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1. Introduction 

 

   In April 2013, the Mathematics and Chemistry 

Interdisciplinary Symposium 2013 Tsuyama was held in the 
National Institute of Technology, Tsuyama College, 
Okayama prefecture, Japan. The main themes of the 
symposium were symmetry, periodicity, and repetition. The 
present series of papers records and further develops 
essentials of this symposium and provides challenging 
cross-disciplinary problems in conjunction with the 
international, interdisciplinary, and inter-generational Fukui 
Project, which has also been called the New Frontier Project 
in recent years.  

Present Parts XXIV to XXVIII provide memoirs of 
Professor Kenichi Fukui, and challenging cross-disciplinary 
problems which are directly related to the Fukui conjecture, 
the Global Pattern Identification (GPI) in the Repeat Space 
Theory (RST), and Artificial Intelligence (AI). Some of 
these problems are formulated using mathematical language 
not well known among chemists despite the importance of 
these notions in elucidating additivity and high-speed 
asymptotic phenomena in molecules having many repeating 
identical moieties. In Part XXVI, the cross-disciplinary 
interaction between the Repeat Space Theory and the 
Spatial Anthropology has been discussed in connection with 
the Science-Art Multi-angle Network (SAM Network) 
Project, which seeks to bridge Science and Art (visual, 
audial, and conceptual) for a creative collaboration, and is 
an important part of the Fukui Project. 

To celebrate the late Prof. Kenichi Fukui’s 100th 
birthday, a series of memorial events and the Anniversary 
Symposium took place at Kyoto University in Japan, on 
October 11-13, 2018. Some of the contents of the present 
series of articles have been presented in a Satellite 
Symposium at the Fukui Institute for Fundamental 
Chemistry (FIFC) in Kyoto on October 13, 2018. 

 

2. Bridging the Fukui Conjecture and the 

Additivity Problem of the Total Pi-electron 

Energies of Annulated Benzenes 

 
Shigeru Arimoto, Massoud Amini 

Nobuyuki Fukuda, Mark Spivakovsky 
 Keith F. Taylor, Satoshi Yamanaka 
 Masaaki Yokotani and Peter Zizler 

 

 

In his later years, Kenichi Fukui (1918 - 1998, Nobel 

Prize 1981) presented several conjectures concerning the 

additivity problems of molecules having many identical 

moieties. Among them is the following which has been 

playing a significant role in the development of the repeat 

space theory (RST) (cf. [1-18]), which is the central 

unifying theory in the Fukui Project, recently called the 

New Frontier Project: 
Note 1. For the notion of the repeat space Xr(q) with 

block-size q, see Eq. (C.3) of the Appendix to the present 

Part XXIV. 

 

The Fukui Conjecture. Let {M
N
} be a fixed element of the 

repeat space with block-size q, and let I be a fixed closed 

interval on the real line such that I contains all the 

eigenvalues of M
N  

for all positive integers N. Let 1/2: I  

→  denote the function defined by 1/2(t) = |t|1/2. Then, 

there exist real numbers  and   such that  

  Tr1/2(MN
) =  N  +  + o(1) (1.1) 

as N → . 
 
Note 2. We retain the notation of [12] for the present Parts 

XXIV-XXVIII. The reader is referred to [12] for detailed 

definitions and explanations of symbols in Parts XXIV-

XXVIII. We recommend the reader who is not familiar 

with the notion of the ‘function’ (M) of an n   n normal 

matrix to refer to the Appendix to the present Part XXIV. 
 

Recall that the total pi-electron energy E of an annulated 
benzene is given by  

E = Tr 1( )A ,      (1.2) 

where 1( )t t = , and A denotes the adjacency matrix of 
the (labeled) annulated benzene (cf. [12] and references 
therein).  In view of the obvious relation between 1/2(t) 
in the Fukui Conjecture and 1( )t  in (1.2) above, we 
pose the following challenging problem.  

