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the memory of the late Professor Kenichi Fukui (1981 Nobel Prize) who initiated the project. The present series also provides 
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In this section, we prove the Off-diagonal Asymptotic 
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Linearity Theorem (OALT-X(q) AC(I) version: OALT-

1.0) which uses the real-analytic version of the Piecewise 

Monotone Lemma (PML) (Cf. [1-5] and references 

therein).  

 

We first briefly review two versions of Piecewise 

Monotone Lemmas: PML1 and PML2 below. For details, 

the reader is referred to Refs. [1-5]. We recall PML1 for a 

comparative purpose, but we need only PML2 for our 

purpose of establishing Off-diagonal Asymptotic Linearity 
Theorem (OALT-X(q) AC(I) version: OALT-1.0). 

 

1. Review of Piecewise Monotone Lemmas 
(PML1 and PML2) 

Throughout, let +,  denote, respectively, the set of all 

positive integers and the set of all real numbers. 

 

Definition 1. Let S1 and S2 be nonempty subsets of . A 

function f: S1  S2 is said to be nondecreasing if x1 ≤ x2 

implies f(x1) ≤ f(x2) for all x1, x2  S1. A function f: S1  S2 

is said to be nonincreasing if x1 ≤ x2 implies f(x2) ≤ f(x1) for 

all x1, x2  S1. A function f: S1  S2 is said to be monotone 

if it is either nondecreasing or nonincreasing. 

Let a, b   with a < b and let I = [a, b]. A function f: I 

  is said to be piecewise monotone if there exists a finite 

partition  

a = x0 < x1< ... < xn = b    (n  +) 

of the interval I such that the restriction f | [xi-1, xi] is 

monotone for all i  {1,..., n}. In this case, f is said to have 

an n-partition of monotonicity. 

A real-valued function on a subset S   is called real 

analytic on S if it is the restriction to S of a function which 

is real analytic on some open set O  S. 

Let a, b   with a < b and let I = [a, b]. 

If f: I   is piecewise monotone, let 

Mo(f) := min {n  +: f has an n-partition of 

monotonicity}. 

The Mo(f) is called the monotonicity number of f.  

If f: I   is not piecewise monotone, let 

Mo(f) =  
C(I) : the ring (UFD) of all real analytic functions defined 

on I. 

C(I)[]: the polynomial ring (UFD) over C(I) in the 

indeterminate . 

C(I) : the ring of all real-valued continuous functions 

defined on I. 

C(I)[]: the polynomial ring  over C(I) in the 

indeterminate . 

[]: the polynomial ring (UFD) over  in the 

indeterminate . 

For each   I, let Ev : C(I)[]  []  be the ring 

homomorphism defined by 

 Ev (c0n + c1n-1 + ... + cn) =  

c0()n + c1()n-1 + ... + cn().  

VI (): the total variation of a real-valued function  on I, 

that is, 

 VI () = sup


 
1

n

i
 |(ti )   (ti - 1)|. 

 (: a = t0 ≤ t1 ≤ . . . ≤ tn = b) 

CBV(I): the normed space of all real-valued continuous 

functions of bounded variation on I equipped with the 

norm given by 

 |||| = sup {|(t)|: t    I} + VI(). 

 

Definition 2.2. Let a, b   with a < b and let I = [a, b]. 

Map(I  , ): the ring of all functions f: I     . 

C*(I) : the ring defined by C*(I) := {f  C(I): f is real 
analytic in the interior ]a, b[ of I}. 

C*(I)[]: the polynomial ring over C*(I) in the 
indeterminate . 

CPM(I) := {f  C(I): f is piecewise monotone on I}. 

Let Fn: C(I)[]  Map(I , ) be the ring 

homomorphism defined by 

  Fn(c0n + c1n-1 + ... + cn) = f, 

where f: I     is the function defined by  

 f(, ) = c0()n + c1()n-1 + ... + cn(). 

If X and Y are nonempty sets and f: X  Y is a mapping, 

(f) denotes the graph of f : 

 (f) = {(x, f(x))  X  Y: x  X}. 

If n is a positive integer, Sn denotes the group of all 

bijections : {1, ..., n}  {1, ..., n}, that is, the group of 

permutations of the set of n elements. 

If a, b   with a < b, let Hr(a, b) denote the set of all real-

valued real analytic functions defined on the interval ]a, b[. 

 

Lemma 1 (Piecewise Monotone Lemma, version 1, 

PML1). Let a, b   with a < b and let I = [a, b]. Let  p 

 C(I)[] be a monic polynomial of degree q  + given 

by 

  p = q + c1q-1 + ... + cq. 

Suppose that for any   I,  the polynomial 

Ev (p) = q + c1()q-1 + ... + cq() 

over the field  has q real roots, which we denote by 1() 

≤ 2() ≤ ... ≤ q(). Then all the j’s are piecewise 

monotone, that is, 

  Mo(j) <  

for all j  {1, ..., q}. 

 

Lemma 2 (Piecewise Monotone Lemma, version 2, 

PML2). Let a, b   with a < b and let I = [a, b]. Let  p 
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 C(I)[] be a monic polynomial of degree q  + given 

by 

 p = q + c1q-1 + ... + cq. 

Suppose that for any   I,  the polynomial 

 Ev (p) = q + c1()q-1 + ... + cq() 

over the field  has q real roots. Consider p as an element 

of C*(I)[]. Then p can be factored into first degree 
monic polynomials: 

p = ( - d1)( - d2) ... ( - dq), 

where  

d1, ..., dq C*(I)  CPM(I). 

 
 Note 1. For the definitions of X(q) and the FS map, 

the reader is referred, respectively, to Eq. (C.1) and Eq. 

