on the
polynomial ring in two variables over a field of positive characteristic.

1. INTRODUCTION

Let k be a field of characteristic p > 0. For a positive integer n, we denote
the polynomial ring in n variables over k by k"
Let A be a k-domain. A set D = {D,}22, of k-linear endomorphisms of A
is said to be a higher derivation on A if if the following conditions are satisfied:
(1) Dy is the identity map of A;
(2) For all a,b € A and for all n >0, Dy,(ab) =3, ;_, Di(a)D;(b).

For a higher derivation D = {D, }2°, on A, we define the kernel AP of D by
the k-subalgebra {a € A|D,,(a) = 0 for every n > 1} = N,>1Ker D,,. A higher
derivation D = {D,,}>°, on A is said to be locally finite (resp. iterative) if the
following additional condition (3) (resp. (4)) is satisfied:

(3) For all a € A, there exists an integer n > 0 such that D,,(a) = 0 for
all m > n;
(4) For alli,j >0, D;o D; = (") Dyy ;.
A locally finite, iterative, higher derivatoin is abbreviated as [hihd. We notice
that, if p = 0 and D = {D, },>¢ is an lfihd on A, then the condition (4) implies
that D,, = %Dl for all n > 1. So D, is a locally nilpotent derivation on A and
AP = Ker D;.

It is well-known that studying G,-actions on an affine variety X defined over
an algebraically closed field is equivalent to studying lfihds on the coordinate
ring of X. When p = 0, locally nilpotent derivations and their kernels have
been studied by many mathematicians (see [5], [1], [7], etc.). On the other
hand, much less is known when p > 0. See [11, Chapter 1], [14], [3], [4]
and their references for some results on lfihds and their kernels in positive
characteristic.

2000 Mathematics Subject Classification. Primary 14R20; Secondary 13N15.
Key words and phrases. locally finite iterative higher derivation, additive group scheme
action.
The author is supported by Grant-in-Aid for Scientific Research (No. 23740008) from
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In [12], Rentschler classified the locally nilpotent derivations on k[ when

= 0. In particular, he classified the G,-actions on the affine plane over an
algebraically closed field of characteristic zero. Later on, Miyanishi [9] classified
the G,-actions on the affine plane over an algebraically closed field of positive
characteristic (see Corollary 1.2). In [9], he uses some results from algebraic
geometry (Zariski’s Main Theorem, etc.). In this short note, we classify the
Ifihds on kP! by using purely algebraic method. To state the results of this
note, we give some definitions. Let D = {D, },>¢ be a higher derivation on a
k-domain A. Then we can define a k-algebra homomorphism ¢p : A — A[[t]]
by ¢p(a) = Y, <o Dn(a)t™. We call pp the homomorphism associated to D.
We note that, for an element a € A, a € AP if and only if pp(a) = a and
that Imgp C A[t] (the polynomial ring in one variable over A) provided D is
locally finite. If A = k[ay,...,a,] is finitely generated over k, then, for every
element f(ay,...,a,) € A and for every integer n > 0, D,(f(a1,...,a,)) is
the coefficient of t" in ¢p(f(ay,...,a,)) = f(eplar),...,¢pla,)). Suppose
that D is an lfihd. Using the homomorphism ¢p, we can define the D-degree
of an element a of A by degp(a) = deg,(¢p(a)), where we set deg,(0) = —o0.
An element s of A is said to be a local slice of D if it satisfies the following
conditions:

(i) s g AP.
(ii) degp(s) = min{deg,(f)|f € A\ A"}
The main result of this note is stated as follows.

Theorem 1.1. Let k be a field of characteristic p > and D = {D,}>°, a
higher derivation on A = k2. Then D is an lfihd if and only if there exists a
system of variables {x,y} for A such that pp(x) = x and p(y) = y+ fo(z)t +
[1(@)tP 4+ -+ fo(2)tP", where pp is the homomorphism associated to D, r > 0

and fo(x), ..., fr(x) € k[z].

As a direct consequence of Theorem 1.1, we obtain the following corollary,
which was first proved by Miyanishi [9].

Corollary 1.2. Let k be a field of characteristic p > 0. Then every G,-action
on the affine plane A} is equivalent to an action of the form

t ('Ta y) = ($7 Y+ tfo(iL‘) + tpf1<x> +o Tt tprfr(‘x))a
where (z,y) is a coordinate system of A2, t € G,(k) and fo(z),..., fr(7) €

Moreover, we obtain the following result, which was firstly obtained by
Miyanishi [10, Corollary 5].

Corollary 1.3. Let k be an algebraically closed field of characteristic p and
D = {D,}n>0 a non-trivial Ifihd on A = k2. Then the following conditions
are equivalent to each other.

(1) The G,-action on A% corresponding D has no fized points.
(2) There ezists a local slice s € A of D such that gcd{ Dy ()|t € Z>o} = 1.
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2. PROOFS

Let A = k" be the polynomial ring in n variables over a field k of character-
istic p > 0, D = {D,, }n>0 an lfihd on A and ¢p the homomorphism associated
to D.

Lemma 2.1. Let s € A be a local slice of D. Then the following assertions
hold true.

(1) Let c be the leading coefficient of pp(s). Then Alc™'] = AP[c7Y][s] and
s is indeterminate over AP.
(2) ¢p(s) can be expressed as follows:

¢p(s) = s+ cot + 1t + -+ + ¢t
where r >0 and cy, . ..,c, € AP

Proof. The assertion (1) is well-known (see, e.g., [11, 1.5 (p. 20)]). The asser-
tion (2) follows from [11, 1.5.3 (pp. 22~23)]. O

We define the rank of D which is a word-for-word translation of that of a
derivation.

Definition 2.2. With the same notations as above, we define the rank of D to
be the minimal integer r such that there exists a part of a system of variables
{z1,...,2,_,} for A contained in AP. We denote the rank of D by rankD.

It is clear that rankD = 0 if and only if D is trivial. We prove the following
result, which is given in [6] when p = 0 (see [6, Corollary to Proposition 1]).

Lemma 2.3. Assume that rankD = 1. Then there exists a system of variables
{x1,...,2,} for A such that AP = kl[zy,..., 2, 1] and

@D(xn) = Ty + fot + fltp +-+ frtpr:
where v >0 and fo,..., fr € klx1,...,2p_1].

Proof. Since rankD = 1, there exists a system of variables {z1,...,x,} for A
such that z;,...,z,_, € AP.

Claim. With the same notations and assumptions as above, we have:
(1) AD = ]C[I'l, Ce ,l‘n_l].

(2) x, is a local slice of D.

Proof. Since D is non-trivial, x, & AP. Let f = f(z1,...,2,) € A\ {0} be
any non-zero polynomial. We put m = deg, f(z1,...,z,) and write as

m m—1
flz1,. .. xn) = apz) + a1, 4 -+ o1y + Gy,

with ag, ..., an, € k[z1,...,2,-1]. Since ¢p is a k-algebra homomorphism and
ao, . .., am € AP we have

90D<f) = aOSDD(xn)m + a190D<xn)m71 + .o+ an7190D<xn) + ap.
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It is then clear that f € AP if and only if m = 0, ie., f € klxy,..., 7, 1].
Moreover, degp,(f) = mdegp(z,) > degp(z,) provided f & AP. So x, is a
local slice of D. g

The lemma follows from the above claim and (2) of Lemma 2.1. U

Lemma 2.4. Assume that k is algebraically closed and rankD = 1. Then the
following conditions are equivalent to each other.

(1) The Gy-action on A} corresponding D has no fived points.
(2) There ezists a local slice s € A of D such that the ideal generated by
{Dpt(9)|t € Z>o} equals (1) = A.

Proof. We prove the part “(1) = (2)”. Lemma 2.3 implies that the G,-action
is equivalent to an action of the form

t~(x1,...,xn) = (ml,...,xn_l,xn—i—tfo—I—tPﬁ—i—~~~+tprfr),

where (1, ..., z,) is a coordinate system of A? ¢t € G,(k) and fo, ..., f. € AP.
Here we may assume that A = k[zy,...,z,] and AP = k[zy,... 2, 1] Tt
follows from Claim in the proof of Lemma 2.3 that x,, is a local slice of D. We
can easily see that the G,-action corresponding to D has no fixed points if and
only if fy,..., f. have no common zeros in AZ’l. Hence, this is equivalent to
A=(1)=(fo,.--, fr) = (D1(xn), Dp(zy), - .., Dpr(24,)), which implies (2).
We prove the part “(2) = (1)”. Since rankD = 1, there exists a system
of variables {z1,...,x,} for A such that AP = k[zy,...,2,1] and z,, & AP.
Then z,, is a local slice of D by Claim in the proof of Lemma 2.3. Let s be
the one in (2). As seen from the proof of Lemma 2.3, we know that s can
be expressed as s = ax, + b with a,b € k[zy,...,2,-1] and a # 0. Then
{Dp(9)|t € Zso} = {aDpi(x,)|t € Z>o}. So a € klxy,...,xp—1]* = kX and
hence ({ Dyt ()|t € Zso}) = (Di1(zn), Dp(z), ..., Dpr(x,)) = (1) = A, which
implies (1). O

We prove the results stated in the previous section. The outline of the proof
of Theorem 1.1 below is almost the same as that of Rentschler’s theorem [12]
in Daigle-Freudenburg [2, Section 2].

Proof of Theorem 1.1. The if part is clear. We prove the only if part. The
assertion is clear if A” = A. So we assume that AP # A. Put S = AP\ {0}.
It follows from [11, p. 39] (or [8, Corollary 1.2]) that AP = kM) = k[z] for
some z € AP \ k. Let s be a local slice of D. Lemma 2.1 then implies that
STA = k(2)M = k(2)[s] and pp(s) = s+ got + git? + - - - + g,t*", where r > 0
and g, ..., g, € AP = k[z].

Here we use some results in [?, 7, RS79, §2] where we consider L, S and
k = K = L[F] as k, (S =)AP \ {0} and AP, respectively. Then all the
hypothesis (i)~(iii) in [13, Theorem 2.4.2] are satisfied because S7!(A) =
k(o) k(z) N A = Q(AP) N A = k[z] (see, e.g., [8, Lemma 2.3]) and A is a
polynomial ring over k, it is geometrically factorial over k, i.e., K ®; A is a
UFD for any algebraic extension field K of k. So it follows from the proof
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of [13, Theorem 2.4.2] that all the hypothesis (i)~(iii) in [13, Theorem 2.3.1]
are satisfied. In particular, AP is S-inert in A, which is the hypothesis (iii)
in [13, Theorem 2.3.1]. So the modification lemma [13, 2.2] implies that there
exist a € AP and b € S such that y := (s —a)/b € A and A = (AP)) =
AP[y] = K[z, y]. Since x € AP and ¢p is a k-algebra homomorphism, we have
vp(x) =z and

¥Yp(S) —a
oty = 28
s+got+qtP +---+gt? —a
B b
e Alt.

Hence ¢p(y) can be expressed as

ep(y) =y + fot + fit" +- -+ it
where f; = g;/b € AP = k[z] for i = 0,...,r. This proves Theorem 1.1. O

Corollary 1.2 is an easy consequence of Theorem 1.1. Corollary 1.3 follows
from Lemma 2.4 and Corollary 1.2 because rankDD = 1 by Theorem 1.1.
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oooooo.

00 23.(8) fekKP\KODODD,OD (1)O (2)000000.

(1) K[f]0 M(R,n)000000000000000.
(2) f000D0O00DOO.

00230000,0800 KOOODODODOOOOOODOOoooooo
0,000 Q000000000 0ooo0o0o0ooooooooooo
O,[80000002300000000000000000O0O0OOO.

DoOobo0bo0 Kogobooobooboobooobooo.

00 24. (7)) KOOODOOOOOOOOOOO. BOA:=KMN0OK
000000.0000,00 ()0 (Q)oooooog

(1) BO ADDDOOO0O,QB)NA=BO00O00O. 000, Q(B)
0D BOOOOOO.
(2) B=Kerd0ODO ADD KOO dJdOODOOO.

0024000000000, A0000000000000O, KO
D000000000000000 (700000, 00,00 24 (1)
0,QBNA=B00000000000. 000,A000 KOO
0 B0 KOOOOOODOOOOODOOOOOOOOOOOO. 000,
A=K¥ = K[z,y (0000 2,y000)0, B= Klz,zy]0000,
BO ADOODDOODO (00DDOO0O0DO0),QMB)NA=A#BODO
0. 0000,B=Keld00OO AODO KOO dOOOOOO. OO,
B=KeddOOD KODOJdOODOOODO, dz) =d(zy) =00000,
0=d(zy) =d(z)y+zd(y) =2d(y) 00 d(y) =000000, Kerd = A
0o0,000000.

go,00b0bb0 23000 240000000000,000000
goo.
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urbOdo00o0oooooooooooo

O 2.5. (cf. [1, Theorem 1)) KOOOOOOOOODDOD. OOOO,
feKM\KDDDOD,O0O ()~3) 000000000

(1) K[f]0 M(R,n)0O0OOO0OO0OO0OO0OO0OOODOODO.
(2) fO000DODDOOOO.
(3) Kerd = K[f|000 KMOO KOO 4dOOOOO.

0D2500000,n=20000 800000000000, OO
0,0000024000000000,»>300000000000
O0000.0,700025000000000,[[7]00000 250
D00000000D0000. 025000000 [1, Theorem 1000
0,000000, (i), (i), (vi) 0000000000 25000000
0000, (1, Theorem 1]0 (vi)O O 2500 (3)0000000000
000000, [7j000o00ooog.

00 2300024000002500000. ()0 (2)00000
0D0000023000000000. (3)=(2)0002400000.
(2)=(3)00000, (2000000 K[f|0 KMpDDoO Koooo
00.00,QK[f)nKM=K[fl0DODDOO000O0O. (000000
00000000000000.) 000,00 24000, 3)0000
Doooooo.

3. 00ugagooo

20000000000 KOOOOOOoOooboooboobo.oobo
gbboodbbogbbuoobobooobboobboobbooob.
O2000000000000000000DODDOOODOODOODOO
oboobooobooboobobdg. oboobbooboobbo
oooboooo,b0b0b00oo0 uUrDOb0O00b0obDooboboboboon
obooboob,0b0oobobo.020b00b0o0obo urDOOOD
goodbuogbuogbogbboobbob,gbuoobuogbooon
gboooogo.

0O0,ROUFDOO, A= RM =R[zy,---,2,)0 ROOnOO0ODO
00000.002100022000000000000000000
0000,000000000000000000. 0000000, 0
0RO UFDOOOOOOODOOOOOOODOO,OO0UFDODOODO
0000O000o0oo0ooooo.

0ooo0oooooooo.

00 3.1. fe A\ROODOD,00 ()0 (2)000000

(1) R[f]0 M(R,n)0000000000000OO.
(2) f000000000,00 QR)[f|lNnA=R[f]0OO0.

00 3.2. ROOOOODODOD,A=RA=R[z,y]020000000
0000D000.0000,fe A\ROOOO,O0D0 (1)0 (0000
o0.

(1) R[]0 M(R,2)000000000000000.
(2) Kerd=R[f]000 ADO ROOdOODOOO.
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gooo googo

O000000000000000000,003.100023000
0000,003100032000000,0250n=2000000
O000D0.00320n>300000000000000,0000
000000, (0000000,00 320000, (2=(1)0n>3
O00000000000o0on.)

0,003102)0QR)|[fINA=R[f|000D00000OO00O. 00
O, R=KWN=Kx|00 KOO 1000000, A= RY=Kl[z,9]0
KOD200000000, f=2y0000,00240000000
D000 f000000DO00000ODODOOO,R[f]SRyOO0O00OO0,
R[f]0 M(R,1)0000D00000. 0000, QR)[f]NA=A# R[f]
ooo.

OoO,00310003200000.
gbooboobouogooboo,goboboadg.

00 3.3.000 M(R,2)00 R[f]0000, fe ANROODODOOO
0o0oooooo0.

00,M(R,n)00 Rf]0000 f0000000000000O0
noooo.

00 3.4. R[f],Rlg] € M(R,n)0000, R[f] CRlg|000O, g|f00
0. 00, deg(f) >deg(g) DDODO.

0D0. fO0¢00000000000000000000. R[f] C R[g]O
O f€eRG00D. 000, f=cg"+ag" '+ +cp19,c0£0000
neN c,...,c,.1 EROODOOO. OO0, ¢|fO000, deg(f) > deg(g)
ooooo. O

00 3.5. 000 M(R,n)00 R[f]0000, R[f|000 M(R,n)00
ooooooo.

00. fO0000D000000000 ¢00, f=c¢'f000. R[f] €
M(R,n)0 Rlf] € R[f]000, ¢0 ROOOOO0000 RY] £ RY]
O00. 000,0000000D0O0, fOOODODOODODOODDO 1
DDDDDDDDDD.

R[]0 M(R,n)000000D0000 R[f] C Rlg] (R[f]0 Rlg]00
0000)000 R[g) e M(R,n)00000. 000,¢0000000
gooooooo. bb,gddggououobobobbbi1oooguoyd
00.000,deg(f) =deg(g) 000000000, f=égO000EER
Oo0oodo. fUg0d0b00O0bDO0O0OOO0OOOoDbD 1O0O0bOOn, e
RODOOOOOO, R[f]=R[g)000. 000 R[f]#R[g)0000.
000, deg(f) >deg(g)D0OO.

goooooobobbboog,gubbbbbouoogoooon,
0000000 R[f|000 M(R,2)0000000000000. O

00 3.6. M(R,n)00 R[f]000000000000.0000, f0
000000, QR)[flNnA=R[f]0O00.
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00. R[f]0 M(R,n) 00000000000, EOR[f]0 A0OOD
O000. AODUFDOOODD, AD00DODOOO. OO0 FODOOOO
QEF)D0OD AODDDODOO,000 FOOOODO. OO,EO00D0O000O.
00000000000000000000 tr.degyE = tr.deggpR[f] = 1
000. (00. ROO EDOOODO trdeg,E0 Q(E)0 Q(R)0D 0O
oooooogon.)

000, El KahouiO OO [4, Theorem 3.1) 00, Q(E)NA = R[h]O
D0 he ADDOOD. 00O, R[f|]CECQE)NA=RpOO00
O,R[f]0000000 R[f]=R/h=F000.000, f00000
googg.

00,Q(R[f)NA=R[f]0000000000000000. QR)[f] C

QRHBOODDO, Rf]CQR)[[INACQR[f)NnA=R[f]OOD.
000, QR)[f|nA=R[fJODO. O

ooO360000000.

00 3.7. M(Rn) 0O R[f]0000, 000000000, OO,
QR)[flNA=R[f]0000000000. 0000, R[f]0 M(R,n)
ooooooo.

00.00, QR0 QR)x,--,2,)00000000000. §=
R\{0}0000,QR)[f] =S R[f], QR)[v1, -+ ,xs] = ST R[w1, -+, 1] =
S'AD0O0O. R[]0 ADDDDDDOOOO,SOR[f)|0000000
0,S'R[f]0 SADD0OOOO00O0O. 000, Q(R)[f]0 QR)[xy, - , ]
oooooo.

R[¢)0 R[f]000 M(R,n)0000000.003500000000
M(R,n)DDR[g]DDDDD.DDDDQ(R)[f]CQ(R)[g]DDD.DD
0,QR)D000O,QR)f]0 Q(R)x, - ,2,]00000000,00
2300, QR)[f10 MQ(R),n) = {Q(R )[] | h € QR)[xr, - 2] \
QRIDDDDOO0O0. 000, QR)f] = QR)¢g000. RlgO
M(R,n)000000000,003600 QR)[gjNnA=Rlgl000.
000, R[f] = QR)[f]NA=Q(R)glNnA=Rlg000. D0OOD,
R[f]0 M(R,n)0000000. O

gg3s50003e6b0bug31oog.

00,003200000.000000,00000 UFDROO 20
00000 A=RP =R[z,y)0000000.

00 3.8. A\RODO fO000D0, Kerd = R[f](# R 000 ROO dO
000000000.0000,R[f]0MKR,2)0000000.

