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This is the 19th part of the series of articles that records and further develops essentials of the Mathematics and
Chemistry Interdisciplinary Symposium 2013 Tsuyama, whose main themes were symmetry, periodicity, and repetition. The
symposium was held on April 5th and 6th in Tsuyama city, Okayama, Japan, in conjunction with the Fukui Project and was
devoted to the memory of the late Professor Kenichi Fukui (1981 Nobel Prize) who initiated the project. The present series
also provides challenging cross-disciplinary problems which are directly related to the Fukui conjecture and to recent
carbon nanotube research. Some of these problems are formulated using mathematical language not well known among
chemists despite the importance of these notions in elucidating additivity and high-speed asymptotic phenomena in
molecules having many repeating identical moieties. Some problems are formulated in terms of Fourier analysis connected
to the theory of analytic curves, others are formulated in connection with the Science-Art Multi-angle Network (SAM
Network) Project, which seeks to bridge Science and Art (visual, audial, and conceptual) for a creative collaboration, and is

an important part of the Fukui Project.
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1. Introduction

In April 2013, the Mathematics and Chemistry
Interdisciplinary Symposium 2013 Tsuyama was held in
the National Institute of Technology, Tsuyama College,
Okayama prefecture, Japan. The main themes of the
symposium were symmetry, periodicity, and repetition.
The present series of papers records and further develops
essentials of this symposium, and provides challenging
cross-disciplinary problems in conjunction with the
international, interdisciplinary, and inter-generational
Fukui Project, which has also been called the New Frontier
Project in recent years. Here in Parts XIX to XXIII, some

of these problems are formulated using mathematical
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language not well known among chemists despite the
importance of these notions in elucidating additivity and
high-speed asymptotic phenomena in molecules having
many repeating identical moieties. Some other problems
are formulated in connection with the Science-Art
Multi-angle Network (SAM Network) Project, which
seeks to bridge Science and Art (visual, audial, and
conceptual) for a creative collaboration, and is an
important part of the Fukui Project.

Within the framework of the New Frontier Project and
in conjunction with the SAM Network, a new project
called Mindful Frontier International Project (MFI
Project) has recently started. This originates from earlier
teachings of Prof. K. Fukui and his teacher Prof. Haruo
Shingu, and Prof. G.G. Hall from England (see Section 8,
Part XXI).

The unifying approach of the Repeat Space Theory,
which is central in the New Frontier Project, is a typical
characteristic of modern cross-disciplinary investigations.
In what follows, for the unifying solution of the new
problem (Problem 1) formulated in Section 2 below, we
exploit the methods developed in Ref. [19], streamlining
and reorganizing some of the notation therein. Although
we organized the present part XIX to be readable as
independently from Ref. [19] as possible, we recommend
the reader to quickly review Refs. [12,19] before reading
Parts XIX-XXIII.

Note 1. We retain the notation of [12] for the present
Parts XIX-XXIII. The reader is referred to [12] for detailed
definitions and explanations of symbols in Parts
XIX-XXII. We recommend the reader who is not familiar
with the notion of the ‘function’ @M) of an n X n
normal matrix to refer to Ref. [12] and references therein.

We shall recall here only the basic definition and property
of (M). Let

M= wmPuy+. ..+ 1P
be the spectral resolution of the normal matrix M, where
... , 1 are all the distinct eigenvalues of M and Py,...,
Pyare corresponding eigenprojections. Let J be a subset
of C that contains all the eigenvalues of M and let ¢ be a
complex-valued function defined on J. We define ¢(M)
by
AM) = )Pyt .. .+ @ (1 )Py,

The fact that it is well defined is easily seen by the
uniqueness of the spectral resolution.