(C.8) in the Appendix to Part XX of this series. See also 

Refs. [8,9]. The matrix F() appearing in the following 

Theorem 1 is a q   q real-symmetric matrix for every 

   . The matrix F() is sometimes called the F-theta 

matrix associated with the sequence {AN}  X(q). In Ref. 

[9], it was proved that all the eigenvalues of F() are 

contained in the interval I for all    . 
 

2. Proof of the Off-diagonal Asymptotic Linearity 
Theorem (OALT-1) 
 

Theorem (OALT-X(q) AC(I) version: OALT-1). Let q  
+, let s  , let {AN}  X(q), and let I be a closed interval 

which contains all the eigenvalues of AN  for all N  +. 

Then, for any   AC(I), there exists an s()   such 

that 

 Tr[((AN))( s
NP Iq)] = s()N + o(1) (1) 

as N  . Moreover, s() is represented by the integral: 

 s() =
2

0

1
exp( )Tr ( ( ))

2
is F d


   

  , 

where F   is the FS map associated with the sequence 

{AN}. 

  

Proof. Assume that 

  AN = 
v

j
N j

j v

P Q


   (2) 

for all N >> 0. Then, the FS map associated with {AN} is 

given by: 

  F() =  exp( )
v

j
j v

ij Q

 . (3) 

Let DN denote the N  N diagonal matrix defined by 

 DN :  diag
2 1 2 2 2

exp( ), exp( ), , exp( )
i i i N

N N N

   
 
 

 .

     (4) 

Recall the fact that the matrix PN is expressed in terms of 

a unitary matrix UN and a diagonal matrix DN: 

  PN = UNDN
1

NU  .  (5) 

Thus, we have 

AN = (UNIq)
v

j
N j

j v

D Q


 
 

 
 (UNIq) 1 , 

 (AN) =  

(UNIq)
1

2
exp

vN

j
k

j v

ij k
Q

N


 

        
      

 (UNIq) 1  (6) 

for all N >> 0, where 
1

N

k
   denotes the direct sum of 

matrices indexed by k. 

On the other hand, we have 

 s
NP Iq = (UNIq)  s

N qD I (UNIq) 1 , 

= (UNIq)
1

2
exp

N

q
k

i sk
I

N




      
   

(UNIq) 1 . (7) 

Thus, by (6) and (7), we have for all N >> 0 

Tr[((AN))( s
NP Iq)] = 

Tr[(UNIq)
1

2 2
exp

N

k

i sk k
F

N N

 


              
       

(UNIq) 1 ] 

 = Tr
1

2 2
exp

N

k

i sk k
F

N N

 


              
       

 

 = 
1

N

k 
 Tr

2 2
exp

i sk k
F

N N

 
       
       

       
 

 = 
1

N

k 
 Tr

2 2
cos

sk k
F

N N

 
       
       

       
 

 + i
1

N

k 
 Tr

2 2
sin

sk k
F

N N

 
       
       

       
 

 = 
1

N

k 


1

2 2
cos

q

m
m

sk k
h

N N

 


       
       

       
  

 + i
1

N

k 


1

2 2
sin

q

m
m

sk k
h

N N

 


       
       

       
  
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 = 
1

N

k 


1

2 2
cos

q

m
m

sk k
h

N N

 


       
       

       
  

 + i
1

N

k 


1

2 2
sin

q

m
m

sk k
h

N N

 


       
       

       
  .

     (8) 

Here ( )mh    denotes the analytically expressed 

eigenvalue of F() with the index m. By the analytic 

version (PML2 reproduced above) of the Piecewise 

Monotone Lemma (PML) [1-5], we know that there are q 

real analytic functions h1, h2,…, hq defined on [0, 2] such 

that h1(), h2(),…, hq() are all the eigenvalues of F() for 

every   [0, 2]. 

 

Note: The functional space AC(I) forms an algebra with 

respect to the linear operations and the multiplication of 

functions. 

 

It is thus easy to see that for any   AC(I), the function 

 
1

(cos ) ( ( ))
q

m
m

s h   

   (9) 

is absolutely continuous on [0, 2 ] and that for any   

AC(I), the function 

 
1

(sin ) ( ( ))
q

m
m

s h   

         (10) 

is absolutely continuous on [0, 2]. Now either Zizler’s 

Theorem, or Theorem 1 reproduced below implies that 

Tr[((AN))( s
NP Iq)] = 

2

0

1
exp( )Tr ( ( ))

2
is F d N


   

   + o(1) (11) 

as N  . (Note that the sequence Tr[((AN))( s
NP Iq)] is 

a real sequence.) The conclusion follows.  // 

 

Theorem 1. Let a, b   with a < b, let x(N, k) := a + (b 

  a)k/N, and let f  AC[a, b]. We have 

1

N

k 
 f(x(N, k)) = (1/(b   a))( ( )

b

a
f d  )N + 

(1/2)(f(b)   f(a)) + o(1)        (12) 

as N  . 

 

Proof. This was first proved in [6] by using the ALT.  // 

 

Note: The above Theorem 1 follows directly from Zizler’s 

Theorem which was proved by Peter Zizler for the first 

time in Section 3 of [7]. 
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Concluding Remarks 
 

Shigeru Arimoto 
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using UFDs in the applications of resolution of 

singularities and related methods for establishing the 

Asymptotic Linearity Theorems (ALTs). We remark here 

that the Piecewise Monotone Lemmas (PMLs) which were 

indispensable for proving every version of the ALTs were 

provided by M. Spivakovsky, I. Naruki, and K. Saito.  
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