00.0000d(f)=0.0 R[f] C Rlg]000 Rlg]e M(R,2)0000

00.000,f¢000000000000000.0000, f € R[g]
DDDDD>fzcogn—i_clgn_l—i_"'—i_cnflga CO#ODDDnERL
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gooo goooOoo
¢, ,cn € ROOODODO.OODOO,

0 = d(f)
= d(cog" + 19"+ + cm1g)
= d(cog") +d(c1g" ") + - +d(cn19)
= ncd(9)g" " + (n = Derd(g)g™ ™ + -+ + cord(g)
= (ncog" '+ (n—1)erg" >+ 4 co1)d(g)

O00. neg" '+ (n—1Dag" 2+ +c,qy = 00000 g +
rlegn=2 ... 4@t — 0000, ne € R\{0}0000000 g0
QIRDDDDDDD. D00, n>20000¢g€ A\R=RP\R
00000000000, n =1000. 0000 f =cg000,
0=d(f) =d(cog) =cod(g) 000. e 2000000,d(g)=0000,
geKerdODOD. OOO, R[g] € Kerd=R[f]00000, R[f] = Rlg]
000. 00000, R[f]0MR,2)0000000. O

0038000,00320 (2)=(1)00000.003800000
000000,003803000000000000000000.
000,00 320 (1)=(2)000.

00 3.9. M(R,2)00 R[f]000000000000.0000,R[f]=
Kerd0OO ADO ROOdOO0OOO.

00.A=R[z,y]0000000000. ADD¢OOOO,00200
00000,y000000000000g,,¢,000.

feA\RODDODODO, f,#0000 f,#0000.000,AO00 R
00¢00000000.

0 5
d=~fygr + e

0 0
000, 5-0--000000000y0000000000.00
r  Jy

O00dJd0O AOD ROODODO,00000000D0.d(f)=00000
O, R[f] c KerdODOO.

000, El Kahoui 0 0O [4, Corollary 3.2 0 00O, Kerd = R[h| O
00 he ADDOODO. Kerd # ROO,he AN\ROODO. ODOO,
R[h € M(R,2)0 R[f] Cc RA)00O0D, 0000, R[f] = RAOOO.
000, R[f] =KerdOOD. O

goood,d0b 32000000,
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000000 (0opooogn)

1 Introduction

(X,L)00000000000n0000000000000. 00000000
00000000ooooooooooOo,00 L"00000 g(X,L)000. 00
gobogobogobuoobobuogbboob.odb,obbuoobbuoobba
ggbobobooodoobobod.

(1) ¢(X,L)00000000 (3], [13).
(2) ¢(X,L)000000000(X,L)000 ([3], [13], [4]).
00,00000000000000000000.

Conjecture 1.1 ([5]. [1, Question 7.2.11]000000)00000000 (X, L)
0000000 g(X,L)>h(0x)00000.

LDDDDDDDDD,DDDDDDDDDDDDDDDDD([1,Theorem7.2.10]
O00000000). 000 LO0D0O00O0000o00o0OD0OO0R=20000000
gdooououotuouodood.

DDDDDg(X,L)Zhl(OX)DDDDDDDDg(X,L)—hl(OX)DDDDDD
oo ououooouoououog.

0 LDDDDDDDDDDg(X,L)—hl(OX):O,l,QDD (X,L)DDDDD
DDDDD([G],[?],[S}DDD).DDDg(X,L)—hl(OX)Z3DDDDDDDDDD
0o0oo0ooooooobooooo. obbo0o0oobobO Loooooooooo
DDDDDDDDDDDDDDDDDDDDDDD,DD3§g(X,L)—h1(@X)§5
gdduououododouoouooon.

gdouo0i200doooooooooooooooooouoooo
gdodoooooouooooooboououooo. oooooouooooa
gdodooooobooooooooooo. oo ooouoooooood
gbduotuotuotuotdodotdotooootootuootoooouoouoooooa
gbduououoooooooooooooaooan
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2 Preliminaries
0000000000 00000000.

Definition 2.1 (1) Let X (resp. Y) be an n-dimensional projective manifold, and
let L (resp. H) be an ample line bundle on X (resp. Y). Then (X, L) is called
a simple blowing up of (Y, H) if there exists a birational morphism 7 : X — Y
such that 7 is a blowing up at a point of Y and L = n*(H) — E, where E is the
m-exceptional reduced divisor.

(2) Let X (resp. M) be an n-dimensional projective manifold, and let L (resp. A)
be an ample line bundle on X (resp. M). Then we say that (M, A) is a reduction
of (X, L) if (X, L) is obtained by a composite of simple blowing ups of (M, A),
and (M, A) is not obtained by a simple blowing up of any polarized manifold. The
morphism p : X — M is called the reduction map.

Remark 2.1 Let (X, L) be a polarized manifold of dimension n and (M, A) a re-
duction of (X, L). Then we obtain g(X, L) = g(M, A).

Definition 2.2 Let (X, L) be a polarized manifold of dimension n. We say that
(X, L) is a scroll (resp. quadric fibration, Del Pezzo fibration) over a normal variety
Y of dimension m if there exists a surjective morphism with connected fibers f :
X — Y such that Kx + (n —m + 1)L = f*A (resp. Kx + (n — m)L = f*A,
Kx + (n—m—1)L = f*A) for some ample line bundle A on Y.

Theorem 2.1 Let (X, L) be a polarized manifold of dimension n > 3. Then (X, L)
is one of the following types.

1) (P, Opn(1)).

2) (@, Ogr(1)).

A scroll over a smooth curve.

3

5

(1)
(2)
(3)
(4) Kx ~ —(n—1)L, that is, (X, L) is a Del Pezzo manifold.
(5) A quadric fibration over a smooth curve.

(6)

6

A scroll over a smooth surface S. In this case, there exists an ample vector

bundle € on S such that X =Pg(E) and L = H(E).
(7) Let (M, A) be a reduction of (X, L).

(7.1) n =4, (M, A) = (P*, Op(2)).
(7.2) n=3, (M, A) = (Q° Ogs(2)).
(7.3) n=3, (M, A) = (P, Ops(3)).

~—
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(7.4) n = 3, M is a P*-bundle over a smooth curve C such that (F, Alp) =
(P2, Op2(2)) for any fiber F of it.

(7.5) Ky + (n—2)A is nef.

Proof. See [1, Proposition 7.2.2, Theorem 7.2.4, Theorem 7.3.2, Theorem 7.3.4,
and Theorem 7.5.3]. See also [5, Chapter II, (11.2), (11.7), and (11.8)], or [13,
Section 1, Theorem). O

Remark 2.2 Let (X, L) be a polarized manifold of dimension n > 3. If (X, L) is
one of the types from (1) to (6) in Theorem 2.1, then (X, L) is a reduction of itself.

Remark 2.3 Let (X, L) be a polarized manifold of dimension n > 3. Then (K x +
(n—2)L) = —oo if and only if (X, L) is one of the types from (1) to (7.4) in Theorem
2.1.

Ob0o0obobooobOoobooboobOon. Theorem 22000000000
gboobgobobbobobobooboobon

Theorem 2.2 Let (X, L) be a polarized manifold with dim X = n > 3. Assume
that dim Bs|L| < 0, h°(L) > n+m, and m > 1, where m = g(X, L) — q(X). Let
(M, A) be a reduction of (X, L). Then (X, L) is one of the following types:

(1) (X, L) is a Del Pezzo manifold.
(2) (X, L) is a hyperquadric fibration over a smooth curve with

1 2m+1
X)< = .
dX) =5+ —,

(3) (X, L) is a scroll over a smooth surface S with k(S) = —oc.
If (X) > 0 and S is relatively minimal, then

2m —n+1
X <1l4 —-—-
9(X) = +n2—3n+4

If ¢(X) > 0 and S is not relatively minimal, then

dm —4n + 3
X) <1 .
1X) < T o oo 1 16

(4) (M, A) = (P*,0(2)).

(5) (M, A) =(Q%0(2).
(6) (M, A) = (P%,0(3)).
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(7) M is a P2-bundle over a smooth curve C with (F, Ar) = (P2, O(2)) for any
fiber F of it.

Proof. 9|00 O00O0ODO. O

000000 Theorem 22000000000 Theorem 27200000000
0. Theorem 2200 dimBs|L| < 0000000000000, Theorem 7?70 0
Bs|L|=p0000000000000D0.

Theorem 2.3 Let (X, L) be a polarized manifold with dim X = n > 3. Assume
that Bs|L| = 0, h°(L) = n+m — 1, where m = g(X,L) — q¢(X). Let (M, A) be a
reduction of (X, L). Then (X, L) is one of the following types:

(1) (X, L) is a hyperquadric fibration over a smooth projective curve with

3 2m-—1
xX)<?2 .
1(X) <5+ —,

(2) (X, L) is a classical scroll over a smooth projective surface Y with k(Y') = —oo.
If (X) > 0 and Y is relatively minimal, then

2m—n—+1
X <14 ——
o) <1+ s

If ¢(X) > 0 and Y is not relatively minimal, then

dm —1
X) <1 .
1X) <1 e o+ 16
(3) (M, A) = (P* Ops(2)) and (X, L) is obtained by 7 times simple blowing ups of
(M, A)
(4) (M,A) = (Q°,0qs(2)) and (X, L) is obtained by 7 times simple blowing ups
of (M, A).
(5) (M, A) = (P3, Ops(3)) and (X, L) is obtained by 8 times simple blowing ups of
(M, A)

(6) M is a P*-bundle over P! with (F, Alr) = (P?,Op2(2)) for any fiber F of i,
and (X, L) is obtained by 7 times simple blowing ups of (M, A).

(7) (X, L) is a Mukai manifold with L™ = 2m — 2 and A(X,L) =m — 1.

Proof. [10]000000. 0
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3 Main results
ooooooooooo.

Theorem 3.1 Let (X, L) be a polarized manifold with dim X = n > 3. Assume
that L is very ample and g(X, L) — q(X) = 3. Then (X, L) is one of the following
types:

(1) A hyperquadric fibration over P*. Then e, b and L™ are the following

L\ 71819110 11 | 12
e 2345 | 6 7
b 131210 |—-1|-2

(2) A classical scroll over P2. In this case, there exists an ample vector bundle €
on P? such that X = Pp2(E) and L = H(E). Then & is one of the following

types.

) Op2(1)%4.

) O]}DQ(l)@2 @ O]}»Q(Q)

) T]p2 @ O]p2 (2)

) rankE =2 and £ has type (1,3) or (2,2).

(3) X is a quartic hypersurface in P"*' and L = Ox(1).

Theorem 3.2 Let (X, L) be a polarized manifold with dim X = n > 3. Assume
that L is very ample and g(X,L) — q(X) = 4. Then (X, L) is one of the following
types:

(1) A hyperquadric fibration over a smooth curve C' and one of the following two
types is satisfied.

(1.1) g(C)=1,e=8,b=—4 and n = 3.
(1.2) g(C) =0 and e, b and L™ are the following

L 7/81910 11 | 12 | 13 | 14 | 15
e 23|45 | 6 7| 8 9 | 10
b 1312|110 |—-1-2|-3|—-4]-5

(2) A classical scroll over a smooth surface S. In this case, there exists an ample
vector bundle € on S such that X = Pg(E) and L = H(E). Moreover (S,E)
satisfies one of the following three types.

(2.1) S is a quadric surface in P3 and c1(€) = Og(3).
(2.2) S is a cubic surface in P? and ¢, (€) = Og(2).
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(2.3) S =Pc(F) and 1 (E) = 2H(F) +p*(B), where C is a smooth curve with
g(C) <1, F is a vector bundle of rank two on C, p: Po(F) — C is the
projection and B is a line bundle on C. In this case, the rank of £ is two.

(3) X is a complete intersection of type (2,3) in P"*2 and L = Ox(1).

Theorem 3.3 Let (X, L) be a polarized manifold with dim X = n > 3. Assume
that L is very ample and g(X, L) — q(X) = 5. Let (M, A) be a reduction of (X, L).
Then (X, L) is one of the following types:

(1) A hyperquadric fibration over a smooth curve C' and one of the following three
types is satisfied.

(1.1) g(C)=2,e=8,b=—4 and n = 3.
(1.1) g(C) =1 and e, b and L™ are the following.

L 12 | 13 | 14 | 15
e 7 8 9 | 10
b | -2 -3]—-4|-5

(1.2) g(C) =0 and e, b and L™ are the following.

L"|9(10|11 (12| 13 | 14 | 15| 16 | 17 | 18
e |34 |5 6| 7| 8 9 |10 | 11 | 12
b 13/2|1]0|-1|-2|-3|—-4|-5|—-6

(2) A classical scroll over a smooth surface S. In this case, there exists an ample
vector bundle € on S such that X = Pg(E) and L = H(E). Moreover (S,E)
satisfies one of the following two types.

(2.1) S=F; and ¢1(€)* = 21.
(2.2) S =Pc(F) and 1(E) = 2H(F) +p*(B), where C is a smooth curve with

g9(C) <1, F is a vector bundle of rank two on C, p: Po(F) — C is the
projection and B is a line bundle on C. In this case, the rank of £ is two.

) (M, A) = (P*, Op(2)).
4) (M, A) = (Q°, 0 (2)).
)
)

(3

(

(5) X is a complete intersection of type (2,2,2) in P"*3 and L = Ox(1).
(

6) X is a one point blowing up of the type (2,2,2) complete intersection Y in
P and L = 7*(Oy (1)) — E, where 7 : X — Y is the birational morphism
and E is the exceptional divisor.
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Proof. 0003000000000 00000O0O0DOODOOONO Theorem 3.30
oo000oOooooooooot.
00,L00000000000000A(L)>n+100000000000
0.
(a) h°(L) > n+4000, Theorem 2.2 0 Theorem ??70 0000 (X,L) 0000
I T 6 A Y 0

(b) (L) =n+3000, X0 LOOODOOO00 P2 0000020000000
00.00 n>3000 Barth-Lasen 0 0 O ([15, Theorem 3.2.1]) OO A'(Ox) =0
000000000, 00000 g(X,L) = h(Ox)+5=5000000000.
000 w(Kx+(n—2)L)000000000000D0.

(b.1) 00 k(Kx + (n—2)L) > 000

1 1
5=g(X,L)=1+ 5(KX +m—-1L)L" ' > 1+ §L”

000 L"<80000.L0000000000000000 (X,L)000000
00 ([11],[12],[14). 000000000 O0000O0OOO.

(b2) 00 k(Kx+ (n—2)L)=—-00o00,00000000 (X,L)0000000
00 (Theorem 2.100000)00000000.

(c)R(L)=n+2000,X0 LO0000000P 000001000000,
000P+H0000000.000d=L"0000 g(X,L)=1%d-1)(d-2)D
00000000, ¢(X,L)=50010=(d—1)(d—-2)0000. 0000000
0oo00d000o0oon.

(d) (L) =n+1000, (X,L)0 (P,0m(1))000000. 00000000
¢(X,L)=0000,000000. O
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SHDZA FILICDWNT

BILREEMS ~RY D [, 2012(2012/7/31)
HEREEE Auw(X) OFRT, AOTRTOH
- OUBHERT 58 G(X) HENKBLESL
An7 =& B8aREE BBDHEY fol !

(BfZ i)

FRIXSFEMFER =ZF W

SHOAR i3 Lol
§1 Introduction (AO7RDEERSELE) k ZAZE0DREEEE L, ERMEE LTEEY
82 MIERS 5. K7%Z k LORBBEREETS. CDLEE,
§3 R HH XA A T IR |
" LA K kT A TRz |
§5 EAERDIEEADIIEE I, EDLSGHREENENSSWEETSD

DBEHYfL. chb TAO7A0OME] DY)
DEMTH>fc. ZT T, BILK K/k D¥F%
LTS ICHRADBEAISERTZIEEER
£5.

2 3

152



§1
o k: field, ch(k) =0,k =k
e X CP" % d R (d>3) BB
K :=k(X) &% X ORE&x

o T ENDI PP IcL, R P EFDLET
BRPTEEZAD

= mp: X — P71 X P RIDODSHE
o ZHORFHIIEABEDOEDEHEKRZVERI T
= 75 k(P! — k(X) : BEEOEILK

4

EFR LSS

E#& 1 (Yoshihara, 1996). LK K/Kp HHH
TihkEEsEE R PP & X ITHTBH
075 (Galois point for X) THBEWS.

HEERDEL D ICERT S

o Lp: kK K/Kp OAOTES,

° )A(ip - Lp ZEHEICE DIEFERMZIRIE,

L Gp = Gal(Lp/Kp) : ,FE“ P 'Z'0)73I:I'7€¥&
MERT &ICT 5.

153

o ZOMILKIZR P ITK>TRESDT,
k(P 1)) & Kp TEL

e Ihabb, 75: Kp — K &fcld K/Kp

o IARBUCDOWTIE [K : Kp]=d—mp (2
L mp 13 X O PICHBITBREEET, &L
Pé X ol mp=0&5L) THsZLIC
AR

ER LIS

E& 2. X IIH9HH0VRIE P e X DEE,
inner Galois point EMEEN, PeP"\ X D&
F, outer Galois point EIEND. ThZThdD
EzxRILSE LT, REEERT 5.

o §(X):=f{PeX|PisaG.P. for X }

o /(X)) ={PeP"\X|PisaG.P. for X }



BAT7 T
Xp —— Lp — {1}
g I |
X —— K=kX) — H
| 5] l
P! ——— Kp =k(P" ) —— Gp
8
§2

Li#g, Pl X OAOTHRTHBERET S.
= VYo € Gp induces a birational transformation

of X (AMUES o0 TRIZ&ICTHB)

P > X K (1}
ol el
p-1 Kp Gp

10

154

IE#EIR 0D e

fIRE 1. @@ X L,

(i) X eI 5H07R%ZF T &, I §(X)
V(X)) ZBRET BT L.

(i) AA78 Gp IKIEEDKLSEEHHIRANS
M?%Ef, K/Kp OFBEEEZREL K.

(iii) BAEUE Lp IZEDKSHEDOHENZH ?
1z, XP DOEBHERANK.

(iv) #lc, ANT7RZAWT X OREIT, &
HHEADREZTOI L.

9

HA7RIHET SRNEEER

& 3. Do ZAOTR P IIHET H2WNEE
Z 2 (the birational transformation belonging to
the Galois point P) & KA.

8 2. WEEER o OEEZREL ! !

11



HA7 RIS 5 MEEEH

BIZIERDE S GMBIIESEAS. P& X I
XMIBRHAOTRETS. TDEE, EDLKS5KEH
BITRD (i), (i), (i) HEEFZNHEL K.

(i) Gp C PGL(n, k)
(i) Gp C Bir(P") B2 Gp ¢ PGL(n, k)
(

iii) neither (i) nor (ii)
—RRITIEIERICHE L L.

12

HA7 [T 5 NEEER

Fo IZDWTDER)
o BMERE NS, ThEVOHEIIEEB#HL L=
FHLAWN?
BHER2010DREEICEET B EEENT
BEFLE CEBEITINIEEVWTY.

keywords:
)Y —2 1 iR, EREEED L-minimal, Eckardt
point

14

155

HA7 RIIRET 2 MEEEHR

EHE 3 (Yoshihara). X :
ofdeg X =d >4

= Gp 2 Vo can be extended to a projective
transformation, i.e., 30 € PGL(n, k) s.t.
o|x = o. Furthermore, Gp = cyclic group.

smooth hypersurface

I I

X —2 . X

13

AHDAAVT—X

SETCIKELZ2DAOTR PIERHLT oec Gp D
HEICDOWTIRANTE .

= ZZT, S8 TIXTDL o DEFZEREN
BT EZEFRLEWL. g, X I3IHFEE/m
T, TEUF d >4 ERET B, 0BG, &iF
EDEEIDMIIT BT EITEFET B.

IEREICIE FEFRD EVWSREELTEZ LD
15



ER

& 4. P, P, ---, P, & X Dinner, outer
2T0HAT7RETS. TDEE, EAOTRT
DAHOTE Gp, TERENSEE (the group
generated by the automorphisms belonging to
the Galois points for X) & G(X) TE&Y 5.
IhEbB,

G(X) = <Gp1,Gp2,-“ ,Gpm> C Aut(X).