Let Ube an n x n unitary matrix such that

M= Udiag(4i, ..., W)U’

where Ai, . . ., A, are all the eigenvalues of M counted
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with multiplicity. We have
o(M) = U diag({ A1), . . ., ®(A,)) U

2. Unifying Approach in the
Repeat Space Theory (RST) I

Shigeru Arimoto, Massoud Amini, Hao Chen
Nobuyuki Fukuda, Isao Naruki, Mark Spivakovsky
Shigeru Takeuchi, Keith F. Taylor, Satoshi Yamanaka

Masaaki Yokotani and Peter Zizler

1. Fuku Conjecture and Repeat Space

In his later years, Kenichi Fukui (1918 - 1998, Nobel
Prize 1981) presented several conjectures concerning the
additivity problems of molecules having many identical
moieties. Among them is the following which has been
playing a significant role in the development of the repeat
space theory (RST) (cf. [1-18]), which is the central
unifying theory in the Fukui Project, recently called the
New Frontier Project:

Note 2. For the notion of the repeat space X{g) with
block-size ¢, see Eq. (C.3) of the Appendix to Part XX.

The Fukui Conjecture. Let {M,} be a fixed element of
the repeat space with block-size q, and let I be a fixed
closed interval on the real line such that I contains all the
eigenvalues of M, for all positive integers N. Let @ip: 1
—> R denote the function defined by ¢in(t) = |f|"2. Then,
there exist real numbers o and [ such that
Trgin(M) = aN + f+o(1)
as N — .

(1.1)

Fukui's DNA problem, which is closely related to the
Fukui conjecture above, is a long-range target of the New
Frontier Project, whose underlying motive has been to
cultivate a new interdisciplinary region between
chemistry and mathematics, especially for tackling what
we call globally-pertaining-type problems, or, for short,
g-type problems [2]. These are the physicochemical
problems for whose solutions global mathematical
contextualization is essential. "Can the conductivity and
other properties of a single-walled carbon nanotube be
analyzed in the setting of a *-algebra equipped with a
complete metric?" This metric problem is fundamental
for proceeding towards the solution of Fukui's DNA

problem. In Ref. [3] by one of the present authors (S.A.),



this metric problem was solved affirmatively and the new
notion of normed repeat space 7{q, d, p) was introduced.
The normed repeat space 7{q, d, p) is an intermediate
theoretical device to shift from periodic polymers to
aperiodic polymers like DNA and RNA in the New
Frontier Project. The space -#{q, d, p) is a Banach algebra
for all 1 <p <o, and 7{q, d, p) forms a C*-algebra for p
= 2. Here, polymer moiety size number ¢ and dimension
number d are arbitrarily given positive integers. The
generalized repeat space 7{q,d) is contained in the
normed repeat space 7Aq,d,p), which in turn is
contained in one of its super spaces ./z(q, d, p), so that
aperiodic polymers can be represented and investigated
within this super space 7s(q, d, p).

The normed repeat space 7{q, d, p) and its super
space ./s(q, d, p) are fundamental notions in the New
Frontier Project.

Let ¢ be a positive integer. The repeat space with
block-size ¢, given in the Fukui conjecture stated above,
is denoted by X(g). Let X(¢) denote the set of all matrix
sequences whose N-th term is an arbitrary gN x gN real
symmetric matrix. Then, one can easily verify that the
repeat space X(g) with block-size ¢ is given by X{(q) =
X(g) N g, 1). [Cf. Eq. (C.3) in the Appendix to Part
XX.] Thus, we have the following inclusions between the
repeat space X(g) in the Fukui conjecture, generalized
repeat space (g, 1), normed repeat space 7{q, 1, p) and
its superspace /z(q, 1, p) (cf. the Appendix to Part XX of
this series for the definitions of the latter three spaces):

XAq) < #4q, 1) < 24q, 1, p) = closure of 7{(q, 1)
78(q, 1, p). (1.2)

The Asymptotic Linearity Theorem (ALT) plays a
significant role in the repeat space theory. This theorem
(cf. [12] and references therein), implies the validity of
the Fukui conjecture; combined with its associated
theorems, it solves a variety of molecular network
problems in a unifying manner (cf. [9,12] and references
therein).

We retain the notation of [12]. (The reader is asked to
briefly review [12] for the definition of symbols.) In the
present part XIX of this series, we first review the new
application of the ALT given [19]. The following
Theorem 1, from which fundamental Theorem I in [1]
easily follows, is important in a new development of the
repeat space theory, especially towards the solution of
Fukui’s DNA problem.

Theorem 1. Let a, b € R with a < b, let x(N, k) :
a+ (b—a)k/N, and let f € ACla, b]. We have
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N b
D AN k)= (16 -a)( [ AO)ON

k=1

+ (122)(f(b) — fla)) + o(1) (1.3)

as N — oo,

The goal of the above mentioned paper [19] was to give
an affirmative answer to the following problem.

