


The affirmative solution of Problem 1# easily follows by
combining the affirmative solution of Problem 1 and
Lemma Delta.
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This is the 20th part of the series of articles that records and further develops essentials of the Mathematics and
Chemistry Interdisciplinary Symposium 2013 Tsuyama, whose main themes were symmetry, periodicity, and repetition. The
symposium was held on April 5th and 6th in Tsuyama city, Okayama, Japan, in conjunction with the Fukui Project and was
devoted to the memory of the late Professor Kenichi Fukui (1981 Nobel Prize) who initiated the project. The present series
also provides challenging cross-disciplinary problems which are directly related to the Fukui conjecture and to recent
carbon nanotube research. Some of these problems are formulated using mathematical language not well known among
chemists despite the importance of these notions in elucidating additivity and high-speed asymptotic phenomena in
molecules having many repeating identical moieties. Some problems are formulated in terms of Fourier analysis connected
to the theory of analytic curves, others are formulated in connection with the Science-Art Multi-angle Network (SAM

Network) Project, which seeks to bridge Science and Art (visual, audial, and conceptual) for a creative collaboration, and is

an important part of the Fukui Project.
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3. Interaction of Single-Walled Carbon
Nanotubes with DNA

Tatsuya Murakami

This is a direct continuation of the article entitled
“Recent Advances Chirality Enrichment of
Single-Walled Carbon Nanotubes” [1] by the present
author. In that article, we discussed how single chirality

in

components of semiconducting single-walled carbon
nanotubes (s-SWNTs) were enriched from the mixture.
More concretely, such enrichment can be achieved by
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density-gradient ultracentrifugation

(2],
temperature-controlled gel chromatography [3], and
DNA-controlled aqueous two-phase extraction [4]. In this
short review, we will focus on interactions of SWNTs
with DNA that have been utilized for the last procedure
and briefly summarize a few reports on it.

DNA monomers consist of sugar phosphate and
bases and are joined together by a phosphodiester linkage
between 5’ and 3’ carbon atoms of the sugar moiety to
form DNA strands. Single-strand DNA then forms
double-strand DNA with the complementary strand via
hydrogen bonding between the base moieties. This
molecular recognition based on hydrogen bonding has
been utilized to construct nano-objects with various
geometries [5]. Additionally, the m-stacking interaction
between the base moieties stabilizes the double-strand
structures and has been utilized for molecular electronics
[6]. Tt should also be noted that DNA strands have

amphiphilic nature.
On the basis of the properties of DNA strands
mentioned above, Zheng et al. first reported

DNA-assisted dispersion of SWNTs [7], in which
SWNTs and single-strand DNA were mixed and
sonicated in aqueous solution of 0.1 M NaCl. While
similar dispersion was achieved with double-strand DNA
and total RNA extracted from Saccharomyces cerevisiae
and Escherichia coli, 30-mer of poly(T) chemically
synthesized was found to be the best dispersant among
several homopolymers examined. For the dispersion
mechanism of (10,0)-SWNTs with a poly(T), the authors
proposed right- or left-handed helical structures of a
single-strand DNA around a single tube, in which base
moieties orient to stack with the surface of the nanotube
and sugar-phosphate moieties orient relatively away from
it. In this structure, the binding enthalpy and entropic
penalty were estimated to be —1.17 and 0.15 eVenm™,
respectively, indicating that the binding was
enthalpy-driven.

The same group has advanced this technology to
separate a synthetic mixture of tubes into individual
of SWNTs [8]. A

breakthrough discovery in this research was that

single chirality components
single-strand DNA oligomers of ~10 mer were capable of

extremely specific recognition of single-chirality
components of SWNTs. Such DNA oligomers were
discovered from library DNA oligomers containing
2-4-nucleotide repeats, such as (GT), and (ATTT)m. With
these DNA oligomers, 12 chirality components of
semiconducting SWNTs were successfully enriched at a

high purity (60-90%). Detailed mechanism of this
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enrichment was not clear yet, but in a later report by the
same group, recognition ability was found to correlate
with binding strength, and it was suggested that a stable
secondary structure of DNA oligomers, e.g., a DNA
B-barrel structure stabilized by hydrogen bonding
between bases on adjacent DNA oligomers, was formed
so as to fully cover the tube surface [9].
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4. Logical Interface in the
Repeat Space Theory (RST)

Shigeru Arimoto, Massoud Amini, Hao Chen
Nobuyuki Fukuda, Isao Naruki, Mark Spivakovsky
Shigeru Takeuchi, Keith F. Taylor, Satoshi Yamanaka
Masaaki Yokotani and Peter Zizler

This is a direct continuation of Section 2 of the previous
Part XIX, where we utilized the following Theorem E to
give the second proof of Zizler’s Theorem by means of a
unifying approach in the RST.

Theorem E. Let K denote either the real field R, or the
complex field C. Let X be a normed space over K, let .7
be a Banach space over K, and let v e B(X, 7) be a
sequence of bounded linear operators from X to 7. Let
L denote the topological space with the underlying set
{T, F} and the system of open sets oy = {J, {F},



{T, F}}. Consider the mapping . X — L defined by

(T if {ad @)} is convergent,

9= 3
\F if {a2(@)} is not convergent.