16

AR

AE 2. X BAATREREEVGEIE,
G(X)={1} &9 %.

18

3=
/iE'\

AR 1 ZOERICHS G(X) &, IREAITE
&, BT A, FRAXKEED=ZRICKL S
(Nihonkai Math. J. 2001) T#I®HTEEINI:.
=Kk, X DEXEHDinner AO7 R %&HD
B8, 9hbb, (i) HMEDAO7RmZF OISR
4R, (i) SEDHOT R EFOIEFR4
ZpmE, 20T G(X) DEEERANE.

17

XA T7—X

FRSE 4. B G(X) BHANK !
BB BAANSICESEEREEEPEISNE S, Fl
ZIE, GX) i Awt(X) DRTEDE S HLRHIBTH S
H? G EEIERICEERN E BbhD. T T, T
ELT G(X) & Aut(X) DEBOLOBICEET ST &
KT 3. (BOEMEHRY K™Y LREELY)

= ALY ME G(X) BANTHS |

19



§3 EHGR

L&, X I3IIFFRTEERT, R&KIT d>4 &
RET%. X =C &£&L.

¥Y, RUOICODBT LI,
EHE 5. For general C = G(C) = Aut(C).

Proof. general C I LT, Aut(C) h'BEALZD
C. O

20

Gl:Co: Y22+ X +Y4=0
§(C)=4eC~Cy THB. TD4EADinner Galois
point [CfTHET B BEEBEHDERT B8 G(Cy) IEDWVTIE,
ElTlR &SI, ZRICEZHmXICHEL CHERDMBRNSN
TWa. R, 5128 (Cy) =1 TEHBZDT, TD51A
DAATRIZDNT G(Cq) ZFFELTHELS. Aut(Cy) I
DLTIE, LWAWALEITHELD Y tAut(Cy) = 48 HHI
S5NTW3. G(Cy) OFEICIE, FEITHZEIC outer Galois
point DERZEMFMANE+ETHY,

Aut(Cy) = G(Cy)

Z18%. L, %Eb‘b\%‘l‘%?%‘é\i

FRER

§(C)>1ord(C)>1DEE,

I 6. G(C) < Aut(C)

T 7 (ERBR).

(i) general C IR L, Aut(C) = G(C)

(i) Aut(C) # G(C) DEE, Aut(C)/G(C) I

SEEDIESHE AR, Z/(n), Dan, As, Sa, As
ICAETH 3.

21

Bl:C,: Y79+ Xd4yd =0

d=4DLE, LOFITHELIEEEYTHS.

R, FETADBXITENI,

e d=4DEE, §(C)=4D2§(C)=1C~C4

e d>5DNEESC)=1HDD8C)=1aC~Cy
TT Tl d>5 DHFBEERANTHLS.
P=(0:0:1)€Cy;,Q=(1:0:0)¢ Cyq BHOTHET
HY, HOTEBIGp 2Z/(d—1), Go 2 Z/(d). EMTE
Gp = (0), Go = (1) L, TNENEFITERT 5&

n gd-t
1 23 1




ZZT, nl3Eeh (d—1) iR, ¢ I3[R d F#iRTHS.
K2 TRDHFEWEE G(Cy) 1,

G(Cy) = (o, 1) = {o'17|i=1,2,--- ,d—1, j=1,2,--- ,d}

E1B. BT HG(CY) = (d— 1)d THB.

—7 Aut(Cy) IE2WTHE, 6(C) =1 THBTE'LEFL
ESTEICEYBENTHET BT EDTHTHS. I,
HAUt(Cy) = (d — 1)d BRED®SNB. BRE LT,

Aut(Cq) = G(Cyq)

=5%.

24

Boh3.
<GQ,GR> C G(Cd’m) ITEELT, ROBWIESH?

B 8. COEFE, Q RLMNIAOTRRHEELENES
ZBREBSH?

26

158

Bl :Cy Yz 4 X4 74 =0

m#d,d—10DEE, FHEIAZRD.
e Q=(1:0:0) ¢ Cq m I& outer Galois point THY,
GQ = Z/(d)
e R=(0:1:0) € Cy,pp, EHERDDHOTRTHY,
Gr =2 7Z/(m) TH%.
mEDEIE, THTRATHIEHTESZDT, LDOFILRE
BROENFIRETHS. i, 1(Go,Gr) = dm Z15%.
ZDEE, Kontogeorgislc kMU, Aut(k(Cq,m)), THD
5, Cqm ORBEZEEE, m D d ZEVESHITNIEK
u(d) x p(m) TH3. HHic,
Aut(k(cd,m})sz (Gq,Gr)

il 7 )V —BhER

C=F(d): X4+Y4+724=0
BRELT, Aut(F(d)) &
wld) X p(d): (XY :2Z)— (X :8YY : Z), £ ER
5 d TR
S3 : {X,Y,Z} OE#H
DHEDDEICL>TERETNS. i, FEFETHY,
tAut(F(d)) = 6d? THBT EHHSNTWVS.

27



Ffe, AOTRITOVTIE, §(F(d) =0, §(F(d)) = 3.
BHEmMIcid, PL=(1:0:0), P,=(0:1:0),
P3=(0:0:1) 320 outer HATETHY, BRTD
AOTEIE Gp, 2 Z/(d) TH%. TIT, £Mn%

Gpi = <O‘1> &.L, (o] 7&??5']’(%??3’%:‘:,

Jl:(l ‘ s)’@:(g 1 s)’
()

28

5 : Hurwitz R

C=Hg: XY +Y¥1Z4+ 271X =0
Hy & total flex &V, ESITEREICESE Hy 1 3
BD (d— 3)-flex &, 3(d? — 3d + 3) {AD 1-flex EHFD.
TOTEKY, §(Hy) =68 (Hy) =0 THBZEDIDS.
LHL, Aut(Hy) BEEATHEWVLI &IE, AIXIE,
(X:Y:2)—(Y:Z:X) GELBCRRE LTHEETS
ZEDSRDB. LT,

fAut(Hg) #1, G(Hq) ={1}

5IC, d=4 O&E, Hy lE Klein quartic EMEENZES
HERTHY, fAut(Hy) :?}88 TH5.

KO TRBEWEE G(F(d)) &,

G(F(d)) = {(o1,02,03) = ( ' &t o )
(i,7=1,2,---,d)

THY, THUE u(d) x u(d) IKitESEVDT,
Aut(F(d))/G(F(d)) = S3

GER) DT &lF, BSRITTHRMRICEYIID I EHFAE

29

Bl - KEEFDH

f6(X,Y) = (X —Y)(X —wY)(X —w?Y)
(X —2Y)(X — 20Y)(X — 2w?Y)

EBVT, C:YZ5+ fs(X,Y)=0 &9%. ffZL,
Ww24+w+1=0.
= P=(0:0:1) {& inner Galois point, Gp = Z/(5).

TH5IT,
1 0 O
p = 0 w O
0 0 e

ffEL, €8 = w? EThE, e Aut(C) BHHB.



TDEE,

1 — G(C) — Aut(C) ™ @' — 1,

oo (3 2)
& split 5. #EwR&ELT
Aut(C)/G(C) =2 Z/(3)

Z15%.

32

fl * IEAEAEE Ay DB

C:2X12 _66X8Y% —66X2Y8 +2Y124 712 =9

= P =(0:0:1) I& outer Galois point, Gp = Z/(12).

ET5IL, Gp USADBEREELT

= 5 0 -1 0 0
o= ‘ L0 |, 7= 0o 1 0 |,
1 0 0 1

fefel, 2 = -1 &FhIE, o, 7 € Aut(C) b2
((mp)«o, (mp)«T) =2 Ay DEELDSEND. TDEE,
Aut(C)/G(C) =2 Ay

-5
A
|

1y

5

O@
5

OS

34

160

Bl : 2 EfEEE DA

C: X 4 Xnyn4+Y?2n 4 720 = 0.
= P=(0:0:1) I& outer Galois point, Gp = Z/(2n).
EHIT, Gp BADAut(C)ELT

¢ 0 0 0 1 0
c=0 ¢ o), =1 1 0 0 |,
0 0 1 0 0 1

fefel, ¢n =1 ETNIE, ((wp)«o, (mp)«T) =2 Do, HEE
hH5Nh3. TDEE,
Aut(C)/G(C) = Doy,

33

f : IE SEfAEE Sy DB

C: X% +150X20y4 4 159X 16Y8 4 3476 X12Y12 4
159X8Y16 1 150X4Y20 4 Y24 4 724 = 0.

= P=(0:0:1) I& outer Galois point, Gp = Z/(24).
5, Gp A oBEEBRARELT

7 0 i 00
ol, =0 1 0},
1 00 1
ETNIE, o, 7 € Aut(C) DD {((rp)«o, (mp)«T) = Sy B

BHOBEND. £2T, Aut(C)/G(C) = Sy
35

o =

OE‘HE‘
oﬁ‘lﬁ‘s



# : 1IE 20 EfAEE A DB

C: X5Y5(X10 +11X5Y° — y10)5 4 760 — ¢
= P=(0:0:1) I¥ outer Galois point, Gp = Cép.
T5IC, KD Aut(C) #EZ 5.

3 _g2

3\/52 \/54 0 € O 0
o= 5\;5 —&+¢€ 0 , T = 0 1 0 ,
"0 V5 0 0 1

fefEL, €131 ORBSRIR. COEE,
Aut(C)/G(C) = As

36

LUF, FEBHODBIER.

P 1 inner Galois point T % EIRET 5.
=P=(0:0:1),C:YZ91 4+ f3(X,Y)=0 &TE3.
TSI, f(X,Y)#XP+Y LT3 TDEE,

5(C) =1, §'(C) =0 Hah 3.

TTTDHRE, EFED ¢ c Aut(C) 1§, HOVRZEET S
DT p(P) =P, P |& total flex ZDT,

p{Y =0} ={Y =0} &&E5hIEE5EL
UEDzE&Y, o ERODZ2A4TDIFHTERDENZ T ED

ohB.
b 0
A,y = c 0
0 d

8

Wo O e

161

&5 SEABADIBIES

G(C) < Aut(C) BT &.

Proof. Pp, ---, P, % inner Galois point &9 % (outer M
BRLAEK). TOEE, FED 7€ Aut(C) ITRHLT
7(P;) &%z inner Galois point ZDT, 7(P;) = P; for
some j. §hbB, rGp, 1 = Gp; EixB. £0T,
T(Gp1,~~',Gpl>T_1:<Gp1,~'~,Gpl>. O

37

P=(0:0:1) PFDDRFRIE
mp:(X:Y:Z)—(X:Y) THBHIELITEET S L

(ﬂp)w:( 8 i)

(7p)s € Aut(P!) THB. ¥z,
P (Y291 4 fa(X,Y)) = MY 2 + fo(X,Y)),
I € k\ {0}
EB5RIEESEL. BZ, Z =0 LTEXN,
e fa(X,Y) = Ma(X,Y), 3xe€k\{0}

fd(X,Y) =0 DOE% (041 :ﬁl),--- ,(ad : ﬁd) sL,



TTT, (np)ep D {P1, Py, , Py} "\DIEREEZBE
(i) Pi,Pa, -, Py € P! B—REIBSIE (1p).p &
{P1,Ps,--- , Py} I/EALGZW. ThHbL, TD&
£, TOE3G ¢ BEELET, G(C) = Auwt(C) &
I55.
(ii) (mp)x BN {P1, P2, -+, Py} MEBTBLE,
orbit 01,03, -+ ,0s IR T 3. FfELl,
0; = {(a{? : g"),... (oD : B} o,
fa(X,Y) =17 (o x - 80Y) E3hig
i AN
Thbob, act TELEFITEROTLIIHEFEL, FRIC split

40

162

THIENDIDD HFERELES).

1 — G(C) — Aut(C) ™2 &

= Aut(C)/G(C) = G’

41

— 1



(V) BLDOKFR T 7 A N—% 3 ARFFOMEL 2 D
BT 7 A —lim 1, 11

JBIEA

1 FHEREE=S

Wi 3 R D — DR T 9 HOEERE RS, R AET 5 &, B8 oL —
M&ET By ZE—7 )V U=A 27 LT D HFBEEHAMmAE b5 ([7]). HI, Oz
& O N R A PRSI 9 MO Y 72 (1) HFROMERIC KD, 7 7 A =D
YA 3 RHIBR O SV A Y. AEEE X ORISR 2 BiARE f 0 X — P
[FERIS, BBl Al 2 RO TR EE~O AR v : X - P2 BMFELT, f D&% T 7
A= v IZE DGR OS 2L A BT B — A p(X) 123 LT, A
FERITEGE R LIAD TH A D L p(X) -1 BTHD. FEuZMmET 2HE T, A IfThE
TOHEEGE By :P? - P 2600 f: X - P s s,

[ ol E X Lol Z2 LT, BORZRED -1 L2 590W & (—1) Bl & 5.

EE 1 (2], [1], [4], [5]). X ZHEEmARME, £ X — P! 24N TR 2 i
WET D, EB—NE p(X) IOV 11 < p(X) <14 THD. f O T 7 A —%
FTHRT. p(X) £ 14 F72F f OF—TFT /N« oA 2FERIEAI L CET UL, RAHEE
X = P2 BFEET D, SBI2, ZNEDONT F OBOREMNE/NNE 72D L D IR
Ragsl, F OBORRSOMEE L BEEE K OS5/ NREITROEY TH 2.

(A) p(X) =11 L x 5 HALILOD 4 A HOVFH 13 R,

(B1) p(X) =12 7> f 2% (—1) BliE b & &,
NoOD 3 EEE HOD 2 A E LW 9 ihf,

(B2) p(X) =12 7> f 25 (—1) Uir&2 b 7clan & =,
3HEMAETD 2 HEHAE L OV 7 AR,

(C) p(X) =13 DL &, \>D 2 HL% OV 6 Rk,

(D) p(X) =14 DL &, 2 Eaik bOFH 4 Kt

VHERMNE X OFEHR N AR 2 B f X 5 PLIZonT, p(X) =140 f OF—F )b s T=A
SBREARARE X, HOZFD L XITRo T, X OFMEMHEEIIE— T, 5N ET ML P(Op @ Op (2)) %
21X P(Op1 @ Op1(3)) ThHDH. Bz, RAHEK v: X — P? IZfFE LR,

163



1899 4 Franchis [2] OFEFIIARTERETH 5. 2010 4 Calabri & Ciliberto D[]
98 [1, §10.5. De Franchis’ Theorem] (2 & ¥, GEBIIMEREES -, LavL, REAR
2035 > T 5. £/, 5 FitE (A)—(D) O~ VO FEFEICE LT 2010 40K [FAFFE
I% [1, Remark 10.11] Tfifthu TV S AREHNZIE, AR DOFATIFIE [2] I2ZRATW5S. (2]
TiX (Bl) o—fiki7eiha & (B2) O LEsRRSGA3DZNZ N o Fhh#Ro < L
ZOWTIEHRFTEREZRN L TODE0, (A) O 13 RO L OEHRFTEE T
LS & LTV au.

(A), (B1), (B2), (C) B (D) OHESITHANT T 5 &, [8, FHL 3, 7, 8 K9] 5
MLELRY, fOE—TFT N VoA a2 BERTE LS. AODHETNEIUTH LT, i
KBEBEDE—T NV » T A RS OHEEIMHPATETND. £ZTRIZ, E—T /U=
A 2FEN A ARG AN b D, (C) O%E, E—T /b« Ux A 2FER AP 5IE
I (V) BOBRT 7 4 =% D, 22T (V) BLE1L, Sl [3] 1L > T 6 Rk~
2 MR ORBR T 7 A N—NHESNTND 1 ZHETH 5. (B2) DA, (V) Ho
R 7 7 A N—% 2 RbH, E—F V- T A 2FEREBR £ X — P! OBIAHERT
ETVD. f: X PR (V) BORRT 7 4 S"—% 3 Rb27% 613, 3, B 2] LV
p(X) =11 BV, (A) ORFERRIGE L7203, RO L HIZ=Z2D/8T A—H TR )L
DEHRNELZFE N THENTED.

EE 2. P! OFREEE (s:1), P2 0OFNE (z:y:2) EBL. afyla+B8+7) #0 %
HTZTEBEOM, (a: B:79) IR LT, 3 KD 5 KA fo, fr KO foo &

fo =% (x — y) — 2yayz® — 2Bay®2” + yPaxt — Byt

— (2 — )2 — 9 — 249 20, N2 20, N4 2, 4
fi=zy*(z —y) yry(r —y)z” + 2(a + 1)y (z — y)z° + 7" (z — y)z" + a”yz",
foo = 2%y(z — y)* + 2(a + B)2*(z — y)2° — 2Bay(z — y)2° + o’xz* — B (x — y)2*

TEFKTDH. ZDLx

sz —y) {(z —y)fo — ala+ 26+ 27)zyz*}’ (1.1)
+ty {yfoo — Y20+ 26+ 7z(z — )2} =0

WEDD P2 ED 13 RO VDI E N T 5 &, PL Eo 3 45 (1:0), (1:1),
(0:1) @ EIT (V) BLOFEE T 7 A /83— % b SFERH N2 FEEL 2 G OR 20 7= A b
5. 2 LT, MR 2 i EIIMIC AT AR R T 7 A S —F& b 7oA. ERRIC, K (1.1)

3EAKP A ERENOD 5 HA A LOVRE 15 williiid, 7 LEF LB TREE T3 FITEF,
b 10 BE OB S EMET 5 L EINEED 2 TH DD, —RICBIE/FREN OB THD L H b
RRER. ZOFEW (1, p. 28] TRAHOFESEICRY b 5. 10, #1150 FEICHEN & SR S5 T
HLWE D IZE DN D . MAXHMEREGGNE S 2 BB OWRIIINIC L D05 [3] 2 AW, BIREA % 5 % 2 F 0
TX5%.

3p(X) = 12 72 2 HAe FAT B i O AR H N R FEEL 2 RIS S W CRERER 72892 2b | Kx + F|
DEIERRSY &2 b ONEIT, (B2) 2 (B1) 2624355 & Franchis [2] T TR L TWB A, EEICKFIN B
D, |Kx + F| OEERSOFETIIXBTE 20, £, (B2) O—HKOBAIT |Kx + F| BEERS %S
i, E£72, (Bl) O LR AREEITIE |[Kx + F| REEMS % 6.
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PTE D % 13 IHIFROD S 2T (s ) = (1:0), (1:1), (0:1) DEX, xDOED L
RS- THHITH D, FRIZ, s=t=1 DL &K (1.1) O

(@ —y) {(z — v)fo — ala + 28+ 2y)zyz*}" + y {yfo — Y22 + 28+ 7)a(z — y)2*}
=z {afi +B(2a + §+ 2y)y(x — y)=*}?

EIRBRTE D,

Wz, P B 3 A (1:0), (1:1), (0:1) ®kiz (V) BOKFER T 7 A N—% 4 OFEHK 2
AR 2 2 - A BRI 1, P2 ~ O Y R AN & afy(a+ B +7) #0 A7
TR (a:B:7) PFELT, 774 3—=0%13K (1.1) NED 5 Fi 13 Riifro~
UUIVERRT.

@%&2 EARR ORI 7 7 A S— DRI+ BB [6] 12 K D 53BEDOWN T, IRONFEED )] (3]

ZEDED (V) BIORER T 7 A4 R—IZTH% T 5: [6, p. 13, 1-1V], [6, p. 15, 1—VIII-3],
[6, p. 33, 3—IV*—IIy], [6, p. 36, 3—IV*—1Iy], B % n Z 1> T [6, p. 42, 5-1IL;], HX
Bon RO p 2T [6, p. 42, 5-1I;_ . UL, AEEHE OFEE 2 dhiiins (V) ks
BTy A N—% 3ARFEOL X (V) BLOFR T 7 A /3—1X [6, p. 15, 1-VIII-3], [6, p. 33,
3—IV*—1IIy] KU n=p=1%FE>7T[6, p. 42, 5-II]_;] DWTINHNTH HEN KRB O
EHL 3 L LCHAND. ZRHDOWRZ T 712K 1 O ThD. K1 D [3-IV*—II]
O [1-VII-3] IZBWT, sy & LT 3 EIZHEEND (—2) #ift e (=3) RO
Bix2 THLON, Bl 2 TR DD L& B-IV -1 B, 1 T2 EICHETLLE
1T 1-VIII-3] B L XBIEN5. £, K1 0 [b-IIF_,] 2B 5 “@7 1T H A HEN
(1) CHEMFELEA 1 Ol A2 £T. ZOMBIIREEZ R0 A, HHREZ R ONE D
T [6, p. 42, 5-11;_,] DR T 7 4 "—% [5-II5_;(N)] BL & [5-ITF_,(S)] BUTIFEOYy
FA5ELETS.