Problem 1. Is it possible to derive Theorem 1 by using
the ALT?

Theorem 17 (Zizler’s Theorem). Let a, b € R with a <b,
let 1 € [0, 1], let x(N, k) = a+ (b—a)k/N, and let f €
ACla, b]. We have

N b
D fxN k=D)=(1/b-a) | fOWON+

k=1 a

((172) = D(fb) —fa)) + o(1) (1.4)

as N — oo,

Recalling the unifying spirit of the Repeat Space Theory
(RST), we pose the following

Problem 17, s it possible to derive Theorem 17 (Zizler’s
Theorem) by using the ALT and extension Theorem 4.3
in Ref. [12], which is fundamental in the RST?

The goal of the present Part XIX of this series is to give
an affirmative answer to the above Problem 1%,

In section 2, we recall from [19] some tools for the
affirmative solution to the above problem 1. The solution
to Problem 1 is going to be reviewed in section 3. By
deriving from the ALT the following Theorem 2, we will

see that Theorem 1 easily follows.

Theorem 2. Let a, b € R with a < b, let x(N, k) =
a+ (b—a)k/N, and let g let f € ACla, b]. Then there exist
real numbers oAf) and [(Kf) such that

N

D AN k) = aIN+ Bf) + o(1)

k=1

(1.5)
as N — .

2. Review of a solution of Problem 1

Throughout, let Z', Zy*, Z, R, and C, denote,
respectively, the set of all positive integers, nonnegative
integers, integers, real numbers, and complex numbers.
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Let us first recall the symbols we will need in this section.
Let a, b € R with a < b, let [ = [a, b]. The symbol C(J)
denotes the set of all real-valued continuous functions on
I A function ¢ : I — R is said to be absolutely
continuous on / if, given any &> 0, there exists a > 0
such that for every finite system of pairwise disjoint
subintervals (ai, b1), (a2, b2), ..., (an, bn) < [a, b],

> (bi-ap<s
k=1
implies

D lob) - plan) <

k=1
The symbol AC(I) denotes the set of all real-valued
absolutely continuous functions on /. If fis a real-valued
function on 7/ and if S is a subset of 7, then f'| S denotes the
function f'restricted to S. In this article, the symbols C(J)
and AC(]) used in [1,12] are often represented by Cla, b]
and ACla, b] respectively. The following Propositions 1
and 2 are fundamental in the present article:

Proposition 1. Let a, b, ¢ € R with a < ¢ < b. The
following statements are true:

@) Iff e Cla, b, f]la cle ACTa, cl.f] [c, ble ACTc, b],
then f € ACla, b].

(i) Suppose that f € Cla, b] is a monotone
non-decreasing function. Let h > 0, let dy: [a, b — h] > R
denote the function defined by di(x) = fix + h) — f(x). If d»
is a monotone non-decreasing function for all h > 0, then
f e ACla, b]. If dy is a monotone non-increasing function
forall h> 0, then f € ACla, b].

(i) If f € AC[a, b] is a monotone non-decreasing
Sfunction and if g € AC[f(a), (b)], then g o f € AC[a, b].
Proof. The conclusions easily follow from the definition

of absolutely continuous functions. //

Proposition 2. Let g: [0, 1] — [0, 1] be the continuous
monotone increasing function defined by

g(x) = sin®(7x/2). 2.1

The following statements are true:

() g € ACT0, 1. 2.2)

(ii) For any f € AC[0, 1] there exist real numbers off)
and [(f) such that

N
D g (kIN)= o AN+ B(f) + o(1). 2.3)

k=1

as N — oo,
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Proof. (i) One easily verifies this by Proposition 1 (i-ii).
(One can also easily verify (i) by 1(i) and the well-known
fact that if f € C[a, b] is a convex function then f €
ACla, b).)
(i1) Recall the repeat sequence {Ky} € X{(1) given by
(2.2) in [9], and define {My} € X{(1) < zu(1, 1) by
My=(1/4)Kn. 24
Let /'€ AC[O, 1]. Notice that the j-th eigenvalue 4(My) of
My, where we arrange the eigenvalues in the increasing
order, is given by