 

Challenging Problem 1: Prove or disprove the following:  
 
Proposition 1. Let {L

N
} be a fixed element of the repeat 

space with block-size q. Let I be a fixed closed interval on 

the real line such that I contains all the eigenvalues of 
2
NL

 

for all positive integers N. Let 1/2: I  →  denote the 

function defined by 1/2(t) = |t|1/2. Then, there exist real 

numbers  and   such that  

  Tr1/2(
2
NL ) =  N  +  + o(1) (1.3) 

as N → . 
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  We remark that there are several distinct approaches to 

the solutions of the above problem.  
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The following Appendix provides the definitions of: 
(i) ‘function’ (M) of an n   n normal matrix M 
(ii) Generalized repeat space Xr(q, d), 
(iii) Normed repeat space Xr(q, d, p), 
(iv) Alpha space X(q), 
(v) Beta space X (q), 
(vi) Repeat space Xr(q), 
(vii) FS map. 

  
This appendix is for all Parts XXIV-XXVIII. 

 
  

 APPENDIX  

 
A1. Review of the the notion of the ‘function’ (M) of 

an n n normal matrix. 

 

Let 

  M = 1P(1) + . . . + rP(r) 

be the spectral resolution of the normal matrix M, where 

1,... , r are all the distinct eigenvalues of M and P(1),..., 

P(r ) are corresponding eigenprojections. Let J be a subset 

of that contains all the eigenvalues of M and let  be a 

complex-valued function defined on J. We define (M) by 
  (M) = (1)P(1) + . . . +  (r )P(r ). 

The fact that it is well defined is easily seen by the 

uniqueness of the spectral resolution.  
 Let U be an n  n unitary matrix such that 
  M = U diag(1, . . . , n)U-1 
where 1, . . . , n are all the eigenvalues of M counted with 

multiplicity. We have 
  (M) = U diag((1), . . . , (n)) U-1. 

 
For more detailed definition and properties of (M), the 

reder is referred to [1] and references therein. 
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A2. Review of the Generalized Repeat Space, the 

Normed Repeat Space, the Alpha Space, the Beta 

Space, the Repeat Space, and the FS map 

 

Let +, , and  respectively, denote the set of all 

positive integers, real numbers, and complex numbers. By 

‘for all N >> 0’, we mean ‘for all positive integers N greater 

than some given positive integer’. 

 

I. Generalized Repeat Space 

 

There are several equivalent ways of defining the 

generalized repeat space Xr(q, d) with a given size (q, d)  
+ +. We shall recall below the definition that uses the 

notion of the sum of subspaces of a linear space (cf. Refs. 

[1-5]). 

Fix (q, d)  + + and let X (q, d) denote the set of all 

matrix sequences whose N-th term MN is an arbitrary qNd 

 qNd complex matrix, N  +. This set constitutes a -

algebra over the field  with termwise addition   
{MN} + {MN} = {MN + MN},  (A.1) 

scalar multiplication 
k{MN } = {kMN}, (A.2) 

multiplication 
{MN}{MN} = {MNMN}, (A.3) 

and involution ( )*: X(q, d) → X(q, d) defined by 
{MN}* = {MN*},  (A.4) 

where the * on the right-hand side of (A.4) denotes the 

operation of taking the adjoint. 
 Let PN denote the N  N real-orthogonal matrix given 

by 

 

. 

 Let  PN 
a := (PN -1)-a  where a  {-2,  -3, …}. (Note that 

PN
a

 
equals the transpose of PN -a .) 

Let SN denote the N  N real idempotent matrix given by 

 

. 

 
Let PN 

n denote the Nd  Nd matrix given by 
PN 

n  = PN
n 1  PN

n 2  ...  PN
n 

d,  (A.5) 
where n = (n1, n2,  . . . , nd)  d, and  denotes the 

Kronecker product. 
Let SN

k denote the Nd  Nd matrix given by 
SN

k = SN
k 

1  SN
k 

2  ...  SN
k 

d, (A.6) 
where k = (k1, k2, ..., kd)  ( +  {0})d. 