(5117 4]
[3—IV*—IIy] O [1-VIII-3] 1
1 2 3 2 1 2 2
1.

EE 3. (a:8:7)c (P 2)* WXL T io=a+ 8+, Ao=20—a, \1 =20 — 0, A

20—, g = 02483y, v = 02 —4ya, Ve = 02 —4afB, ( = 0> —4o(aB+By+ya)—16a8y,
E=0%—2aBy B (P £ 18 A (1:1:£2y/-1), (2:2:-3), (-9:16: 1),
(16: —9:1), (4: —1: 1), (&2¢/=1:1:1), (—3'2'2),(1:—9:16),(1:16:—9),
(1:—4:1), (1:4£2/=T:1), (2:-3:2), (16 :1:—9), (=9:1:16), (1:1:—4) A
T ESEE S THL, 12 8 (0:1:£1),(1:0: j:l) (1:£1:0),(0:1:-2),(2:
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(@:B8:7) |(1:0) EOTrA4~"—[(1:1) EOT7A3—](0:1) EDOT 7 A "—
(1:1:£2y-1) [5-1I7_, (N)] % [5—1I7 _, (N)] % [5—1I7_,(S)] &
(2-2-—3) [B—IV*—IIy] %! [3—IV*—II,] %! [5—ITF_,(S)] %
(—9:16: 1) [5—1I;_,(N)] &l [3—IV*—II,] %! [5—ITF_,(S)] %
(16:—9:1) [3—IV*—IIy] %! [5—ITf_, (N)] % [5—ITF_,(S)] %
(4:—1:-1) [1—VIII-3] % [5—1T¢_,(S)] % [5—ITF_,(S)] %
(F2v-1:1:1) [5-117_,(S)] % [5-1I7_, (N)] % [5-1I7_, (N)] %!
(—3:2:2) [5—1I;_,(S)] % [3—IV*—II,] %! [3—IV*—II,] %!
(1:-9:16) [5—1I;_,(S)] % [5—ITF_, (N)] % [3—IV*—II,] %!
(1:16: —9) [5—1I;_,(S)] % [3—IV*—II,] %! (51T _, (N)] %
(1:-4:1) [5—1I;_,(S)] % [1—VIII—3] %! [5—ITF_,(S)] %
(1:42y/-1:1) [5-1I7_, (N)] % [5—1I7_, (S)] % [5-1I7_, (N)] %!
(2:-3:2) [B—IV*—IIy] %! [5—1T¢_,(S)] % [3—IV*—II,] %!
(16:1: —9) [3—IV*—IIy] %! [5—1T¢_,(S)] % (51T _, (N)] %
(—9:1:16) [5—1I;_,(N)] &l [5—1T¢_,(S)] % [3—IV*—II,] %!
(1:1:—4) [5—1I;_,(S)] %t [5—1T¢_,(S)] % [1—VIII—3] %!

0:—1),(1:-2:0),(0:2:—-1),(1:0:-2),(2: —1:0) BDKTEHIELEE T £B<.

f:X - PUEEHE 2 X5 LT (1) iexhisd 2 aEihimoftk 2 sk &4 5.
B, PL B 345 (1:0), (L:1), (0:1) ®kic (V) BlOMER 7 7 4 S"—% b5, f OFf
RREERT 7 A N—Z 20 3 RIS, X512, Bl - LB [6] OEICHEDL LADED
& f OFFFR T 7 A4 NR—=DFRUZ DN T, IROWT DL Y Lot

e (a:fB:7)¢€

(P2)"\ {aBy0 Mo M AsotoriveoCE = 0} D& X, fIXTE 5 AD 45

Ty A N—E O AR T 7 A N 20T 511 (S)] M Th D, B
Fef 7 7 A N—X 2 KL b FR R L L THE— DRI ZAT 5 [6, p. 28, 3—11_0—0]
DEIRT7AN—TdH5b.

e (a:f:v)eSDEx, fIFBEKRERE Y 7 A N—ZFl/2v. DFD, f OFpi
Tr7AN—ZITE3IARTHL. ZN6D0HIT (a:f:9) IZESWTER 1 DLIIZ

KIS 5.

o (a:p:79)¢€

(PZ)>|< N {)\0)\1)\OOV0V1VOOCf = 0} \ (S U T) D& %, f LT 4 KD

KRBT 7 A R—%FfD. 4 KOREER 7 7 A4 _—ORIRDE Y

D) (@:8:7) € (P N{AoMAactoViVoo = 0} \ (SUT) D & &, Me—DBEKI 2255
BT 7 A N—, FERA L LCHE—2OREEIRZH T 5 [6, p. 28, 3—L1_0—0]
DEIRT 7 AN=ThHD. AKIREERT 7 A= 3 KON, TE 2 KDT 7
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AN= B-I]_1(S)]| WTHD. %5 1 KOAKIZRFHE T 7 A "—DRIE BE

RIRREIR T 7 A /S—=RD 2 TN TR W T IDARLY 320

i) (a:B:7) € (PQ)*O{)\OZO}\(SUT) DLE, M (1:0) RoRKRFR
5:774’/*‘%753‘ [3 IV*—IIg) BTH Y, ME—DRERI 2R R 7 7 A N—1
(WA V2 A3V — BALE) Ricd .

ii) (:B:7) € (P ) N{AM =0} \(SUT) D& =, 1 (1:1) LOAKIZkE
T 7 AN—D 3= IV*—Ho] BTH Y, M~ DB R 7 7 A N —1F
(YAZV,  aXgrg) b

i) (a :5:7) (P2)” m{,\oo :0}\(SUT) DEE (0:1) Lo
R T 7 A N=73 [3—IV* 11| L TH Y, Me—DBEKI 2R KR T 7 A S — %
(@X3g — BA3vE : add) LItk 5.

iv) (a:B:9)€ (P N{vy=0}\(SUT) D& x, & (1:0) EOAFHF
877 4/ [5G (0] B ), W DR 7 7 15
(YA VL 'y/\ vi — BAE) Rk D.

v) (@:B:7) € (P 2)*ﬂ{V1:0}\(SUT)@k%,ﬁ(l:l)i@ﬂf(ﬁ"]fiﬁ
5:774’/%753‘ [5— H; 1( | BTH Y, Me— DRI R T 7 A R — 1
(’7)\ aXjvg) E

vi) (a € (P Ym@m_opmmunmkg A(0:1) ROz
£774/\“—7§) [5— H1 (N BLTH Y, ME—DRERI R T 7 A =12
(@XN3g — BA3vE - add) Eich 5.

I) (a:B:9) € (P?)" ﬂ{C§:0}\{(4:—1 c—1),(1:—4:1),(1:1:—4),(0:
1:41),(1:0:£1),(1:£1:0)} D& Me—DfFET DR RFER T 7 A
R—=1Z [6, p. 17, 2—Tg—T11-0] £7-1Z[6, p. 37, 4-T1_1 o] DL I /T 7 A /13—
ThHD. BIEDT 7 A NRN—IFREL LT, MDD REEZATD. EDT 7
AN—ITRRTE LT, ZOoDEFERERT 5. 3 KOFKRRRT 7 A /"—
TR b1 (S)] MTh 5.

UIED X DITRRT 7 A N—=0E L TH, P 3O,

EIE 4. ARhm oOfE 2 iR, (V) RORRT 7 4 N—% 3 KFFORGIETE—T
Vo T A ARENRARICRD.

HEE. TH 4 OFVIRITK 5 FIF ERNE LN TWIZO TN, 5 ERF TSRS
EXVaAPETANT—@FEELT, md 5 LEH 6 215 Lz, HILISHETHED
WazTaE, HOWH ST AE LV RV OEREXZES T LI ICEOTHNT, &
B2 25F% L. RROFEENNIL, 58— RIEEDPITEOEBRIUCHE 21T T ZS -
T, MRZEOTLIEES 2T & T £, M L BEDOHE 2 T2 S o 72 HHFE A DR
mRSE A, MMEESE AT D SR HILE L BT E T
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2 FHETHEOIEADHE

— AT, A R R 2 (A 7 At T O R SHRYE SR, ST oo iR IR & (R U s iR L
D PLRA~0 2 EYEAZELS . W) [3] T 2 EREONIER IS E ) ASkihm o~
o LoEE) UC, A 2 iR ORF R 7 7 A N —723 6 RFEICHFI TS, i1 [3] ©
AR A A E OB A ICEA T D &, HHMEETRIZ L 2L PL x P ThoEL s
6 K] - DR EEEA D 53 72 0 | Sr IR 103 R B A5 2 R RS OBV IAD 5.

X 13 C ECERSNIEERGHEBET, @ X — PO/ e Rk 2 dhig
WET D, I fIE (V) BORRT 7 A N—% 3 AFOLRET . MHAIEES
% ®p: X - PLx Pl 2 EHEBCT, ZONEKRTEZ B 75, Mo~ E
pry :PLx Pl 5Pl o7 7 A4 3—% T TEL, KO ~DOHE pry O—f&7 7 A
N—% A THEF. 3] LV, B~6A+8 THD. 22T D~ D IEI=>OEF D & D'
DA CH D Z L2 EWT 5. (s:t,u:v) Z PLxP! OFREE LT 5. sv—tu =0
INEFRT DHE pry i P x P — P oIl O E8%, Ty, ['1 KO Ty ODENENT
t=0,t—s=0KVs=00NEXRTIHE pry D77 A —%FKL,

sv? — 2suv + tu? = 0, sv? — tu? = 0, sv? — 2tuv + tu? =0

INERT DHE pry : PL x P — P! OUIT%E Dy, D1, Doy 8L, P x P LK
(1:0,1:0), (1:1,1:1) X (0:1,0:1) DENZENE pg, p1 K poo EBX, F 4L
IZ81F B To, T, Too DB ENKHIET 5 ARG EE 8% p)), pl, ph £BL. P EOLE
DD 3 mUE, EEEHICE > T3 (1:0), (1:1) LR (0:1) ~EFTHENTX 5.
LIZi3> T, f @ 3 KD (V) BRUIDF R T 7 A N —OIAXMERELE @p (12K 5813 Ty, Ty
LD To THDERELTH ML KDV, Bp=B-T¢g—T1 —Tyw £8<. Ty,
' KO T ODFENEILE By 11 ST6 HICHELT, 201 A B, D4 EATHD.
A.By =5 CThn)bH, By ® 320D 4 HEIFZED 2 DHHE pry OF—7 7 A 3— 1
TN, Lo T, Bo 133 M po, p1 KD peo TAHERESL D, 3 4 pp, pi, phy T2 HE
HEBOERELTH etk Kbz, PLx P © 6 41 po, p1, Poo, Dy, Py KON phy T
DTH—T v Fan: 2 5P x Pl LB n & oT pg, p1 B pee DZEFLEIA~Hi
KEns (1) fifgo ©° ~oezsiitg % Ly, L1 X Ly, THEL, 231 &R L% Ey, B
R Eo EBE, ph, 0y RO pl, ODENZRAGRIEND (—1) li#k% E), B RO E
R LENSC, Ly~ Ey—E), Ly ~E1 —E{ k(N Lo ~ Exo — E\, T 5. 72,1
12X % By, Ty, I'1, T, Do, D1, Dog B} O1 DFENZENOWFENE % By, Tg, T'1, T'ao,
Dy, D1, Doo OV 01 8. nlickd AT 083 &R LIE, RIS TETELT .

Io~T—-Ey—E), ' ~T—E —E, T'o~I—-E.—-E.,_,
O1~A+T —Ey— E; — Es,
By ~ 6A + 5T — 4Ey — 4F) — 4E,, — 2E) — 2B} — 2E/
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Tho. i pry DU Dy 136 & po, p1, Poo, Db, Py KO ply DNT, py < 5 K
ZiE5. FERIS, Dy 1% py ZBR< 5 R&EEY, Do 13X ply, Z#FR< 5 A& 5. LLEND,

Dy~2A+T —Ey—E| — E — E, — E'_
Dy ~2A+T —Ey—E, — E— E, — E_
Doo ~2A+T — Ey — Ey — E — Ey — E}.

L7=mo T, T, Ty RO T 13 2 > (—2) #ifR, Do, D1, Doo KO Oy 13 (—1) Hiif
ThY, BARDIRAT 4, j LT T, =T.D; = Di.Dj = 0 3k 0 i b, [EE DT
ZF kT LT 401 = DOy =0 2> T Dy =1 B0, LoT, 5 Eo 4o
D (—1) #i# Dy, D1, Do ¥ Oy ZHEFI LT2121T, T, Iy RO Toe OEA (—1) Hhif
ThoHMD, Y b 7 HOMEKITRERS 1 X - P2 21585, u 12k Dy+ I,
D1+ 11, Doo + Do KT* O1 D3I SN2 8% qo, g1, oo KR 0g EH5<.

Do, D1 BO¥ Doo 2% p I XV MERI ST by, ¢f Y gl 1RENERN, g0, @1 KT goo
DEITHE Th 5. RADIEAT i, j LT Li.L; = Li.D; = L;. (ﬁj + r}-) =0
MRV S, fEE DA kISR LT

LDy, = L. (ﬁk + fk) =L,.01 = (Dk + (lﬁk + fk> + 01 + Ek>2 =1

WD SLD. Fo T k=0,1 KT oo DENZENIIK LT, 3 A 00, gk, g, /EFE—EHR Ly,
FIZH Y, Ly, © p lZ X APEFE0HEA Ly, ISR 5720, v =0, v—u=0 KPR u=0DFh
FNNEFHETDHE pry : PLx Pl — P! OUIiE Ag, Ay KD Ay EBE, 54D il k
DIFEN LA No, AL BN Ay THET. Ag~v A—FEyg, Aj ~A—E) B Ay ~ A—Eo
T b, BRBIRAT i, j I LT &8) = A,.D; =0 7o &;. (D +T5) =1 40
Vb, EROATF hITH LT £4.01 = KDy = K. (D +1%) =040 (Ak)Q —
PRV NED. K oT, Ag D p iZ X B181F, 7 5 qo, q1, Goos Gy @hs @ LT 09 DD 2
g B qee ZBAEMTHS. [, Ay O p ICE DB, 7 AOND 2 15 oo K
Wqo #BOEMRTHY, Ase O p lZE BT, T HOND 2 5 go KO q ZBDEMT
HD. BT, 3 HEM Lo, Ly 2O Lo 131 2 09 TRDDD, 4 5 qo, q1, oo KT 09 DW
DOED 3 AL EREIITEN. P? OFREEE (wo : wy : wy) EBL. P2 OEE
DERD 4 KX, EO 3 b F—Ef LICENR B, BEAHIZ L > T4 A (1:0:0),
(0:1:0), (0:0:1) KON (1:1:1) ~NEFTHENRTES. LEen->T, P2 EDOK q, q1, ¢oo
KMoy DENZENE (1:0:0),(0:1:0),(0:0:1) LR (1:1:1) LRELTH %
MELbin., 20L& Ly, L1 KON Ly DEHRRITZNEIN wy — w1 =0, wg —we =0
K wy—wy =0 THD. £72, ¢, ¢) K¢ X, g0, 1 KD qoo DERIZET D Lo,
Ly, Loo DS ENIKIET 5.

By.O1 = =1 £V, By 1% O1 %I EATWELERS NS, By =By — 01 &5
X, nlck?d B, O¥FEWgE B, THET. Li=N->T, By ~5A+4I' — 3By — 3E; —
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3Ew — 2E) — 2E, —2E, Th%. B 3K TH D5 By 1T O1, Ty, Ty RO T, @
WP B RAICE E R, BonTy = {po} £V, By 1% Dy ZsricE £, Ak L
T, B D1 b Do BEICEER. FIT, 01.B) = 0 OALEORZT k 12xt L
T B.Dy = B1.T% = 0 235k 0 37, DL 1 & (31)2 —159,B O pic k581, qu,
oo X 0p ZBOLRVERTH 5. i, )Bl( NS P2 2EIERIT. S6i0, W
BIEH pon P xP - P2 KU nopu ' : P2 - PLx P! ZHAICEX T &
NTX 5.

R 5. (wo : wy : wy) & P2 OFWEIE, (s:t,u:v) & PLx P OFREEL T 5.
wy—wi =0, wyg—wy =0 KRN wy—w, =0 DFNFNNEHRT D P2 LOEME L,
Ly RO Loy &3,

wowe — wowqi + wiwg = 0, wiwe — wowgy + wow, =0,  wowy — wowi1 + wiwe = 0
DENENNERT D 2 W %E Cy, C1, Cx EBL. sv—tu = 0 DERT DIHE
pry : PLx P! — P! oGlliz O LB&, Ty, T KU Ty OZNENTEt=0,t—5=0
B s =0 NEHRT LDHE pry D7 7 A "—%FKL,

sv? — 2suv + tu? = 0, sv? —tu? = 0, sv? — 2tuv + tu? =0
INEFRT DHE pry : P x P! — P! OUIi % Dy, D1, Do EBL. DL E 3 DOMK
B 4,5 OFRLIHA

wo = s(s — t)v(sv? — tu?)(sv? — 2tuv + tu?), (2.2)
wy = st(u —v)(sv? — 2tuv + tu?) (sv? — 2suv + tu?), (2.3)
wy = t(t — s)u(sv? — 2suv + tu?)(sv? — tu?) (2.4)

)

TERSNDOAHEM ¢ : PLx P! ——» P? (%, P! x P!\ (DyUD; UDy UTyUT; Ul o UO;
FIZHIRT 2 & P2\ (CoUCL UCo ULgU Ly U Lo) ~D R G % 5 2 5 WATHE G
Thod. WD 2 KD 5 RWERLEHEAE 2 KD 4 REFXRLHEK
s = (wo — wi) (wawy — wowy + wiws)?, t = (wg — wy)(wows — wawy + wiwp)?,
(2.5)

u = wa(wy — wi)(wawy — wowy + wrwsz), v = wo(we — wi)(Wowe — wWowy + Wrwp)
(2.6)

TERINDIAHGH ¢ : P? - PLx Pl 23 ¢ OWGHTHS.

AEEA. P2 L 2 M Loo, Lo & 2 WEHHE Coo KN Cp DENTNDEFENA (2.2),
(2.3), (24) ZRAT DL

wy — wy = s(sv% — 2tuv + tu?)?(sv — tu), wy —wy = t(sv? — 2suv + tu?)?(sv — tu),
wawp — wowy + wiwg = st(s — t)(sv? — 2suv + tu?)?(sv? — tu?)?(sv? — 2tuv + tu?),

wowy — wowy + wiwy = —st(s — t)(sv? — 2suv + tu?)(sv? — tu?)?(sv? — 2tuv + tu?)?.
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LLE% (25) OFEXOHL~MUAT D L, (2.5) OFE—RN04D EFE KXo fH O
R

(sv — tu)s®(s — t)*t%(sv? — 2suv + tu?)* (sv? — tu?)*(sv? — 2tuw + tu?)?

ThHV, tiZ (s:t) THD. FERIZ (2.6) OFFXDOLL~NAT D &, F—XN0hLL L
% RofDodmR i

—(sv — tu)s*(s — t)?t%(sv? — 2suv + tu?)3(sv? — tu?)3(sv? — 2tuv + tu?)?

THY, HIE (u:v) THD. Lo T, PLxPL\ (DgUD;UDyUToUT; UToUO,)
IZHIRRT 2 & poy IXMEETHRTHS.