AMy) = sin?((j - D 72N)), 25)

and that

N N
Trf(Mw) =Y. AUM) =Y fog (KN)]+0)-A1).
k=1

j=1
(2.6)

By the Asymptotic Linearity Theorem (Practical ALT,
X/{(g)-version) reproduced below (cf. [11,12] and
references therein for details), the conclusion follows
directly. //

Theorem PALT (Practical ALT, X,(g)-version). Let {M,}
€ X{q) be a fixed repeat sequence, let I be a fixed closed
interval compatible with {M}. Then, for any ¢ € AC(I),
there exist o @), @) € R such that

Trg(M,) = (N + B() + o(1) @7
as N — .

Recall (1.2) and cf. (A.14) in the Appendix to Part
XX for the definition of X(g); a closed interval / is called
compatible with {M,} € X,(q) if all the eigenvalues of M,
are contained in / for all Ne Z" (cf. [12] and references
therein for details). In the proof of (ii) of Proposition 2
above, one can also apply the original version [9] of the
ALT or the newest .7z(q, 1) version [14] of the ALT to
the sequence {M,}.

The Matrix Art and Math Art Programs (using
computer graphic visualization of matrices) in the New
Frontier Project are philosophical and methodological
extensions, from science towards art, of Fukui’s approach
and also of the Approach via the Aspect of Form and
General Topology (cf. [1,9,12,16] references therein) in
the repeat space theory (RST), which is the fundamental
unifying theory in the New Frontier Project.
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3. Affirmative solution of Problem 1
In this section, the symbol AC(/) denotes the Banach
space of all real-valued absolutely continuous functions
on / equipped with the norm given by
@l = sup {{D): £ € I} + V(o)
where Vi p) denotes the total variation of ¢ on /, that is,

n

Vi(¢) = supa z () — @t 1)
i=1
(Aa=np< t,=Db).
We will establish Theorem 1 by using Theorem 2.
Next, we will derive Theorem 2 from the ALT.

h<s ...<

Proof of Theorem 1 by using Theorem 2. We assume
Theorem 2. Assuming Theorem 2 holds, we show that

b
af) = (b -a)(] f0)do), 3.1

and
AN = (12)(AB) - fla). (32)
Since f'is absolutely continuous, it is Riemann integrable.
Dividing both sides of (1.3) by N/(b — a) and letting N —
oo, we see that (3.1) is true.
Now let S AC(I) — R denote the linear functionals
defined by

N b
BH= D, fxN, k)~ (1b-a)(] AOWON,
k=1 a

(3.3)

+

NeZ .

Let C'(I) denote the subspace of AC(]) of all
continuously differentiable functions on /. By using
Taylor’s theorem, it is not difficult to show that for each '
e C'(I).

B — (A72)(f(b) - fla))

as N — . (Or, by using the Euler-Maclaurin theorem,

34

C' version, one immediately sees that (3.4) is true for all

fe C'(I).Cf. also Part XX for the detailed derivation of

the above (3.4).)
Define : AC(I) > R by
BhH= lim B (3.5

Note that the functional f# is well defined in view of
Theorem 2. Recall the fact that AC(/) is a Banach space
(Cf. [11] and references therein). It is now immediately
seen that £ is a bounded linear functional by virtue of the

Banach-Steinhouse theorem (the Uniformly Boundedness
theorem). Define #: AC(I) — R by

B = (112)(AD) —fa)). (3.6)
Then, it is easily seen that f* is a bounded linear
functional. Note that

A =B
forallg € C'(I).Recall the fact that C'(I) is a dense

(.7)

subset of AC(J):
(1) =AC(). (3.8)
By the continuity of B and S, we see that A(f) = §(f) for
all g € AC(I). Therefore
p=F, (39
This completes the proof. //

Proof of Theorem 2. After a change of variables, we may
assume that ¢ = 0, and b = 1. We have only to verify that
if '€ ACT0, 1] then there exist real numbers off) and A(f)
such that

> fIN)= N+ B +o(1)

k=1

(3.10)

as N — oo. But, by Proposition 2, which was established
by using the ALT in section 2, there exists a continuous
monotone increasing function g: [0, 1] — [0, 1] with g'!
€ AC[0, 1] such that for any f € ACJ0, 1] there exist real
numbers off) and f(f) such that

N
Y, FEWN)=apN+AN+o(l) (.11
k=1

as N —> . Let u € AC[0, 1] be arbitrary. Recall

Proposition 1 (iii) and note that

uo gl e ACIO, 1]. (3.12)

So, setting f=u o g’ in (3.11), we get the conclusion.  //

The goal of article [19] was thus attained.