Let V k(q, d) with k = (k1, k2, ... , kd)  {0, 1}d 
  denote the 

subset of X (q, d) defined by 
V k(q, d) = {{ MN}  X (q, d):  m, n   d,  

 Q  Mq( ) such that 
MN = (PN m SN k PN n)  Q for all N >> 0}. (A.7) 

Let span V k(q, d) with k = (k1, k2, ... , kd)  {0, 1}d  denote 

the linear span of V k(q, d).  
We defined three fundamental linear subspaces  

Xr(q, d), X(q, d), and X (q, d) of X (q, d) by 

       Xr(q, d) = span V k(q, d), (A.8) 

X(q, d) = span V 0(q, d),  (A.9) 
where  

0 = (0, 0, ..., 0)  {0, 1}d, (A.10) 
 

X (q, d) = span V k(q, d). (A.11) 

 
In (A.8) and (A.11),  denotes the usual sum of subspaces 

in the obvious manner. 
We call Xr(q, d), X(q, d), X (q, d), respectively, the 

generalized repeat space, generalized alpha space, and 

generalized beta space of size (q, d), and each element of 

Xr(q, d), X(q, d), X(q, d), respectively, a generalized 

repeat sequence, generalized alpha sequence, and 

generalized beta sequence with size (q, d). 
 

The following is one of the most fundamental theorems 

in repeat space theory. 
 
Theorem A1. For all q, d  +, Xr(q, d) forms a  

-algebra. 
 

Proof. This was proved in Ref. [3].   // 



PN =

0 1
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0

0 1

0 0 1

1 0

 

 

 
 
 
 
 
 
 
 
 
 

 

 

 
 
 
 
 
 
 
 
 
 

SN =

1 0

0 0 0 0

0 0

0

0 0 0 0

0 0

 

 

 
 
 
 
 
 
 
 
 
 

 

 

 
 
 
 
 
 
 
 
 
 

k{0,1}d



k{0,1}d \{0}

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For the special definition of the generalized repeat space 

with size (q, 1), set d =1 in the definition of V k(q, d) given 

by (A.7) and observe that 
X


(q, 1) = span V 0(q, 1) 

 = span {{MN}  X(q, 1) :  m  ,  
 Q  Mq( ) such that 

MN = PN
m  Q 

for all N >> 0},  (A.12)

  
X

 
(q, 1) = span V 1(q, 1) 

 = span{{MN}  X(q, 1):  m, n  ,  
 Q  Mq( ) such that 

   MN = (PN
mSNPN

n)  Q 
               for all N >> 0}, (A.13) 
and note that  

Xr(q, 1) = X

(q, 1) + X

 
(q, 1).   (A.14) 

  
 

II. Normed Repeat Space 

 
 Let Cn denote the set of all column n-vectors. 

For each 1 ≤ p < , let 
 ||||p := ||(1, . . . ,n)T|| p = (|1|p + ... + |n|p )1/p.   (B.1)  

Let 
|||| =||(1, . . . ,n)T|| = max {|i |: 1  i  n}.  (B.2)  

For each positive integer n and 1 ≤ p ≤ , let Mat(n, p) 

denote the set of all n  n complex matrices with the norm 

given by  
||A||p = sup {||Ax||p/||x||p: x  Cn -{0}}. (B.3) 

Fix (q, d)  + + and let X(q, d) denote the set of all 

matrix sequences whose N-th term MN is an arbitrary qNd 

 qNd complex matrix, N  +. This set constitutes a -

algebra over the field  with termwise addition 
{MN} + {MN} = {MN + MN}, (B.4) 

scalar multiplication 
k{MN } = {kMN}, (B.5) 

multiplication 
 {MN}{MN} = {MNMN}, (B.6) 
and involution ( )*: X(q, d) → X(q, d) defined by 
  {MN}* = {MN*},  (B.7) 
where the * on the right-hand side of (B.7) denotes the 

operation of taking the adjoint. 
For each q, d  + and 1 ≤ p ≤ , let  

  XB(q, d, p) :=  

 {{MN}  
N =1



 Mat(qNd, p): ||{MN}||p :=  

 sup
N

 ||MN||p < }. (B.8) 

Note that XB(q, d, p) is a subalgebra of X(q, d). We also 

note that XB(q, d, p) forms a Banach algebra for each 1 ≤ p 

≤  and a C*-algebra for p = 2. The set XB(q, d, p) is called 

the bounded underlying space (or B-space for short) of 

type (q, d, p). 
Now recall the definition of generalized repeat space 

with size (q, d), which is denoted by Xr(q, d) in (A.8). 
 