W, (2.5) KT (2.6) DENENTERIND s,t,u,v & (2.2), (2.3), (2.4) DEEX
DAEB~SRATHHET, P2\ (CoUCTUCx ULyUL U Ly) EIZHIRT 5 & o 1IE
FERTHDLENIND. O

FE 6. X 13 C ECTERSNI-IFERAERAE T, £ X — P ISt 2 fE 4k 2 ih
MRET D, BT I (V) BOKR T 7 A "—% 3 KO LRET 5. FXHEAEG
P X > P x P B EBRICPL P @2 BWENEED. ZORKKT B OER
R0, P x P ~Jl Y 20 AR A 2 i 93 C, IRD L D ICRBLTE D, (wo:wy :we) %
P2 OF WIS, (s: t,u:v) Z P x P! OFRERE, o : PL x Pt — P? 28 5 ONA
HEBRETD. Z0LX afy(a+8+7) #0 &2HT-T (a:B:9) € (PQ)* DIEEL T,
IR B 1%

st(t — s)(sv — tu)y™ (awg + Pwi + ywz) =0 (2.7)

TEHRSND.

W2, afy(a+B8+7) #0 ZHTHEED (a:B:9) € (PQ)* W% LT, HFREC (2.7)
TE S HHHIR 112 - Tl 2 PLx P OF R 2 L & 0, 2 OS2 1R
HICHEE T DI OARE w: X — P x P! L3iiE, X BB THS. B, 4 1 5
% pry P x Pt PL okt LT, Ak pry o w1 X — PL I3RS 2 ik T 5. ARkHiE
INEF AL 3 A (1:0), (1:1), (0:1) BT (V) HORR T 7 S—% b .

BEBA. IR B A% (2.7) TEFRSINDLENET, M8 5 ORNCHEm L8 Tho. A
R 2 EYEOEAMNZFE L [3, ©H 3] 205, WDIENT B 23 (2.7) TEHE SN DN,
6 DZFOL DI LTSN D FEE 2 th#fsR2Y 3 &L (1:0), (1:1), (0:1) kic
(V) BLOR T 7 A N—=% b DB D+ 55 Th 2FN 305, S HIT, Castelnuovo D
HEMHEEE VT X BNEHMIECHD - L AR T 5. O

%R 7. P OFREEE (s:t), P2 OZFNE (wo:wy:wy) EBL. aByla+B+7)#0
EHIZTILED (a: B:y) € (P s LT,

(wo — w1) (w1 — wa) (w2 — wo) (qwp + w1 + ywz) =0
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TERSNDMERRICHD > THlkT 2 P2 OFR 2 ElEE &0, TORR G EZEEY
IZFRET 2 DGR E T 0 Sy - P2 L. P2 LD (1:0:0),(0:1:0), (0:0:1)
KO (1:1:1) DFNENE qo, q1, oo LN 09 TET. 09 D mo IZLDFIEREL 20 1
2HD (-2) IR TH 5.

s(we — wy) (wowe — wowy + w1w0)2 — t(wp — w1 ) (wawp — wowy + w1w2)2 (2.8)

WEDD P2 LD 5 ROV E 1y THIXRT &, 205 ZEERS ET5 Sy 1
DR NVESD. 209 HFELBIWERU UL E Ay EBL. qo, ¢t MY goe & T THI
TRLTHLND 3N A OISR THD. 3 HEeFLETD S o7e—Ty7% X,
Ao [CHHET 2B EBDOARHEEEZRELZHE f: X P EBHE, € 60k Hic
(a:B:7) € (P2)" Ty LCHiR & 4L 2 A7 BRI f 0 FoH R N7 i 8 2 #i RIS e &
AN

EE 2 DI, P? OFREEE (z:y:2), PP OZE (wo:wr @ we : w3) &B<.
afy(a+B+7) #0 ZHETEED (a: B:v) € (P?) X LT,

= (z — y)zy —yz2® — By2?, (2.9)
= (z — y)zy — 22> + (a + 7)y2, (2.10)
= (z — y)ay + (o + B)xz® — By, (2.11)
= (a+f+7)7°

INED DG g 1 P2 - P3 2BRTH. 2L X

awo + fwy +ywz = (a+ S +7)(x — y)zy,
(a+B+7)(z —y)2°
wy — wp = (a4 B+ 7)z2?,
( )
( )

Wy — W1 =

— W = a+ﬂ+7yz7

w3 = (a+ B +7)2°

ThoH1D P3IZEITD P2 0 S5 1%

(awg + Bwy + yws)w3 = (wp — wy) (w1 — wa) (wg — wp)

TEHSIND “WHBHETHD. £ (0:0:0:1) € S3 HOHE P2 ——» P2 & S5 (12l
PR 2% &

w2 — (Wo —wi)(wy — wz)(ws — wo)
3 awg + Pwy + Ywa

AT oD, P2 RO E R

(wo — w1) (w1 — wa) (w2 — wo) (qwp + Pwi + ywz) =0
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ETHIE LT, MEMROSTIEDIE LW " EWEEHIT5. 27 L0, £ (2.8) ~
(2.9), (2.10) L O* (2.11) ZRAL728IC 22 2BrT D &, EH 2 O v roEHR (1.1)
s Y O

W 5 ORI Lz p KO &, 5 D K o 20T, ¢ =pon~t ino
o =nou LI H72\. uwiZk D Ly, L1, Lo, Co, C1 O Coe DENZINDRRFE G
% Lo, L1, Lo, Co, C1 N Coy £3<. Lo, Ly RO Ly 132" Eo> (—=2) i, Co, Cy
KON Cog 1 (—1) R TH Y, B2 DWAT 4, jICxI LT L.Lj = L;.C; = C;.C; = 0
713> Ly.Co = L1.C1 = Log.Coo = 1 8%V S22, #8712, Lo, L1 O Lo 130 T po, p1 &
O poo (KR 4L, Cp, C1 KN Coo 13 pp, Py KON ply IHERI S D, FEi, bk =0,1,00
Xt LT C = B}, THDH. ni2kd Ty, T'1, Tao, Do, D1, Doo K} O1 DENZR
DIRFW e To, T1, T, Do, D1, Doo KON Oy E35<. Ty, I} KO T 12 ¥ I
D (=2) #hi#k, Do, D1, Do KT Oy 13 (—1) R TH Y, BARDIEZF i, j ITHLT
1.0, =0,.Dj = D;.Dj = 0 Bk 0 S b, fEEOIRAT k 126 LT I4.01 = DOy =0
7135 Tp.Dp = 1 MK 2o, B7IT, T, T1, Too KT O1 13 1 T qo, g1, goo B 0g (ZHE
KI&H, Do, Dy O Do 13 ¢, ¢ RO ¢ ISR S 5.

Lo, [y RO Ly ODFNZENE OF DREEE pao, p3 KO py L8 Ly, L1 KV Ly
DENENE By DRIEE pios, pras K prar EB<. 6 4L pa, ps, pa, p12s, prss LT
pur COTO—T v 7k ¢: 5 — X £35<. ¢ I2L 5T py, p3, P4, Pr2s, Piss KO prar
DENEINAERI S D (—1) Wifi % Eo, E3, By, E125, E136 XY Eiyr & 3<. B51&
RELCELTE, SIEETRIE M LEEE2MND 2L 35, iz, Ty 1L 6 4 ps, ps,
P4, P125, P136 K prag DWVTNHEHRWVD T, ¢ ITX D f() DT ~DFERLY f()
THET. By O ¢ I X 5% B 13 (—2) #hi#tT,

E_i ~5A +4' — 3Ey) — 3E1 — 3FE — 2E(l) — 2Ei — 2Eéo — Fi95 — Ei36 — F147.

Lo, L1, Lo RO Oy OFNEND ¢ =% HHe384% Lo, L1, Loo X8 Or I (—4)
W,

f()NEo—E(/)—E2—E125, ENE1—E1—E3—E1367

Lo~ Eo —E' —Es— Eur, O1~A+T —Ey—E| — Es — By — E3 — Ey.

To+ T+ Too + Br+ Lo+ L1 + Log + O1 0> THIGT B4R 2 Bl 7: X — 5
L#5<. 8 Hhifk Ty, Ty, Too, B, Lo, L1, Lo KO O1 RO ED 2 i s HNZAD 5
OGS, X I3EBRTH L. Eix, ©h—E 14 oFRE TH 5. T, 7T KO
Tl FOPRD 2 EO (—1) R TH Y, ZNENE 2e11, 2e10 LT 2613 £B<. eqy,
e MY ez EHERIT DT, M/ N e fEE 2 #ifRR f: X — P? 2155,

Co, C1 B Coo DZFNEND ¢ 12K BB E Cy, Oy KV Co THEF. Co B
J=i plos D L XL 86 ~ §*C'0 — FEio5, J=y plos BBV E XX 6(/) = §*éo TH 5.
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(n0<)* Ty =To + 25*Co + Bros + Lo + By \CIEBET 5 &, Co 73 pros D25
E,05 (1:0) kD fO77A8—F 51| BWThHD. &bIZ, 20k x Cy N B &
BT o EMNT, [-If_ (N)] B L [5-IT_,(S)] BUcHiinsd. RECLT, Gy & B
DIEHY S b, (V) BORET 7 4 A—0 L 0 3 FE R HRI T 5. (P2)" 1ok
5 iR Cp LEM awg + Bwi + ywe = 0 DELEDD, S Ao, M, Ao, V0, 1 KO
Voo 145

¥ (Qwo + Bwy + yws) /u® D v/u BT DT

—256510(s — 1)10410 x {2 N2 t? — (W2 AL — BriAY + arfAd) st + argAis? )

EBIT, (WA A2 — (WA, — BUiAY + afAd) st + avgAis?} /s? D t)s I 5]
BIRIE 0€2¢3 ThD. pryon: X — P % B ~#lfR L T Reimann-Hurwitz DAR %
BEHLUT, B3 DL f ORRT 7 A N—DERENDAIND.

(P2)" 12BW\T, 3 it € = 0 JXEM Ao = 0 & (4: —1: —1) THELTA
(0:1:—1) TEAWAICARZ DD, 3 WHIKRE ¢ =0 HEMR Ao =0 &R (4: —1: 1) TH
LTHR (0:1:—1) TEIEAYICEZDD. 2 HMR A =0 X A = 0 IZOWVWTHFEBKTH
. U bEERX—DFEMND, 3 KR € =0 & 3 WM ¢ =01F 3 8 (4: -1:-1),
(1:—4:1),(1:1:—4) THELT, 38 (0:1:-1),(1:0:-1), (1:—1:0) THKHIC
D, 2 Wi vg =0 & 3WHIFR E=01L 3 5 (4:—1:-1),(1:0:-1),(1:—-1:0)
THT 5. 2 R vo=0 & 3 AR C=01F 2" (4:-1:-1),(0:1:1) THL T,
28 (1:0:-1), (1:—1:0) THWMICRDD. 2 WEIHR 11 =0 LT e = 0 I2DWNT
LA TH D, i, B o=01£3 /8 (1:0:-1),(1:-1:0), (0:1:-1) @5, LA
FDO XS BRZ G, B3 O I) KOEK 1 2155,

EIRS. P2 Lo (0:0:1),(1:1:0),(0:1:0) KX (1:0:0) DZREN%E P, P,
P RONP BBz —y=0,2=0 X0 y=0 DENETINE l125, {136 L l147
TET. R Py BT DB f1os DX ITKIST D Py OEREESE P L 3B5<. [FEk
W2 LT, Py KON Py OBERRITEE S Py 2O Py 1XEAR f136 N b4y DIEZ KIS SHD.
fo=0,fi=0 KD foo =0 DZENENNERT D 5 WHIHRE Qp, Q1 KT Qoo THET .
Ps OB LRI HER PR IZBWVWT, Q1 & Qo X2 HAEZLD. Qo b Py #5703, Qo
X Py IZBWCHRRTH D, Py Ob DTG A Py IZB VT, Qoo & Qo 1E 2 AL
ZHD. Q1 b Py AN, Q11 Py ICBW IR THD. Py Ob 5 IEEIHEA P
IZBWT, Qo & Q1 IX2ERZEZDLD. Qoo b Pio DD, Qoo 1 Pro [TV TIEFFR
THD. (x—y)fo—ala+26+2y)zyz* =0, ofi + BR2a+ B+ 2y)y(x —y)zt =0 L
Yfoo —7(2a+28+7)x(x —y)2* =0 DENENNERET D 6 Kz S, S1 KT So
LB, Sy DR E ST, 10 45 P, Py, ..., Pig DNT Py < 9 HIZBWT 2 A%
B0, FRRIS, Sy OFFRAIEL 10 SRONT Py ZFR< 9 8ICBW T 2 HAZ LD, S D
ZhUE P #BR< 9 RIZB W T 2 ERz b2, X (L1) BNED D FmE 13 wihfpo~<r
SN D—ETEIE, Py T5 B, 9 8 Py, Ps,...,Pp T4 HAEZ LD, Loz T
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R THD. 3 5 Py, Py, Py ODNMND 2 SERY, 20 2 88 P #9007 LET
It T % i, ﬁ (1.1) BED DL D iﬁoit 5 EALNHOD 4 EEED
O 13 WRHEIARDO X v BT DRV VD E, 10 S P P, ..., Py BT
E357e—T v TR v X 5 P2 TEHE rov b fi X 2P OKT AR —DE
PSR 13 IR DA 2L E e 2 B Th D (cf. 5% 10).

AR (a:B:y)=4:-1:-1) DL X, [1-VII-3] DKL T 7 A N—|Z%fIE L T,
Qo 1& P IZ8BUVWT f195 & 3 HICHET A.

So, Qo, l1as D X ~DOHFHIXR L% So, Qo, lios £ Mg £0 DEX, Sy & lha5
13 (1:0) £ (V) O 7 A R—DBERIRS THD. Ao =0 DL &, Sy IZAH
Th DM, So = Qo + lizs LEEKINRE I, M (1:0) £ (V) BOBER T 7 4 N—DRE
IR 3 NS(X) IZEBWTHERMT HEAEE, Ao DIEIZEKAF L. ULED X5 Zedgim
EOHHE B ICL BT T S REOIEARTHENGS, EH 4 MRS .

% 10. X ZIRFFRAEME, £ X — P 2N e flilk 2 thigdk e+ 5. f i Pk
D3 (1:0),(1:1),(0:1) DIz (V) BOKRT 7 4 X"—% b O L ]ET S, EH 2
DX (1.1) BED B il 13 WHIFRD N v V% 52 2 BAENEZ v X — P? LB<.
P2 £ 10 /5 Py, P, ..., Py 1ZTER 8 0@ &5, 3 45 Py, P3s MOV Py s &3
50 VETEWE 7 P? ——» P2 TERL, 3P, Phb KNP T D7 LETE
HaZ 5 P2 - P3], ML< 3, E P, P KO Py 2T oHENE 7y P2 - P[24]
ERL. Z0LEE X 5P OB T 7 A N—DEBPFE 13 RIROR U 2L E AT
o7 X MWORETH~OMNAIHAIT, v: X - P2 F Vi =234 LTEED

ov: X —>P[2i] DT 4HEETHD.

SEEA. L 1 XV, V@ 13 RHEEROR UV BT L 97 X DO A~DOME
AN, 10 A (—1) #h#rZ#E03 5. £ LT, 10 KONT 9 KD (1) #h#jix f o
Ty ANR—=L 4 JHTEDY, fET B2V d 9 EOISETE O%IT 4 5% 6.
v:X 5 P2IZEoTH P ~MEREND (1) #iffo X ~OL5|ZR L% ¢ THEL,
P? FOEBRORIERLE L L. F~ —4Kx + (U —e1) THHIS, f DT 7 A
N—=L 4 HTRDS (1) #iIFU, [ — er| ITATRET DAL Dp_,,) DIYET 71 /38—
DB TH 5. IB(LT 7 A /N—1% (0 —e1 — ez —e5) + (e2 — e5) + 2(e5 — es) + 2es,
(l—e1—e3—eg)+(e3—eg)+2(eg—eg)+2e, (E—el—64—67)+(64—67)+2(e7—610)+2610
D 3ART, BxtZ7 7 71% D3y BTHD ([5, & 2.3)). L7 7 A N —DBEKI Ry DALE
26, BIIOMEBE X 6 KD (—1) HIfR e10,e9,...,65 ZXLTHENTH. ZhH 6 K
O (—1) R EAFERIT D2 NEBRN % vg: X — Xg £8<. v 125D (£ —e1 —e2) + e,
(l—e1—e3)+es, (L—e1—eyq) -1-64 @@73§ Qg (t—cr) + X6 — P! Db 7 7 A R—ZT
BT 5. HROMA BN 2155 %1 I, EDKIBILT 7 A N—D 2 DD DONTH
— T O EAT, 3 KD (—1) n’*’i’%fﬁ%ﬁ“ézgﬁ)%é. ULk 9 ARD (—1) dh#pz i
FILTZRITIE, By : X — Pt O/ ET L Bg = P(Op @ Op1(d)) DMEHN5.
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Y ELS LS9 3 ROw Y7 (—1) BfRE BT 72w, DI, HuEICH G451 LT
END B,

v 1 X — Xg DRI e, e3, e4 DIRIE, HNZRZ DLW 3 KD (—1) tifgzEkd. =
o 3AD (—1) MREMKT S &, er DRIBIINTTH D Oy, OHEHBNET L
Y1 255, LEERoT, X MO FE~OMAEIE, 9 KD (—1) di#? e10,e9,. .., €2
EHERIT DR BIE, v X — P2 (Tflie 70,

3ARD (—1) HifR e, €3, 4 DNTTE 2 KD (—1) IR ZHENT HHEICERTH.
BIZIE, eq & ez Miar T D & &, BRIOMEEH 2152 2I121L £ —e1 — eq — er ZHERIT
LEPLETHD. ZOLE f O (=2) Ul (O) ~ L —e3 —e3 — es KU eg DED U
LI T2 & 978 e, DHRNET IV Bo 2155, e3 £721F eg D—FH DB ZHiK
LANE X LABETHD. LER-T, X 7 bHETH~ORAIE, 3 A0 (1) i
#R ea, €3, e4 DNTTEE 2 RO (—1) iR EMEHNT 21 2 51F, F B0 14 L E
Thb.

3AD (—1) #ift ea, €3, e4 DNTTE 1 AD (1) R EZHHOT2HAICERTD. #l
ZIZ, e ZAERIT D L &, BRIONHES 2155 412015, f—e1—e3—eg & L—e1 —eq—er
EMFIT 2 HEBBETHD. ZDLE (0) DBRBB/INIMTHD L 572 &), OFIXHE
INETIV N BSD. S DICHUINIE A2 FER T 5T, X D DI~ O B B 3
HID., ZOMEBES X v T DL e, e3 LD ey DRDOVIZ(0), £ —e1 —e3 —eg
KOl —e; —eqs—er ZAEAILTNDEMND, mov: X — P[22] AR B, Z ook &,
f: X 5P OKT 7 A4 3—DGPFM 13 REHERO R 2L 2 T HRN, 2RO HR
MBo5. e3 KN ey DFENENEMAIT D E X BIRERIZ, WHEES mov: X — Pfg]
KRrpov: X — P[24] 2T, WY f: X 5P OF% 7 7 A4 —DBI3 1 13 kith
PO UV ERCT.

3ARD (—1) Hiff e, e3, e4 DTN HHEK LAWGAICER T 2. HAYOPHHS %
D823, 0—e1 —ex—e5, 0 —e1 —e3 —eg, £ —e1 —eq —ep HRERITDENHLETH
5. ZOLE (0) DBRBFB/NIBITHD K D78 Opp_e,) OHXHNET L By 2155, L
T2ido T, F OB 13 REhHRE 722 K970 X D DIEVE~OMH IS, =0
LA IIFE L7200, O

& 3K

[1] A. CaLABRI AND C. CILIBERTO, Birational classification of curves on rational
surfaces. Nagoya Math. J. 199, pp. 43-93 (2010)

Y20 X5 R HIHIFIE LRV A b ERARN. DFED, 3 KD (—1) H#ON TR &b 2 KD
(—1) R EH/RT 2 HEFE~O WA TEEIE, 47 3 KD (—1) M Ef0T 50000, EEIOR
TOFHELES.