We remark that the notion of the normed repeat space
reviewed in the Appendix to Part XX unites the
approaches via the aspects of form and general topology
exploited in a variety of asymptotic analyses of molecular
networks in [1-18] and references therein. Equipped with
the machinery of Banach algebras and C*-algebras, the
notion of normed repeat space with the above-mentioned
new unifying power forms a basis of the New Frontier
Project.

4. Affirmative solution of Problem 1#
We give an affirmative solution of Problem 1% by
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establishing the following Lemma Delta given below.
(This lemma can be generalized in several ways, the
details of which will be published elsewhere.)

Notation.

B(X, Y): the normed space of all bounded linear operators
from a normed space X to a normed space Y.

AC(I)*: the dual space of AC(J), that is,
AC()* = BAC(), B).

Before stating and proving Lemma Delta, we need to
recall the following extension Theorem 4.3 from [12] as
theorem E:

Theorem E. Let K denote either the real field R, or the
complex field C. Let X be a normed space over K, let s
be a Banach space over K, and let v € B(X, %) be a
sequence of bounded linear operators from X to 7. Let
L denote the topological space with the underlying set
{T, F} and the system of open sets or = {J, {F},
{T, F}}. Consider the mapping m. X — L defined by

(T if {n @)} is convergent,

"p)= A
lF if {o @)} is not convergent.

Suppose that
sup {||ml|: N> 1} <oo.
The following statements are true:
(i) 7 is continuous.
(1) If Xo is a subset of X with n(Xo) = {T}, then
A X, )= AT}
(iii) If Xo is a dense subset of X with n(Xo) = {T?},
then mX) = {T}. Moreover ©. X — 7 defined

by do) = lim, o) is a bounded linear

operator: T € B(X, 7).

Lemma Delta. Let a, b € Rwitha <b, letI=[a, b], let |
€ [0, 1], let I'v and 1"’y be real sequences such that I'y,
[”y € [0, 1] and such that | = 1"y — I’y for all positive
integer N. Let x(N, k) .= a + (b — a)k/N, and let f € AC(I).

Let 6, : AC(I) — R be the sequence of linear functionals

defined by
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N
5,(f) =Y AN, k=)~ Ax(N, k— "W).

k=1

Then, for any f '€ AC(I), we have

Sy (f) = Ifib) —fla)) + o(1) 4.1)

as N — oo,

Proof. Let f € C'(I). By the mean value theorem, for
eachNe Z"and k € {1,2, ..., N}, there exists a
Evi € XN, k—1), x(N, b)[
such that
I(b—a)

SN, k=1Tn) = (N, k=1"x) = 'y 1) N

Since f' is continuous, hence Riemann integrable, we

see that forany fe C'(I)

5,(/)= z[zf'@w & ]‘V")j

1[ [AGRLE 0(1)J

If(b) —fla)) + o(1) (4.2)

as N — oo.
Now we wish to extend the above relation from C'(/)

to AC(I). To do this, first note that
|8, (O] < VAN <IAl=sup {{0)]: 1 € I} + V().
Set K=R, v =R, X = AC(I), o= 0, in Theorem E.
Then we see that there exitsa & € AC(I)" such that
5,(f) > 8(f)
as N — oo for all f € AC(I). Define 6’ € AC(I)" by
6" (f) = I(f(b) - fla)).
By what has been proved above, we have
5(f)=06'(f)
for all f € C'(I). Recall the fact that C'(I) is a dense
subset of 4C(J):
c'(1) =AC(). (4.3)
By the continuity of & and &', we see that & (f) =
&' (f) for all f' e AC(I). Therefore
5 =0, 4.4
This completes the proof. /



The affirmative solution of Problem 1# easily follows by
combining the affirmative solution of Problem 1 and
Lemma Delta.
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