HFEEFOFERERAELEEHFTOD LI b XXVII

Guanshen Fang”! Massoud Amini?> Hao Chen™ f@H{E32™ HRIER"
A5 HE5L™6  Joseph E. LeBlanc™”  Paul G. Mezey® JoKEIR™  [H 1E™?
Eric Rambo™' Mark Spivakovsky > 7N /&"°® Keith F. Taylor'* Hongyi Wong™'?

(i Fate HEARIERR™  Peter Zizler™'® A A K0

Mathematics and chemistry

interdisciplinary joint research and the Fukui Project XXVII

Guanshen FANG, Massoud AMINI, Hao CHEN, Nobuyuki FUKUDA, Haruo HOSOYA
Masahiro KAWALI, Joseph E. LEBLANC, Paul G. MEZEY, Isao NARUKI, Tadashi OKADA
Eric RAMBO, Mark SPIVAKOVSKY, Shigeru TAKEUCH]I, Keith F. TAYLOR, Hongyi WONG
Satoshi YAMANAKA, Masaaki YOKOTANI, Peter ZIZLER and Shigeru ARIMOTO

This is the 27th part of the series of articles that records and further develops essentials of the Mathematics and Chemistry
Interdisciplinary Symposium 2013 Tsuyama, whose main themes were symmetry, periodicity, and repetition. The symposium
was held on April 5th and 6th in Tsuyama city, Okayama, Japan, in conjunction with the Fukui Project and was devoted to
the memory of the late Professor Kenichi Fukui (1981 Nobel Prize) who initiated the project. The present series also provides
challenging cross-disciplinary problems which are directly related to the Fukui conjecture, the Global Pattern Identification
(GPI) in the Repeat Space Theory (RST), and Artificial Intelligence (Al). Some of these problems are formulated using
mathematical language not well known among chemists despite the importance of these notions in elucidating additivity and
high-speed asymptotic phenomena in molecules having many repeating identical moieties. The cross-disciplinary interaction
between the Repeat Space Theory and the Spatial Anthropology has been discussed in connection with the Science-Art Multi-
angle Network (SAM Network) Project, which seeks to bridge Science and Art (visual, audial, and conceptual) for a creative

collaboration, and is an important part of the Fukui Project.
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8. Challenging Problem A of Extending the Off-
diagonal Asymptotic Linearity Theorem X (1)

simple version

Shigeru Arimoto, Massoud Amini, Hao Chen
Nobuyuki Fukuda, Isao Naruki, Mark Spivakovsky
Keith F. Taylor, Satoshi Yamanaka, Masaaki Yokotani

This section is the direct continuation of Section 10
of Part XXII of this series [1]. We retain the definition and
notation of this section, and we ask the reader to briefly
review this section before proceeding further.

In Section 10 of Part XXII of this series, we
established the following theorem without using any

version of Piecewise Monotone Lemmas (PMLs).

Theorem (OALT-X (1) AC(J) version: OALT-0.1). Let s €
Z, let {An} € X (1), and let I be a closed interval which
contains all the eigenvalues of Ay for all N € Z" . Then,
Jor any ¢ € AC(I), there exists an a(p) € R such that

Tr{(@An)) Py 1= a( @)N +o(1) (M

as N — . Moreover, a,( ) is represented by the integral:
1 (2x .
a(p) ==, exp(isO)p(F (6))d,
27
where F is the FS map associated with the sequence

{An}.

We remark that the above theorem can be proved by using

the following theorem:

Theorem 1. Let a, b € R with a <b, let x(N, k) =a + (b
— @)k/N, and let f € AC[a, b]. Then, we have

> SN )= — )| F(@)doN+

(122)(fb) — Aa) +o(1)
as N — oo,

Proof. This was first proved in [2] by using the ALT.  //

Note: The above Theorem 1 directly follows from Zizler’s
Theorem which was proved by Peter Zizler for the first
time in Section 3 of [3].



Now recalling the notion of the repeat space X, (1) from
the Appendix A2 to Part XXIX of this series of articles, we
pose the following

Challenging Problem A:

Is it possible to extend the Theorem (OALT-X (1) AC(J)
version: OALT-0.1) to X, (1) ? In other words, is the
following proposition true?

Proposition (OALT- X, (1) AC(/) version: OALT-0.1).
Lets € Z,let {My} € X,(1),and let I be a closed interval
which contains all the eigenvalues of Myfor all N € Z'.
Then, for any @ € AC(I), there exist o(@), P{(@) € R such
that

Tr[(@Mw) By 1= os(@N + L) + o(1)
as N — oo. Moreover, ai( @) is represented by the integral:
1 cor .
a(p) ==, exp(isO)p(F (6))d6,
2z

where F is the FS map associated with the sequence
{My}.

We remark that Theorem 1 given above cannot be applied
directly to prove the above proposition. However, the
computer experiments like those given in Section 10 of
Part XXII of this series [1], and other mathematical
considerations indicate that the above proposition possibly
holds.
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9. Interdisciplinary Challenging Problems Related
to Fourier Analysis

Shigeru Arimoto, Hao Chen, Nobuyuki Fukuda
Joseph E. LeBlanc, Satoshi Yamanaka, Masaaki Yokotani

Quantum Linear Chain Chn(m, k) and its Generalized
Analogues

In Section 9 of Part XXI of this series [1], we defined a
quantum linear chain Chy(m, k) as follows. Let Chy(m, k)
denote the quantum mechanical network system of linear
chain with free ends consisting of N particles each of mass
m and separation 1 that can vibrate harmonically under a
restoring force due to the first-neighbor interaction k& > 0.
The network Chy(m, k) is completely characterized by the
N x N positive-semidefinite real symmetric matrix Ay
which is referred to as the mass-weighted Hessian matrix
of Chy(m, k):

1 -1
12 4 0
-1 2
Ay = (k/m) ' .
L2 4
0 102 -1
11

In Section 9 of Part XXI of this series, we also formulated
the Challenging Problems CQF (ii): To study the above
quantum oscillator system Cha(m, k) using the method of
difference equations (not differential equation), referring to
[2-7] and recalling the Fukui Conjecture.

Let r, 5, t be any real numbers and let By be the N x N
matrix defined by

1+s O r
0 0 O 0
0 0 °
B, =(k/m) ’ .
.00
0 0 0 O
r 0 1+t

Let My = Ay + By for all positive integers, then it is easy
to check that {My} is a repeat sequence with block size 1.
By using the technique of solving the eigenvalue problem
via the difference equations, we see that for some specific
triplet (7, s, t), for example (7, s, £) = (0, 1, 1), one can get
both eigenvalues and eigenvectors explicitly in an analytic



form.
Our new Challenging problem is:

Challenging Problem A*:

In what cases of (7, s, f), are the eigenvalues and eigen
vectors of My explicitly obtainable? Develop techniques to
study the possibility of extending the Theorem (OALT-
X (1) AC(J) version: OALT-0.1) to X, (1) .
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