176



2]

3]

M. DE FrANCHIS, Riduzione dei fasci di curve piane di genere 2, Rend. Circ. Mat.
Palermo 13 pp. 1-27 (1899)

E. HOorIKAWA, On algebraic surfaces with pencils of curves of genus 2. in Complex
Analysis and Algebraic Geometry, a Volume Dedicated to Kodaira K., pp. 79—
90, Tokyo and Cambridge, Iwanami Shoten Publishers and Cambridge University
Press, 1977.

S. KITAGAWA, Pencils of genus two curves on rational surfaces. preprint (2008)

S. KiTAGAwA, Extremal hyperelliptic fibrations on rational surfaces. preprint
(2010)

Y. NaMmikawa, K. UENO: The complete classification of fibres in pencils of curves
of genus two, Manuscripta Math, 9, pp. 143-186 (1973)

T. SHIODA, On the Mordell-Weil lattices. Comment. Math. Univ. St. Pauli 39,
pp. 211-240 (1990)

T. SHIODA, Mordell-Weil lattices for higher genus fibration over a curve. New
trends in algebraic geometry (Warwick, 1996), pp. 359-373, London Math. Soc.
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On the non-smoothmess of Hilbert schemes of points for

monomial plane curves

PR TEAA (V1L T3 A )

1 mHOEILRIVNRF—LA
SERER b 2R 0 ORBEAR L T 5. KD A—-RFRTHEZOND, HIHIRC 252 5.
z=t", y=t" (ged(n,m)=1). (1)
Zoihfk C iz LT,
H, := {I| T X k[t",t™] DA T 7T dimy, k[t", t™] = r}

ErmOLIl ) M AF—LAEIRER, ZOH, ORREOFEEFARZV. BEZOXS I %
EZBHDOH), LARTHHT 2,
X #WRBLIRE T 5. r AFREE S, I LT

X" = X"/8,

X OrESHEEVS. FEI0LBXIEHLTr SO LV NAF—LH, 2EHETS
ZEMNTE, H, & r BEYHE X ORIZIZE LR b - F v D8 EIEEN 5 5

or H, — XM

NEHRIZEET 5.
MOV N AF—L& r BEXNFEICEL T, MTFTOHEIFHISNT VWS,

T 1 (Fogarty, [1]). X ZuEiEAIERREMmHE U, X IS5 r SO~V b 2% — 4 H,
FHERECHRRTH S,

EIE 2. (1) X 2SIEREARMRRGE, r BRI X 1ZIERR TRITH n ORBERIETH 5.
(i) X BIHFRETdim X > 2 THHIE, X0 IFRESE RO,

EHLL, EE2 D (1) b, KA O,
% 3. ERFEME X 1L T, BN S - Fy bt 13 X ORERSREEE S5 X 5.

X WRE A EFOMBROBE T, “H, BIHERERSIE, r EXRHE X ORESMEIESH
DTN LV OPEEDOEFHKMATH o7z, ZOZLIZELT, BLUY Y RYa v AT
k[, 3] IS 2 Hy I2DWTHR Lz, ZORDIMET, UFRDI L ERT I EMNTEL.

1B 4. [EREOWIEIE X — Spec k[", 7] 12 LT, H, X554 .

FAEAA I Haiman ([2]) (2 &% X = Speck[z,y] I L TD H, BIHERETH 2 Z & OFEH & Hkk
OF + k- IALN
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[1] J. Fogarty, “Algebraic families on an Algebraic Surface”, Amer. Jour. of Math. 13, No 2,
511-521, (1968).

[2] M. Haiman, “¢, g-Catalan numbers and Hilbert scheme”, Discrete Math. 193, No 2, 201-214,
(1998).
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Brfsk i X E oo g Nk C 5%

B B &R

1 [FLHIC

X ZARIEARK (X)) > 1 ORI 284 km <, C %2 S Lo 5. X 3Pt Ry
RLotEzFF>. 2ot &, PRV RV X — B TOEMR B O g(B) 1% ¢(X) 2
—%+%. F£7-, PLAVERAL X 5 BOUWT OFIIZARSI T2 N/ 255D
WIFIEL, TNE Ty TET. 22T, b= To & X DR EIFAT, degX =b & E
. b>—qThd. X FOBMBRC 2525 &, C =0l + eF, 7225 ERREN
H5H., 22T, By PRV L ®: X 5 BO— 77 A —Thb. (0,e) 2 C DK
LS. C DR (0,e) & C DRFRBOERNEEE v 2 1V, REX o > 20 il
T (X, 0) % g 4BINe LR, (X, Oy) & EL (). E-HIZ Oy & f 4B/ SV 5.

b=2—obéB<. CHEHTHLDT, b>0Thsb. %t (X,C) & (X1,01) 1 C
EDEERLETENL ONDEAERICL->THBVH I L X, (X,0)% (X,0,) L&
<. HRZ, g (X, C) Db & by 5L, by =min{b | (X,C) % (Xy,Cy)} ThD
[Ma2].

# A5k (X, Cy) (122N, Cy @ v FR L, ORI S
D,, iz S, L325&, % (S, D) B¥Ebhd. 22
fHFRIER ImK, + aD,| DIRTEET . T720H, Pr,
#£T5. K, 138, OEERTTHD.

AT, SEREAH ¢(X) > 1 OIEFr RSk, D % S LoOIRFFRAEMhMR L 325
&, PuolD] = dimmKg + aD| + LT ORAHAZERETH D, £z, k(S,Ks+ D) b
WEBALERTHY, “hx kD] LEL. S5, TANTFT—EE K a: S — Alb(S) 2
bbb a:S = alS)E&Ex5L, B=alS)Xg(B) = q(S) ZF oIk RAE R
ThY, a:S—a(S) D77 A/N—F & D ELORHEIBD.F#%o(D) LiElL, Zh
LUHEALERTHS. (S,D) ORHFEICE L TIE, (S,D) BHMIENEETHD. Th
X, D EEED (1) HBRE LORSHMD.EN2UETHLIbOLERSND (1) ZL
T, K[D] >0 Th Mzt (S, D) IZB LT, o>2Thd Mkt (Xy, Cy) BIFIEL,
(S, D) 1% Cy DR R ED TN RAL N BEBND [Ma]l. ZOL X, o(D)=0 Thb 5.

ST, 77 4 v—[At] RS [Sw] OWFFER R A 5 Z & T, k[D] <1 Ox%F (S, D) i
TFEHICIR RS2 Ma]. 7z, C OR/INERRIEN DGO D% (S, D) 73 k[D] =2 T
BH5R5IEe(D)>3Thd. ZDEX, o(D)=3ThdI L& Pyy[D] =0 1XFAMETH
% [Ma2].

A#HLTHE, 0>4Tho st (Xy,Cy) & Ppo[D,] TS 2. FERIILFO &
BOTHD.

T, PralD)) (m>a>1)%, 5

& RS TR L TR Ot E
alD

y] =dim/mK, +aD,| + 1 %E
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FEE v >2THIARM Y ZEETH. 0> 207251, LUFD (1),(2),(3) 23
L.
(1) WK, + D,)? > 0. ¥z, (vK, + D,)? <= o = 2v.
2)o>20+1,95. ZDLE, 0=20+1<«= P,y11[D,)] =0.

(38) o >2v+272561F, P,1[D,] <3P,41.1[Dy)] —67. F5ldo=2v+20Dv <vil
[B5. 22T, §=q(X)-1Tdh5.

2 P,.[D)) DR
DTFICENT, v>22Th BB v ZEEL, o> 2w 2 2RIRET 2.
1. [0K, +2D,| # ¢.
[FEF] [Ma] IZ8BWT |0Kg+2D|# ¢ RS THBY, FNL 0G5, GEFK)
&2, (S,D) 1, S, LOEED (1) i Elcxt LT D,.E>0/2 &5,

[fEF] E% S, EOLED (1) it d5E, E4D, THLHDOT, (0K, +2D,).E =
042D, E>0TdH5D. LEN->T, D,.E>0/2. GEHK)

M3, o>2v>2n% b2 D, EAREnIZOVT, 2ng, > (n— 1)D2 ALY L.
22T, g =(K,+D,)).D,/2 Thb.

FEA] n=10L X THLNRDT, n>2¢95. |[0K, +2D,| # ¢ £V, (6K, +
2D,).D, >0 Tdbb. LEN-T, 20g, > (0 —2)D2. Zhn LY,

g n

D2,

29, =

L7=NoT, sEH SN, GEBHK)
M4, MESILFEUBEDH ET, nK, +D, 1 IXx7Thb.

[FEF] (nK,+D,).A <0 &RDPAIMMBIAE L EEL LS. bL, A=D, Th
H7enlE, M2 XY, (nK,+D,).D, =2ng,—(n—1)D? >0 THLDT, REIZFIE
T25. D#ALTH. Z0LE, DA>0ThAD. Fa|oK,+2D,|1rbsb. ZDLZE,
o((n+1)K,+D,) ~ (n+1)F+(c—4)D, Th%. Lizh->T, AF<0, £LTA%<0
#%%. (nK, +D,).A<0%Y, nK, A< -D,, A<0Tbhdb. £o7TC, AlL(-1) i
THY, D,A<n—-1ThDH. LA, ZoOFREIME2OAR%EX D, A>0/2>n
ZFET 5. GEIK)

5. vK,+ D, Nt 772 51E

Pyi11Dy) = B((v + 1)K, + D,) = (v+ 1K, + l;y)(yK,, +D,) -

[fEH] vK,+D, "3x 7 TE w7 ThbH I b, MREH LY, W ((v+1)K,+D,) =
RY(—(vK, + D,)) =0, h*((v + 1)K, + D,) = h°(—(vK,+D,)) =0 Thsb, Lii->
T, V—=~vr - ayROEHRLY, MEL MY LD, GEFK)
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(X4, Cy) o >4 ThD gkt L, (S,,D,) & Cy © v EFLLEOR IS O FFAF
Hp:S > Xy hoR/RonNdHETH. ZDEE,

K, ~ N*(KO) + Z E;j,

vj>v

D, ~ ﬂ*(Cﬁ) + Z l/jEj
vj>v
ThbH. ZIT, ~EREREEERL, T8y 7 OREET S CEK L. B 1T (—1)
T 5. F£72, Kol Xy OEERTTHY, Ko= -2 — (b—29)F, Th5. LIz
MNoT,

vK, + D, = (0 — 2T + (e —vb+ 20q)Fy — Y (v — V) E;. (2.1)

vj>v

6. vK,+ D, Nty 7B,

2P, 111D = (0= -1+ (@ +2)9) - > (y—v—-1—v). (22)

vj>v

GEWY] A5 & (2.1) L0 REND. GEFIK)

B 7. o>470b1F, LLITD (1),(2),(3) 2361 325,
(1) (2K2 + D2)? > 0. %72, (2Ka + D2)? < o0 = 4.
(2)o>b5LTDH. ZDEE, 0=5<= P3;[Dy] =0.
(8) 0 >6 7251E, Pyi[Ds] <3P31[Ds] —6q. F5ldo=602v <2ITR5.

[FEPA] [Ma3] & W & (REBIH)

3 FEEDIHA

TEHAEBFAIRINETIEHLE Y. v=20L &%, METLVEV D v>30D
LAEIZBWT, v ETHRILLTND ERET 5.

EFTQ)E7RT. V=v+1LT5. BNEORELY, 0 > 2/ =2w+20DLZ,
Py1[Dy] >0, 37bb, VK, +Dy|#¢ Thd. 612, mEA LY, VK, + D,
Fx7CThHbH. Lo, VK, +D,)2>0Thsb. —J7,

VK, + D, = (0—-2V)o+ (e—Vb+2Vq)F, — Z (v; —V')E; (3.1)
v >v!
ThodZ Enb,
V'K, + D) = (0—20)(by +4/q) — Z (v; —V')? (3.2)
vi>v’
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MEHND. kY, o =20 THIE VK, +D,)? =0ThH5. ¥, (VK,+D,)? =
0Z{EL LS.

(V) = 1)(0 Ky +2Dy)| = |(0 = 2)(V'Kyy + Dyr) = (0 — 2V') (K + Dyr)| # ¢
ThHZELEVK,+ Dy BR7THDHZ LD,
0L (V/ - 1)(0K,,/ + 2D,,/).(V/K,,/ + D,,/) = —(O’ — 21//)(K,,/ + D,,/).(V/KV/ + DV/) <0
#1%%. b L, (Ky+Dy).(VK,+Dy) =0Thiu, K, +D, IR 71Oy 7 THLHD
T, Ry VORBERLY VK, +D, =0Thbb. ko, (VK,+D,).E;=(vj—)=0
Vv <V ThHD. LIehoT, 32)LVeo=2/Th%.
WIZB)ZmT. o>20/+21F0>20+4>20+2 THLHDHDOT, IFEDOREIZ X
WVK,+ D,y 3x7 Ty 7 Thh. LizhoT, M6 LY,
Pl/’,l[Dl/’] + PV’+1,1[DV’]
=(o—2/)(by+4/'q) — 27— Y (v — v/ —1)?

= (o —2/)(by+ (W' +2))) =20 -2/ +1)g— > _ (v;—v' —1)°. (3.3)

. !
vj>v

POV 6 DR (2.2) L1,

oc—2V -1

P,1[Dy] = (0—2V) {

2o -2/ +1)g— Y (v;—v 1)

. !
vj>v

2Py 11 [Du] + 3, 5 (v =V = 1)(; = V) }

o—2U+1 B
= (m) Pyi11[Dy] = 2(0 — 20 +1))q
vosplo—vi =V (v; —v/
R U] »
-2 —1
o>2/+2 L - NEf o > 20 KD
Py’,l[Du’] < 3PV/+171[D,/] — 6q (35)

RS, FFIZ (34) XV, o= V42 o v <V ThIUE Py’,l[Dy’] = 3P,//+171[D,,/]—
60 Cib%. W2, Py1[Dy] = 3Pys11[Dy]—6q 2 10ETS. 0L X, (34) L0 v; <o/
Thsd. bLo>2/+3Thiug, (34) &V, P, 1[Dl,/] < 2PV/+1,1[D,/]—8Q THDHDT,
PyiialDy) < —2q L7529, Pyira|Dy) = 0%4%%. £-T, (3.4)) £9 Py[Dy] =0
CBBA, AL Pyi[Dy] > 0ICKT B, LER-To=2/ 42 Ths. ZHT(3)MR
RSN

%I, (2) 27T, o > 2V + 1 DHREORWMEDIEIL, Pya[Dy] >0ThHoI L
WCHEETS. PyiaDy] = 0&2IETSH. L, o > 20/ +1f&>57§¢6&i‘, (3) &b
P,y1[D] =0 &7, WWEDHGE Py1[Dy] > 01K T 5. Lich>To=20/+1T

25)%5 Wz, o=2V+1ZETHE, t-M/NKEo>20 LY, 1 <V THY, %X
(2.2) £ Pyy11[Dy] =0 T B, AT (2) AW SN,
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§1  Introduction and Main Result .
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Definition of Gonality

Let C' be an irreducible curve on ]P%.
Every nonconstant rational function ¢ on C' associates a
holomorphic surjective map @ : C' — P!, where C is the
normalization of C, and we have degy = deg .
In this talk, the term “rational function” always means
nonconstant rational function.
The minimum degree of rational functions on C is called the
gonality of C' and is denoted by Gon(C).
That is,

Gon(C') := min{deg |rational function ¢ on C'}.

This is a birational invariant of plane curves.

Some Known Results

Let d be the degree of C' and P be the point on C with the
maximal multiplicity ».

Considering the projection from P to a line in general
position, we have Gon(C) < d — v.

M. Namba proved that in the case that C' is smooth, then we
have Gon(C) =d — v =d — 1. Furthermore if d > 3, then
any rational function ¢ on C' with degree d — 1 is a projection
from a point on C to P'.

Coppens and Kato [1990-1991], as well as Ohkouchi and
Sakai [2004], gave some sufficient conditions for

Gon(C') = d — v for the singular case.

Let g be the genus of C', then another well-known upper
bound of gonality is Gon(C) < (g + 3)/2.
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Some Known Results

o Today, the following result will be used
Theorem (Namba [1])

If there is a rational function 1’ with degree r on C and
r is prime, then for any integer n with n % 0 (mod r)
and (r —1)(n— 1) < g — 1, there does not exist rational
functions with degree n on C. In particular, if (r—1)(r—
2) < g — 1, then we have Gon(C) = r.

[1] M. Namba, Families of meromorphic functions on compact Riemann
surfaces, second ed., Lecture Notes in Mathematics, vol. 767, Springer, Berlin,
1979, xii4-284 pp.

vedicion piedt y T e e
Definition of Trigonal Curve

s Gon(C') =1+« C is a rational curve < g = (.

e Gon(C) =2« Cis elliptic (when g = 1) or hyperelliptic
(when g > 2).

e We call C a trigonal curve if Gon(C) = 3.

e Today let us consider the following question: for a prime
number p, when is a p-cyclic covering of P! with 3 branch
points trigonal?

e Such a curve can be written as

Y =z (z —1)",
where p { ag, a) or ag + a;.
e And we write ax. = min{a >0 | ap+ a; +a =0 (mod p)}.
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Cyclic Coverings of P! with 3 Branch Points
» Easy to see, by a birational transformation, we can rearrange
the order of (ag, a1, a-).
* Moreover, for a positive integer k such that p 1k we write
kag = up + by, kayp = vp+ by,
for some positive integers u, v, by, by.
e Then from the origin curve y” = 2™ (z — 1)™, we get
_ykp = mkﬂo{x ;. 1)&‘0. sz .'r,‘“‘"+b°(.7.‘ s 1)!‘p+b| .

= {2"(z — 1)*}zt(z — 1)™.

P
s That is, (WLF) = :L'bfz{x - l)fn 3
« Hence, the original curve is birational to
yr = Xn'rn (X L 1)b| ;

Curves
a8

Cyclic Coverings of P! with 3 Branch Points

* To sum up, we obtain a sufficient condition for p-cyclic
coverings of P! with 3 branch points being birational:

Lemma

For a prime number p, the two curves
y' =z (z - 1)", (ptap.ar, a0+ ay)
y=a%(@—1)",  (pfbo,bi,bo+b1)

are birational to each other if there is a positive integer k
such that p{ k and

{kag, kay, kax} = {by,b1,bx} (mod p)
as non-ordered sets.

e In fact, this condition is also necessary (see Nakajo [2]).

[2] N. Nakajo, On the equivalence problem of cyclic branch coverings of the

Riemann sphere, Kyushu J. Math. 53 (1999}, no.1, 127-131.
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Cyclic Coverings of P! with 3 Branch Points

e In particular, any p-cyclic covering of P! with 3 branch points
is birational to a curve with for
¥ =a(z-1)%

which will be denoted as Cj,.,.

p=2a+1, ()

Curves Proof Case | Case 2 Exceptional Curve

Elliptic or Hyperelliptic Case

According to Yoshida [3] we have
Proposition
For a prime number p, a p-cyclic covering C of P! with 3
branch points is elliptic or hyperelliptic if and only if p = 3
and C is birational to the curve

Yy =z(z—1).

That is, if we write C in the form of (%), then C' is elliptic
or hyperelliptic if and only if p > 3and a = 1 or (p—1)/2.
Here, the elliptic case only occurs when p = 3.

[3] K. Yoshida, Automorphisms with fixed points and Weierstrass points of
compact Riemann surfaces, Tsukuba J. Math. 17 (1993), no.1, 221-249.
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Trigonal Case (Main Result)

Main Theorem

For a prime number p, a p-cyclic covering C of P! with 3 branch
points is trigonal if and only if p > 7 and C is birational to the
curve

yP = a(z —1)%
That is, if we write C' in the form of (), then C is trigonal if
and only if
(1) p=6g+1 forsome g >1and a=2, 2q or 3¢ — 1, or
(2) p=6g+5 for some g > 1 and a =2, 2¢g + 1 or 3¢ + 1.