Theorem B1. For each q, d  + and 1 ≤ p ≤ , we have 
 Xr(q, d)  XB(q, d, p).  (B.9) 
 

Proof. This was proved in Ref. [6].   // 
 
Definition of the Normed Repeat Space  

 
For each q, d  + and 1 ≤ p ≤ , let 

Xr(q, d, p) := closure of Xr(q, d)  XB(q, d, p). (B.10) 
  

The set Xr(q, d, p) is called the normed repeat space of type 

(q, d, p). 
Note that Xr(q, d, p) forms a Banach algebra for each 1 ≤ 

p ≤  and a C*-algebra for p = 2. This fact easily follows 

from the observation that linear operations, multiplication, 

and involution are all continuous operations and that any 

closed set in a complete metric space is a complete metric 

subspace. (The reader is referred e.g. to Refs. [7,8] for the 

fundamental properties of Banach algebras and C*-

algebras.) 
 
III. Alpha Space, Beta Space, Repeat Space, and the FS 

map  

 
Let q be a positive integer. The repeat space with block-

size q, given in the Fukui conjecture (cf. Part XIX of this 

series) is denoted by Xr(q). Let X(q) denote the set of all 

matrix sequences whose N-th term is an arbitrary qN  qN 

real symmetric matrix. Then, one can define the alpha 

space X(q) with block-size q, the beta space X (q) with 

block-size q, and the repeat space Xr(q) with block-size q 

by using (A.12), (A.13), and (A.14) as follows: 
 X(q) = X(q)  X


(q, 1), (C.1) 

X (q) = X(q)  X
 
(q, 1), (C.2) 

Xr(q) = X(q)  Xr(q, 1). (C.3) 
Note that 

Xr(q) = span(X(q) ⋃ X (q)) 
= X(q) + X (q), 

where the linear span is taken in the real linear space X(q). 

Note that if {AN}  X(q), there exist a nonnegative integer 

v and q  q real matrices Q0, Q1, …, Qv, with Q-n = Qn
T (n 

= 0, 1, ..., v), such that 


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 AN = 
v

n v=−


n

NP   Qn (C.4) 

for all for all N >> 0. 
Fix a q  +, let h(q) denote the linear space over the 

field  of all q  q Hermitian matrices, and let H(q) denote 

the set of all mappings F:  → h(q), that is, the set of all q 

 q Hermitian-matrix-valued functions defined on the real 

line. Let Hf(q)  H(q) denote the subset of all the mappings 

F that have the form of a finite Fourier series: 

 F() = 
v

n v=−

 (exp(in))Qn, (C.5) 

where Q-n = Qn
T (n = 0, 1,..., v),   , v is a nonnegative 

integer, Q0, Q1,…, Qv are all q  q real matrices and Qn
T 

denotes the transpose of Qn. 
Define : Xr(q) → Hf(q) by the following procedure. 

Given any {MN}  Xr(q), by definition of repeat space, 

there exist a pair of sequences {AN}  X(q), {BN}  X(q) 

whose sum equals {MN}, a nonnegative integer v and q  

q real matrices Q-v, Q-v + 1,…, Qv where Q-n = Qn
T (n = 0, 

1,..., v), such that for all N >> 0 the N-th term MN of {MN} 

is expressed as 

 MN = AN + BN = 
v

n v=−


n

NP  Qn + BN.  (C.6) 

The mapping  is then defined by 

 ({MN})() = 
v

n v=−

 (exp(in))Qn. (C.7) 

It is not difficult to see that this mapping is well defined. 

(Cf. [9] for a detailed discussion of the mapping .) 
Given any {MN}  Xr(q), we call  

 F = ({MN})  Hf(q)  (C.8) 
the FS map associated with the repeat sequence {MN}. A 

closed interval I   is said to be compatible with F if I 

contains all the eigenvalues of F() for all   . 
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