—

Note that using the lemma above, we can see
Ceg+1:2 ~ Coqi1;2¢ ~ Cog+1;3q—1, Cog+s:2 ~ Coqis29+1 ~ Cog+1:3¢+1,

so the parts before and after “that is” in Theorem are indeed equivalent with
each other.

Proof

§2  Proof for Main Theorem
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Rational Functions y*(z — 1)"

Use the notation C'p;a for the normalization of C),.
Write Fy, P, and Py for the points on Cj‘p._u lying on (0,0),
(1,0) and the infinite point of C,,. (Note that p is prime.)
Then the divisor of rational functions y and = — 1 can be
written as

(y)=1-Ph+a-Pp—(a+1) Py,

(z—1)=p-P—p- Px.

Thus, we can compute the degree of y*(x — 1)" for any given
pair (£, 1) of integers.
In what follows, we write @ ,, == y*(z — 1)".
One can check deg(p10) = 3 on C'plz, so the "if" part of
Theorem has been proved.

Proof Case | Case 2 Exceptional Curve
*000 )

Proof for p = 6 + 1
The proofs for the cases of p = 6g + 1 and p = 6g + 5 are
similar, so we only introduce the former one.
Firstly, let us collect the results above:
We need to consider the curves Cgy 1.0 with 1 < a < 3q.
Cig+1:a is elliptic or hyperelliptic if and only if a = 1 or 3¢.
Cgt1;a 1s trigonal if @ = 2, 2q or 3¢ — 1.

B&-o0o o—o—-0—o o—o—
1 2 3 -1 g g4l -1 3g-1 3g

Here, ®: gon=2, ®: gon=3, ©: gon. undetermined.
Therefore, we have only to consider the curves Cyi1,q With
3<a<2g-1 o 2g+1<a<iq-2 (1)
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Review Namba's Theorem

Now applying Namba’s Theorem, we obtain that

Corollary from Namba's Theorem

If Chgt1;0 is trigonal and ¢ is a rational function on it,
then

deg(y) < (3¢ +1)/2 = 3| deg(v).

Proof Case 1
ohan TG

Proof for p = 6¢ + 1

® The divisor of the rational function ) ¢ can be written as
(pro)=1-Fo+a-P—(a+1)- Pux.
e Thus, we have
deg(p10) =a+ 1.
® Then by Namba's Theorem we obtain that
ifa<(3¢g—1)/2, thena=2 (mod 3). (2)
o Firstly, suppose that a < 4, then by (1) and (2) we get
(g.a) = (2,3), which corresponds to the curve Cj3.3.

* We leave it to the last step, and will show it is not trigonal.

e Hence, in what follows we can assume
a> 5. (3)
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Two Cases Case 1, Step 1: toshowa > qg— 2

* Hence, by Namba's Theorem there does not exist any integer
k with & =2 (mod 3) such that s; < k < s4.

e In particular, we get s4 — s; < 3, and by (3) this implies
* We divide the rest part of proof into the following two cases:

L . B W . S
I T T T8@a-3 "6 Te2x5-3 T 71
3 4 » That is, we obtain a > g — 3.
Case 1:  a<3q-—3, . . .
) 3 o Suppose a = g — 3, then we infer from (3) and the condition
Case2: a>iq a+3=g<a+B+ E{E‘il——?;‘ above that (g.a) = (8,5).
* However, when ¢ = 8 we see p = 6 x 8 + 1 = 49 is not prime,
which is out of our consideration.
e Therefore, we obtain that
a>q-—2. (5)
Proof  Casel Gl Exceptional Curve It Case1
Case 1, Step 1: toshow a > g — 2 Case 1, Step 2: toshowa >g¢g+1
e By (2) and (3), the condition of Case 1 implies e Suppose a = g — 2, then by (3) and (4) we have
a=2 (mod3) and g¢=>4. (4) g=7 and ¢g=1 (mod3).
e For a positive integer k, we have ¢ On the other hand we check
(or—1) =k -Po+(ka—6g—1) - P+ (6g—ak—k+1) - Px. deg(ps,—1) =13<(3¢+1)/2 wheng>8.
e Then using the condition (3). one can compute * Then we only need to consider the case of ¢ = 7.
e | <(Bg+1)/2 o <k<s * However, on the corresponding curve C3.5 we have
deg(pk,-1) = k <(Bg+1)/2 if sy <k<sy, deg(pr,-1) =8< (3 x T+1)/2,
ak+k—6g—1 <(3¢g+1)/2 ifsy3<k<sy, so it is not trigonal. Hence, a # q — 2.

e Using the same discussion we can also prove a # g — 1.
. 9g+1 _ _ 6g+l . _ Bg+l 1543
where 51 = %, 5 = T, sy =, 5= FL5.

e By (4), when k =2 (mod 3), none of the 3 degrees above is
divisible by 3.
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Case 1, Step2: toshowa>qg+1 Case 1, Step 4: to complete Case 1

e Suppose a = g, then by (3) and (4) we have
g=5 and g¢g=2 (mod3).

Similarly, by taking k = 4 we have 4 & [s]. 54]

But by (7) we can check s; < 4.

¢ On the other hand we check * Then we must have s4 < 4, which implies
3tdeg(pr—1)=q+6<(3¢+1)/2 wheng>11. a> %q = g

» Since 6 x 8 + 1 is not prime, we only need to consider the

» However, this contradicts (4) and the condition of Case 1.
case of ¢ = 5.

But in the last step we will show that on the corresponding
curve Cyy.5 is not trigonal.

e Hence, in the rest part of Case 1 we can assume that

azq+1. (6)
i it i Cant e Cipidiiniltt b I Lol Cata 2
Case 1, Step 3: to show a > (5g — 2)/4 Case 2
» Still consider the rational function ;. _1: » Review the proof for Case 1,
deg(pr—1)=ak+k—6g—1<(3g+1)/2 ifk € [s3,s4]. consider {¢y _1}4>1 =  Casel.
e Take k = 6, then we get 6 & [s3, 54]. o Similarly,
e By (6) we have consider 2y and {@aps1 —r}k>1 =  Case 2.
83 = 6g +1 < 6la—1)+1 < 6. e Here, we omit the details.
a - a
e Thus, we must have 54 < 6, which implies
5 2
g e 7
az 50— (7
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83 Proof for Exceptional Curves

Exceptional Curves
A

Exceptional Curves
In the discussions above, we leave two curves Cy3.3 and Cyy.5
undetermined.

Now we will show that they are not trigonal either, and for
this we need some preparations.

Let ' be a singular irreducible curve on Hﬂu of degree d.

Let my,...,m, = 2 be the multiplicities of singularities of C'
(infinitely near points are included).

For a positive integer k, we write

n n
sc(k) = max { er,-m; | a; € 7, Zaf = kg}:
i=1 i=1

ro(k) = dk — sc (k).
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Exceptional Curves
.

A Result on Non-Existence of Small Degrees

Using the notations above, we have

Let 7 be a positive integer such that
n

@ - "mi> (r+1)% (C1)
=1
If re(k) = r + 1 for all integers k in the interval
>

d— /T, m?

then there exist no rational function v¢» with deg(v’) < r on C.

1<k < (C2)

Proof is omitted. (Using Serrano’s result in [4].)
[4] F. Serrano, Extension of morphisms defined on a divisor, Math. Ann. 277
(1987), no. 3, 395-413.

Exceptional Curves
e 1]

The Curve Cjy,.5 Is Not Trigonal
e Now, go back to the curve C' = Cl; 5, i.e.,
¥ =z(z-1)°%
and we claim that it is not trigonal.
e Using the notations above, we have r =3, d =31, n =11
and {m;}!L, = {25,64,56}.
* Then one computes
312 - (25 + 62 x 4+ 52 x 6) =42 > (3+1)%,
3
31 —v252 + 62 x4+52x6
o Hence, it is sufficient to check ro(k) = 4, i.e.,
sc(k) < 31k —4

=4.37---.

for1 <k <4
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The Curve Cjyy.5 Is Not Trigonal

e In order to compute sc(k), we write A(k) for the collection of
(non-ordered) integers {a; > 1}}", such that n’ < n and
Z:L “;2 =il

e One can check that

A() ={{1}},  A@2) = {{2}, {14}},
A(3) = {{3}, {22, 1}, {22, 15}, {10} }
A(4) = {{4}. {3, 2,13}, {3, 17}, {24}, {23, 14}, {22, 1s}},

e Thus, we obtain

sc(1)=25<31x1—4, sc(2)=50<31x2—4,
sc(3)=T9<31x3-4, sc(d)=114<31x4—4,

* Hence, by the proposition above, (3.5 is not trigonal.

e Using the same method, we can show that neither is Cjz.3.

eptional Curve Generalization

84 Generalization

Generalization
.0

Generalization
(1) For general cyclic coverings of P! (not only prime-) with 3
branch points, when does the gonality equal 2 or 37

(2) For p-cyclic coverings of P! with more branch points, when
does the gonality equal 2 or 37

(3) How about the conditions for gonality = 4,5,6,---7

Generalization
.l e

For Not-prime Case
Result [WS]
For a positive integer d, the curve
yi=a(z—1)"  withd>2a+1

is elliptic or hyperelliptic if and only if d > 3 and
a=1lorec—1 whend=2¢c
{a:lorc when d = 2¢+ 1.
The curve above is trigonal if and only if d > 7 and

(0 =2,2¢—1 or 2e when d = Ge,
a=2,2eorde—1 when d = Ge + 1,
a=2,2e when d = Ge + 2,

<az2,2e.,2(:’+1or.?n-z when d = 6e + 3,
a=22e+1 when d = Ge + 4,
a=2,2¢+1or3e+1 whend=6e+5.
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e , : sl
For More Branched Points Case For Bigger Gonality Case

Result [WS] ® There are only very few results.

For a prime integer p, a p-cyclic covering of P! is elliptic or ® Say, for the curve

hyperelliptic if and only if it is birational to one of the following Cia: 3 =z(z—-1)"% with d > 2a + 1,

CUes we can show that Gon(Cly.3) = 4 if and only if d > 13 and

(1) y»=w(x-1) forp=>3, Gon(Cyy) =5 if and only if d > 21.

(2) PP =z(z—1)(z—- AP forp>3, * However, we do NOT even know whether Gon(Cl.5) = 6 for

(3) ¥ =a(z—1)(z—A3) - (x—Amy) for mg > 3 and odd. every sufficiently large d.  :~(

eptional Curve Generalization Introduction urve Proaf Caze 1 Cas Exceptional Curve Generalization

For More Branched Points Case

For a prime integer p, a p-cyclic covering of P! is trigonal if and
only if it is birational to one of the following curves

) yw=(x-1)(x-2)2 forp>T7,

(2) y*=(z—1)(x—2)(x—3) forp>5, Thank you very much.

3) = (! - 1)(x - 2)*(x-3P* forp>5,

4) y¥=(-1)(z-2)(x—3)(z—4)P2 forp>3,

B)¥r=@—-1)(z—mz—m +1)* . (x—m)? for
m' <m, m>4and 3fm' +2(m—m).
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BE 1 (CLEFESFFER2H)

HEHE - EA BN, WA LF (LEFE)

1. XL &Iz
2. HH1=L L ERMEDRER
3. REMEVDEZRBEOBERROMIIZELL

4. F&H

(£E]

HIHRTEEL CIIATE N/ L TERLR., 2O 8L, HEROAKEZRO TBL &, &
BICTHIZ G < ZENTE 2D 0h b THRERITHERO AL OBERIE Y Lo/ Z
EEEHRLTWD., DFD, DEDOHATEL COFSRICK L, BBOAKN RSO
WY, TOFTROBMBORLENRDVRNEDERDITLILNTED. ZOwmILTIEdH
HIZL LaZ DR INITRE TERT D HE2RD 572012, BRI TAE I
AEENEMD AN ET 5.

AL CIIRFHEOEEZ 2. DAL LOJ{LX TEB/TH L. BHITAHROET
HY, AHIIBERROETHD. BELRITIHAIZ CTEHERTHLIND, Kbdn
WEEE R TR SN2 L &0, TOEMERT AL LOoRbERILENTETHD.
ZOEE, BRI L DERA~ORBEL LT, [BHE) Adb. EBEINEZ > WD EE
AR E L, B#ART OICLERBEEAIOFER & £ OBEROEEBOMEITE L.

DFY, EWEBEAEMD Z L TROMIBE SN E TROE MM OALD DD,
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1. [ZLC&HIZ

KHBEEZFATND L E, HHES LalioeflnTTL 5. AELS LEzWDZ L
SHERZHND TETIRODN? L5 FAREEMN D, THHIZ< Cofiilb] Lo 7 A
TTIZWY SWe, DIF, AEL UTIHREROABIIFEEL TEX LD LT 5.
AR LaMlD &, [TEENERD Z LITRNZ LIZRM <. HATEL TITITRGRZ W
<BTHEIKZENTELZ 0D, ZOZ LiTxdbHTE < TITITRROAREN B lp 5 D35
RBFCICRDbDOBFETHIEEZER LTS, HATEL UEF UFER L 72 28680
FENEV DN DO~ERT L2 Lx [HA1ES Lokt &WvWo ZLiZT 5.
O T, THHELS Cofiilgit] £0bDTiER<, s Z L TRUMHREHRLH
HELLOFT, Hok HLERBDRNEODOBBIIMAL DN ONTELR L. FEE
FELSFENTND EDTHDN, M1 n KTh 25712 CORBOR/INAE %, nik

SIRRED [BEHOmEE ] ZHAVWTEZ TCVWAHAENTFRTREETHL EEDbNS.

2. HAHEZLLERTEDRAR

T HHIEL L, BHEROLN & RKBIZENDIRIZBREZ 1 o~ [HEH
DAelE AL — ML, H#ICH T2 D & LT RIBUCHES, HERRICHT2D L FOHERZED 5,
EWVOENMEERHERDORBIZTZE D A ETITY, BVWIEHROKTEZ/ERET D, Z0H)
EaHx ORERTITO] b ET5. 72, FIZIT IR ZOBRETI I Sz b x, 11
MBI ole] ERBTDHZI LT D, MROARER n RD&HAHTZL Uk Tn RO BHHTZL
L) EMpSEZEITT 5.

m. 1 2 3 4
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COARDBHZIEL LaMDE, 11X318, 201F 118, 31%418, 41218 hD 2 En%
MWD, UL, BTN 1234 73 3142 [CEH SN ERDZENTED. Zub 1~4 D

WANEZ =D =D& 4 ROBEH LTV, T4 RIAFHEOITCTHD. £, flOERZ,

1 2 3 4

EBZal % i, ‘FE&H:%@%%%%J&“\%@@’C[:% L4 2

jk%#:&mb\:m%ﬁﬁ®

THIRFLEWVD . ZORTINHL B DONDL LIS, A ROHAHTEL COFERIZTT T, 2, 3,
4 DIEFNITHD. LIeh>T 4 ROBHIEL LIFEL L HAHTA=24 BV LngnZ &
NS .

WIZ, n ROBEHOPT, BHERM LTINS EHREZEZ L. 1L 20H2 ANKA, £
NUANDOBTFIIEDEE L 70D L) ez s, 2 &£ 3DHEANEZ, THLSNOETIX
ZOEETHD LD B Es,, AfEcs,(1<i<n-1)% li Li+l sz AREL, *
NLSMIZEDEETHLER] LED, INZHEARE V). AROHHIZ LEHFIE L

LT T PO N & o Ve gV

e e N = N
ORI TG N NN

N DN W N~ DN
W DWW w

EWVWIHEBTHD. ZnbiTHAIEL COBBIZHIST 2EHRTH S

ZIT, n AT 1~n £ TOARBOERDESTHD. n ROHLHIZL Lk n Ik
DEHZRT D, TXTD n ROE#E n ROBHTEL CIEREDLDTHH 5022 HAHTZ
Ui, EBIEIC TEER OO ANEZ] 2R UFERICES. RO AKX
DHTTXRTCOEMRERT Z LN TENE, TRTOEBRIH L THIST 2HH7Z Lo
FAED/REND. ZHIUTOWTIE, AL CTILGEINIEIZ T 223, IROEHEIH H AT

5.
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EHEA

n RHEMEES, ICEVWT, IXRTOBREIHBXFOLVKEEBBROETRIT CEMNTES.

I, 200 TFEER L EIXROLR2)DOHREANEZLESEZ [HH] EFE, RHIEL

AR

T2

n MBS, ICEVT, MEIBBIIABOETRI ZENTES.

£, WHEBIIRENS.

FTH3

n RIS, ICBENT, BRIIHERROBTRI CEATES.

IO OEITHMHEOT TORETH LD, FROGMTHL Z LITHEESNTW. E
B1~3L0, $NTOEBIIBEAROBMTRED ZEMREND. LENR->TTRT
DEHTHHTZ U TREFTRETH D, FICEEERZ KT HAZL CITHERO—FK b 7
WHHBTES CICHYT 26D THY, HIZ, FHAEI LD ETEZD-L VIRLZH DN
ZOBEMBOWITLERT AL, £z, BHROGHKIE, HALELL LE LETICE&TFLHZ L

2725, XoT, ZOBKRTnIROBHTE UCEROEAR T n WRITRRE & R 2282 723,

I CHHERMOMEICOWTIRA TR Z 9. BHEAEIC OV TIROD Z &30 32D,
BROERITENDBIAIZEZDDT, HAHAEL CTRIHEE, —FLARHALEI LO—

EHLEORBTHD.
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T4
KA Y ILD
(1) s;s,=e (i=1,2,3,---,n—1) (e FEHFEH#)

(2) 5,8,18; = 5,15,50 (i =1,2,3,--n _1)

() 5,5, =55, Qi—j|22)

INBE2HHIZI CTRATLLEUTOLIICRD.

(1)
’ 9 3 4 1 2 3 4
Sl
Sl
2 1 2 3 4 1 2 3 4
s Sy
Sa — s,
1 S,
1 2 3 4 1 2 3 4
3 1 2 3 4
8 S3

WZOWTE, s, s;DELLAEIZWS>THNE

D

InNsoWEEHWNIR, AL COMBEROLTIENTES., ZnEHWTHAE
< UIfiimfbcx 5.
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3. BEHKEVEREROBEEEBROKIFL L

CIDONAKRILOEETHD. 22T MEHE] WO EZEAT S, EHIIKL,

1 2 3 4

1 2 3 4

WJK@i4¥kxﬁ/’Fﬁ*ﬁ@‘maﬁ%¢ﬁ&e:[ 29 4

]c:ﬂt, o BT D sle=[1 2 3 4} v
5. ZOLE, RN -ARLRVHATES LIZ, 1 & 20MIC 1 ABREZIW-Z L1272
D0, ZHICK-oTEETIZ1<2 Tho7c#ir T, B 2> 1 L AL OR/NERNZE
EL TS, SRR AEDIC L0 2T 2 DEIAREMCEADKNTH D, ZOFEICHK
HL, AL CORROARIEIZONTELET 5.
ceS, IIHLTROESGETED, ¢ DIRFIES LIESZ LT 5.
Inv(o) = {(i, j) i < j> o) > o ())}
Trbb, BT E % THR/DEGRAYEL T2 BRBOMOES%E Inv(c) £ T 5. HIZ

ZOEEONEE inv (o) LERT. TabL
inv(o) = [{(i, ) i < j7r> o (i) > o (D]

LT 5. ZOEZ o DEER LTSI LT 5. ZOEPBERBROMEIZRE D> T\ D,

o e S, IZONTinv(o) ITIFRDIZE A EABZRMEE A L.

EHE5

ces, 2701,

(1) in(o)=0¢ o=e

(2) inv(o) =inv(c ™)

3) o(i)>o(i+1)=inv(os,) =inv(o)-1

(4) o(@)<o(i+1)=inv(cs,)=inv(c)+1
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HiZ, 0e8,IoWTC, o 2K TOIMEREKROMELROK A (0) L T2, Zhdio
ART OB CICREF RO TH L. [(0) % o DEE(ength) &\ 5. o %
RIBEEAMORMOELHIL, RIITRET D, o 2 BEEALB-SCHONER 72 813t
B D,

WOEBDBARIHG LD EETHD.

T 6

ceS, [2D20WT, [(o)=inv(o) AR Y LD

Proof. S={0i|1SiSn—1}kTZ>. invic)=t £ <.

F9, (o) <inv(c) ZrT. FRITIE, o Binv(e) D S OO TEES = L 2rEiE
L. ZHICOWT 2N T ORI IRAE TR
inVe)=00 & &, EFH51EVo=eThHI ZDLEI(o)=1(e)=0 ThBNHIELL.
121 LTt-1FTELWETS. 20L& o(i)>o(i+1) &2 ARSI BL<i<n-17»
b, Zokx, EH5B) LV inv(es,)=inv(c)-1=1-1ThHs. BRIEDREND,
a, ay, v, a, €S Tos, maya, -, LIRDLEONEND. FBICAND s, EHTT
o=a,a,a,_s, %255, XoT, olXinvEe)ED S DILOETRESD Z LRS-,
L7z »>T

(o) <inv(c) D
Thb.
Wz, (o) =inv(oc) 7.
l(o)=t, oc=a,a,a, (a, a,, =, a,€8) £T5. 2oL, TH53@LY,
inv(o) = inv(a,a, a,)=inv(e,a,—a, )£l = inv(ea,a, )1+l =

=inv(e)£1l---+1+141=0+1---+1+1+1<r=1[(0)
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L7 Ho T,
I(o) > inv(c) @

HE VLD, O, @KLY (o) =inv(c) A3EK Y LD O

INT, nIROHHTZL CORT DICKBERIKBOBMOAEIL, £DOHATE LRELTE

HLOEEIZFE LW R STz,

4. £&®

nIRDOBHHTEL CIZHOWNWT, Ef

(1 2 ... n-1 n]

o =

n n-1 - 2 1
RTEEEBHEENRRNICRDDT, LDEREIEKRBREROABITIZ DL ENEKRKTHD.
ZDOEH o ITDONT,

inv(c) = (n—1)n

2

DI, LED N KDBRTS mi@xurmﬁﬁﬁ%ﬁ:mm%:ms‘ﬁj\

Motz HAHEL CIZOWTREREROBROALL, ZDHAHIZL COXRTEROK
AR ANTDND. ZOZENnD, HLMAMBEHETZENTE 00D Z LR

TED. ZoZLid, HAHAELS LOMibEEZ 5 ETORERFETHLLELLND.
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BEREFTSRBOEEIZCDNT
W BT (HLE SR LR 3 4F)

1. [ZC&®IZ

FLIHERE (R OB OWFFE—B a7 24 - 7= i 71000 H O AlliE—) (JSEC201DICRB W THEY
=I5 2RO E DT, FOMEREZIRD DX >T Lo T-01%, WHRRITHE ODHESNTHS.
Z OATHNTIHAR(R008) [Kol DA I R EN TV Z B X I35 ZAEHA T

-1 -2 2
P=|-2 -1 2
2 -2 3
3
ThbH. ZOCEITZEHITINL 4 | LW =D 2 AT 2N LT RTOEE I5 25t
5

HHTZENRTEHITHNITHS. ZOITHIP BRI NTZDIXS0FLATTH D & FHiL T 5 ([PtIZ ).
FAUXZOITHIP I 2T, ©F 37 2o E THEBEZR - 72,

WEAEE DOBFZETIE, HODOMERARENO BRI TOE ¥ 35 2B EHITHIP 2 W THEELrZ 5 2
BofEE MR L. UL, TP IXEREOMREZH S DO ThH oo OICHE Y ¥ 27 A O
EEMRATHICELZENTERNSTZ.

SEEOMETIE, EREOMRESCD 2B L, HHREY Y 3T AKOMEL I 57201 AREcT
DEH A7 ZAEBITHIP IO LIERE X T 2AHDT2DOEHATHN ML, £ IO HIcEFE
VR DT AOEENTEE2ITR ) B 2. T LT, MEE LIS BRAMRICEFTHZLNTE
7-.

2. SFEFEEOHIFERE R O

SEEORDOE — O, BRBIZE T DITHIPICRHIET H2EFELY X I 7 AHEH#ITHGC
(generated matrix) Z B X TT AED/NNT A= INHE2 52 L Tholz. HEVH AT AED/NT
A—=ZIZHOW T J.T.Cross(1986) D X[CrliTR STV e, Z ORI bEKI R ERE X 37 25D
INTGA=EN ol ZOREREEMALT, #EFEEXIT ZAHOEHRITH

-1 -2 2
G=12 1 -2
-2 -2 3
ZRERATHIENTE.
3
BRI, 17816 AW THSKCK T S| 4 ISk 2 HFE Y ¥ 27 28, origin DFIERFFE
5
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ThH%.

3
THIGIIATHIP L3 LI BB 578, BREICE VTS origin| 4 | 252 TOAKEOY
5

2 AT 2T ENTED.

%< ODEEFHEZIToT-FER, HEE X IT7 2O origin 1ZTHERED L H 12772 —2>721F Tldz o
2. BHREH I T AHTIT origin REHAFEL TWTEDOTHD. ZOFEND, HREHX I T AEOH
WEZOWTH =B MIN AT, i, EREHX I7 2O origin ORI ED L H7ebDT, #
FREX AT AT E N H ED LI ITAFEN, A TP ON?2ZLTEDL) RAEEREZLTNLO
MP2EVIREMTHD., ZNOHDOEMIZONWTHIZEL TH X I LT,

WFIEDRER, relatively origins & )9 xf & relatively origins % #5312 index & gene &\ 9 &%
L7, 2@ index & gene DI AN ASAFEE DM DR RKDMF L ZEZTWD. THHIZHOWTIL S Hi
LARE CREMIHR 5 .

3. BREAITSRBEMTRMEEICDOINNT

WEEEITTRKLE, BEKa,b,cT 5
a Complex
Pythagorean
a2+b2:C2 ’E{ﬁﬁf:ﬁ— b @:k?&)é Numbers
C area
:Complex %il
HEE X I T AEOMFITEIRIL, BOXFREN S, I pythagorean
IR L ISR & EEOEOWS % a5t b (R
DETs (M1BH). i
1
(X 1)
4, BREOEZISAHICETIBEAMOER
3
ATOER IZ2BIITHPIC LT 4 [ bAELRHENDZ ZERMLNTNS (K25H).
5
3 -3 -3 3
g 4 (b 3o058 4 |, | -4, | -4 |25 5. FOHHE XI5 AERITHP T
5 5 5 5
5 21 15
T sLREH12 |, kB 20|, =F| 8 |tWH 3o FITFAENEENS. F7-, {THIP I3

13 29 17
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ﬁﬂ%ﬁupf%étw,ew&eaﬁﬁzﬁ@%ﬁﬂP@Pﬂ@<@ﬂibﬁ@#é:emiot

3 3

4l vworaras2BcizE oL, FIeF 27 28| 4 | % AREO MR TO origin & I
5

ST Lz

AT

= e |

Emfomstca by &

oy

3
4 | is the Origm.
5

_ =ofom=ics by ..-

b

(X 2)

5. BREA IS REBRITIGIZDOLNT
BREHZ AT ZAEOEHATININRT A—Z PO H T ENRTED

. T A—H1F JT.Cross(1986) D
[CrlizmrEN T =,

a

b |#BEN R A7 2% L35L, a, b, cidTnTh 7 A—%v wiZtkb,
c

(Vv +wd) b (V2 —w?)
2 2i
CREND. L, VEWIETME G E BT ODHEWIETHD. 22T, B INEHRTHD &0

BA+) OFEHTHLLEDZLTHY, FHTHD LILA+1) DREBLNOEDZ L THD.
LIFIC, ZBHATHG Ok E OB % 7.

m’ 1 -2)m
(27 v 7'1) a%ﬁ®%é®ﬂ§f~&%@m,(wj=( ]LJT%@R.%LC

C=Vvw

0 -1

1 -2\ (1 =2 1 -2 -
= TH Y det =-1THHZLITEETD.
0 -1 0 -1 0 -1
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(AT v 7 2) WDBEHERE X ITTAONRT A =R EWEFZEZD.

[\\Il\/"]:(lii 1:}@

io1-i (0 1-i i 1-i
ZZ T, . ) = . | THY, det . Cl==1THh 5.
1+1 = 1+1 - 1+1 =

X Y 4
(A7v738) G=[X VY, Z,|LBE, &bl
X3 y3 23
a’ a
b |=G|b
c c
LA, 22 T0G LIEG TOEMRE, & BICHTX 2B R O ERRS & EICT 5 BIEE £

(AFv74) a,b, 22Ty 2%MwW, WTEL, EHIIATYS 3%?&%@“6:&?, LR
DITHNR G BN D.

(HERiA%)

BFRE X IT7 2HOEBITHIGITHEREO B X 2T ZAEHATHIP LIl 5 &, 2 ¥ H O ZRE
oD DT> TWAS., fFFIPIEP =P Cth-o=2, 174G IEGC #G ThHy G

-1 2 2
G'=|-2 1 2
-2 2 3

ThHD.

6. Relatively origins [ZTDULYT
WHE H T 2AOEBATHIG & TR ORR, YARBHRE Y 7 2 b BIEG 20 iRT

(04
ZET, RIS HHEFEE X IT 2| Tl oL ZERDbhoTz. oLk E, (1)
/4
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!/ !/

o (24 (24 (24
Linin, @ | B =G| BT Bl=G| B | L) 20D — ARG,

! !

/4 /4 4 4
a a a'
ik, WEQDEH7| Bl aA )Y (origin), (@D B | L | S | #HEREIF 1) ¥ 2 (relatively
/4 /4 7'

origins) EMESRZ LZ L7z, bbb, HREE X IT7 AHITITARE L 1352725 relatively origins 237
ETDHIEERRALE.
(Relatively origins DB & H)
Relatively origins & (X 2 D ® origin WAEHATHIG TEAWIIEV H I LOTHS.
P & PiEmi )7 origin Th 5. P ZA78IG TEMT L P Lk, P &a1T8IGC TEMT DL Pichkd
(X 3&H).

@O e/ ©

(4 3)
3 4i
Relatively origins T72\> origin (2 DWW TCIX, FEiflh ko) 4 | &, Eih Eo| 3i 72T ThoTz.
5 5i

I 51T, relatively origins Z mIZ D 72O D EF A FEH L7z,
TEI 1 (Relatively origins MWMHESEH)

a, +a
BABi|EMHEESETSABETH. DL E a+28,-27,>0,2a,+ -2y, >0,
yr+7/ii

a, +a
20, +23; -3y, >0 (&, | B +Bi|lErelatively origins D—2T#H%.
yr+7/ii

DIRIE, BREX 37 25217516 THED IR LAH#LT % 2 & T relatively origins % iL-2iF T 223,
B 112K - T/NT A —F )5 E$E relatively origins % @RI R T 5 Z E N A[REIC /e~ 7=,
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1. Index [TDWT

Relatively origins Z 3 i L T/H 5, relatively origins (ZIE72 (M DR H D O Trxpnmn s B
VY, WANARATERR L TV D ) BIZES REBIZ A L7, £ relatively origins D& £ 9
LERLAETMENT_NTELLRDENWIZ L THDL. ZLTCUTOEM2ZFEHT L N TE .

EIE 2

! !’

a a a a
BERERISRH| LS| &| B |I22WT| B &| B |Arelatively origins THEIBE+HEHIFZ2 D
y) \V y) \V

DEZEZITIRBDOANY FLHOEBEADNTRTELWN ETHS.

T T T relative origins D& & D L L THELNIME—D>DfE% index LFESZ LIZ LT,
oL 2, 2O0BEE S TT 2

12+ 24i 12-12i
16+3i |, 8+9i
16+ 21i 8-9i

BEz2 5. Zhvbidrelatively origins Th s, TNHDEFE X ITAERT ML EZEZTRLAD
5.

12 + 24i 12-12i 24 +12i
16+3i |+| 8+9i |=|24+12i
16+ 21i 8-9i 24 +12i

ZoT5L, FORGOMELTRTEULICARD. ZOfE 24+12i 7 relatively origins @ index TH 5.

!

(04 (04
Relatively origins | S | &| B [I225W T, ZRHDOFAKIL 1 %t 1IZkIET 5. Relatively origins @
y) \V
a o, o'
FROMWEEZIH 4 DL S IeA A=V THLHX 4 28R). Thbb| B |O1HR| L |IcxtLT, | S |OF
4 Y 7'
ak, &, ak'

BB | WEIET D, & 5IC relatively origins (213 index BFEFE L7720 T, | B |+ | B | DI IZEK

7k, Yk Yk
& % &
MNbdbEZOND., 22T, | B |&| B |ZHAFHE( relatively offspring ) LIE0Y, | B |+
Yk yk' Yk
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!

a,

B | D% FHEDH (relatively offspring sum) L IESZ LI L7z,

!

Yk

(X 4)

8. Gene [CDWL\T

Relatively origins @ index # o+ i &3 5.
(0:0) T, (0:8)1%(0:00) THT.

Relatively origins IZHAREDO X I 7 25 L [FERIC, ZNE 3 KOFEb ZET. AW TIX
relatively origins O £ %, FRIARIZEWTOBER Y ¥ 27 2 OMEEZ %8 L=, FAIX, index X° gene
EV ) mBRZOMMRUTM DO TEELZ KITT, TRbbEEL T OTERWNETFHELTNS.
LIFISIRAR RO B2 51T 5.

R D relatively origins #%5 2. 5.

ZDLx, th(o:0) % gene EMESR. 72721, (0:0)I1%

42 + 740 26 + 62i
originl : | 34+ 357i |, origin2 :| 34—221i
42 + 363i 26 —227i

Z @ relatively origins @ index (% 68+1361 C, gene 3 (1:2) TH 5.
#F 1idoriginl D=RpEzRLI-LDOTH5S.

(F#1)
ar ail :Br IBiI 7/r 7/i|
lorigin1 42 74 34 357 42 363
B 194 1514 202 1231 278 1951
] 58 86 134 517 142 523
=5 110 1366 34 935 110 1655

F 23 origin2 D= ERLTEZLOTHD.
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(& 2)

ar ail IBI‘ /BiI 7/r yil
origin2 26 62 34 -221 26 -227
EB 146 -834 138 -551 198 -999
VE: 10 50 70 -109 62 -115
=8 94 -958 34 -799 94 -1247

# 313, relatively offspring sum Th 5. 7= & 21E, E+iT originl ®EH & origin2 DR F%E=E L7
HLOxEFRL, E—IForiginl DEFHIS origin2 DEFZ5IW b0 EET. (BHEWR & (EDITRHY
DHHID.

(3 3)
ar ail :Br :Bil 7r 7/i|
£+ 340 680 340 680 476 952
R+ 68 136 204 408 204 408
=+ 204 408 68 136 204 408
K- 48 2348 64 1782 80 2950
R- 48 36 64 626 80 638
=- 16 2324 0 1734 16 2902

R4FR3CBIBH(e, 1), (B B), (

Ve %) ETRENFAELELDOTHD. OO Z L &4

SEIFRDLE (relatively offspring ratio) £\ 9. £ 4I12BWT, (BHEW+H) LEDTTRTO
%43 C Gene (1: 2) % J TN 5.

(E 4
a, a;| B i1 Ve 7il
E+ 1 2 1 2 1 2
R+ 1 2 1 2 1 2
=+ 1 2 1 2 1 2
- 12 587 32 891 8 295
R- 4 3 32 313 40 319
=- 4 581 0 1 8 1451
UTFOFRILZ, IOICHROMRFETHELZERTHS.

# 5 ¥ originl & origin2 O EHIZHOWT, 2O E 4725 (origin DFR72H) ORELEEZT-72H D
ThbH. I=& 21X, ER+LE1T originl & origin2 D ZNENDOEBNSAEEFN-RBELZE LADYE
726 O % BT 5 (DL relatively offspring sum & FESY).

(3 5)
ar ail /Br IBiI 7r 7i|
EE+ 1972 3944 1972 3944 2788 5576
X+ 612 1224 1292 2584 1428 2856
E=+ 1292 2584 612 1224 1428 2856
rR- 336 11812 320 12378 464 17110
EX- 80 4684 192 8814 208 9982
=- 240 7116 128 2986 272 7718
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K 6IIRSDEFLDIZHLDOTHD (LIFE relatively offspring ratio & FESY).
EERY) LE=EDIFTTOHS T gene (1:2) 2 THENTND.

ZIZThH, (BEY




(& 6)

ar ail /Br IBiI 7/r 7/i|
KR+ 1 2 1 2 1 2
E e+ 1 2 1 2 1 2
E=+ 1 2 1 2 1 2
rR- 84 2953 160 6189 8 295
B~ 20 1171 32 1469 104 4991
=- 20 593 64 1493 8 227
& 71% originl & origin2 OB D1 £ 4725 D relatively offspring sum OFERTH 5.
F
& a;| b, pil it /il
RE+ 884 1768 748 1496 1156 2312
RR+ 80 60 340 680 340 680
R=+ 748 1496 476 952 884 1768
RE- 336 2564 320 1974 464 3238
- 68 136 192 722 208 734
R=- 240 2492 128 1830 272 3094
# 8 133 7 @ relatively offspring ratio # £ L D7 HLDTHSH. ZZTliE, REHEKR=ZHDNT T
D57 T gene (L: 2) 2% TRV TUWN D,
(38
& a;| b, pil Ve /il
RE+ 1 2 1 2 1 2
R+ 4 3 1 2 1 2
R=+ 1 2 1 2 1 2
RE- 84 641 160 987 232 1619
R~ 1 2 96 361 104 367
R=- 60 623 64 915 8 91
7 913% originl & origin2 ® =B D1 £ 4725 D relatively offspring sum OFERTH 5.
(39
ar ail /Br IBiI 7r 7i|
=E+ 748 1496 884 1768 1156 2312
=R+ 476 952 748 1496 884 1768
==+ 340 680 68 136 340 680
=K- 48 11596 64 12186 80 16822
=- 48 4660 64 8718 80 9886
==- 16 6948 0 2890 16 7526

# 10 135 9 @ relatively offspring ratio Z £ L D72t D TH L. EEHECEKY) EE=ZDIEFET T
D5y T Gene (1: 2) 3% T fHNT 5.
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ar %I A‘ ﬁl 7r %I
=K+ 1 2 1 2 1 2
=R+ 1 2 1 2 1 2
==+ 1 2 1 2 1 2
k- 12 2899 32 6093 40 8411
=R~ 12 1165 32 4359 40 4943
==- 4 1737 0 1 8 3763

LEofITH D L 51T, L gene I3 relatively origins @1 & & A0 & 2O T B < B1x
LTWAZEnbnd. K50 60T —X (A LiER, FERRWAEZ > Tz, Lo, FRitR
IZA% & gene DBIGHENZEIL L TWSHADH Y, £ OBIBIZEIZOWTIIET TH 5.

7. % OWERE

Q) 1B HRICBNT, TRTOMS T gene BNEIEL TV AHEE W O0FHE L. TOH%
6 A E TEBEHGHE LIFR, 73T gene NERLTWD Z LR oT.
Gene (X ED X 5 RGAEIC, EOREOMHRTEEL THW ONEWFE LTV,

ARE(2) BB R D relatively offspring sum (213 index OfE CTEI VY Yl 5 3 M TFAET 5 D Tl 720
MEBZTWD. BIEEOWITETIX, &S, kA, ZH 12N TV 5 relatively offspring sum % index T

ERENE S, BB, wB[Y, ZBIEP LN HE L E I NETOT 20 bk
WL TWND(EE 3B, ZOREENE D relatively offspring sum X TIZBIF 5 2 & 22O 0F%E

THLLEBSBROBETHD.

23 3R
[Pt]Pythagorean Triple, http:/mathworld.wolfram.com/PythagoreanTriple.html

[Cr]PrimitivePythagoreanTriplesinGaussianintegers,JAMES.T.Cross, MATEMATICSMAGAGINE.V
0OL.59,N0O.2,1986

[Kolv" % ' J 28 &4 A TATHI DT L, ~UHIR, AR, 2008
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