Suppose that
sup {||zv): N> 1} < oo
The following statements are true:
(1) 7 is continuous.
(i) If Xo is a subset of X with m(Xo) = {T}, then

A X,)={T}.

(1ii) If Xo is a dense subset of X with n(Xo) = {T?},
then mX) = {T}. Moreover ©. X — 7 defined

by @) = lim, , o@) is a bounded linear

operator: T € B(X, 7).

Lemma Delta proved in the previous Part XIX is
closely related to the Functional Delta Existence
Theorem (Functional DET) established in Ref. [1]. The
Delta Existence Theorem was indispensable for reducing
the proof of the Fukui Conjecture to the problems of
resolution of singularities and related methods [2-6],
where the notion of UFD (unique factorization domain)
played a fundamental role. The reader is referred to Ref.
[1] for the methodological ideas from experimental and
empirical chemistry before reading what follows.

Systematic asymptotic analyses on thermodynamic
and spectroscopic data were undertaken in [7,8] for a
study of correlation between molecular structure and
energies in hydrocarbons. The formation of the
Functional DET has been highly motivated by Haruo
Shingu and Takehiko Fujimoto’s empirical asymptotic
principle called ‘the long chain criteria principle’, which
‘the
constancy of isomeric variations of the same kind in the
molecular energies of the
hydrocarbons’ (cf. [7,8]).

Reflecting on this principle, we recall from Ref. [1] the

was initially derived from the observation on

long chain paraffin

following definitions in conjunction with Theorem E

reproduced above:

Definitions. Let L denote the topological space with the
underlying set {7, F} and the system of open sets oy =
{D, {F}, {T F}}. The topological space L is called the
logical space. Let X, Xi, ..., X, be topological spaces, let
7. X — L be a continuous mapping, let p1: X = X, ..., Ou:
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Xo1 = X,, and py10 X, = L be continuous mappings
such that the following diagram is commutative:

v

P

Xi — Xy —p Xyt —p X,
V% P3 P
that is, such that
L= Prt+1 © ... ° O1. (4.1)

The mapping ris called a logical interface on X. Each p;,
1 <i<n+l,is called a component of m. Equality (4.1) is

called a component analysis of .

We note that the empirical asymptotic principle for the
zero-point energy and thermodynamic quantities of
molecules having many identical moieties can be
mathematically elucidated by using the Functional DET
and component analyses of logical interface 7, whose
definition was given above in conjunction with Theorem
E.

It was recorded in article [1] that its author (S.A.)
recalled with pleasure discussions on the additivity
problems of organic compounds with the late Profs.
Kenichi Fukui and Haruo Shingu, especially those
valuable discussions on the dialectic and mutually
beneficial interplay between theory and experiment,
which later lead the author of article [1] to form the
following:

(i) the approach using diagrams of arrows [9-14] in the
RST,

(i1) the notion of logical interface 7 which assists in
bridging the gap between theoretical and experimental
languages in chemistry, and

(iii) the idea and applications of component analyses of 7.

It should be noted that the above (i), (ii), and (iii) have
been successfully used not only as research tools in the
RST but as communication and / or pedagogical devices
for those who are unfamiliar with the physicochemical
applications of the RST, which aims to assist in
cultivating the fertile interdisciplinary research field
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between chemistry and modern mathematics. Now, in
view of the above Logical Interface in the RST, we pose
the following challenging problem.

Challenging Problem 1: To prove Theorem 1 stated in
Part XIX, which is reproduced below, not via the ALT but
via Theorem E.

Theorem 1. Let a, b € R with a < b, let x(N, k) :
a+ (b—a)k/N, and let f € AC[a, b]. We have

N b

> A, k) = (1o -] A6 dON

k=1 a
+(172)(fb) - fla)) + o(1)

as N — oo,

The purpose of the following section is to solve the above
challenging problem:

5. Solution of Challenging Problem 1

Shigeru Arimoto, Massoud Amini, Hao Chen
Nobuyuki Fukuda, Isao Naruki, Mark Spivakovsky
Shigeru Takeuchi, Keith F. Taylor, Satoshi Yamanaka
Masaaki Yokotani and Peter Zizler

Let us first establish the following weaker C! version of
Theorem 1:

Proposition 1. Let a, b € R with a < b, let x(N, k) =
a+(b—a)k/N, and let f € C'[a, b]. Then, we have

N b
> S )= (b —a(] fO1dON
k=1 a

+(12)(1b) —fla)) + o(1)

as N — oo,

Proof. LetNeZ ,letke{l,2,...,N},andletfe

Cl([). Then by Taylor's theorem, there exists a real

number U, € Jx(NV,k — 1), x(V, k)[ such that
x(N k)
A6)dO=fx(N,k — 1))(b — a)/N

x(N,k-1)

+(2FUNb — a)IN. (5.1)

Thus, taking the sum of the above with & running from 1
to NV, we have

5595
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b N
[ 10)a6= — oM {d. fxV, b))

a k=1

+((le) — Ab)

N
+ (12 fWUYb — ayN}. (5.2)

k=1

On the other hand, since f' is continuous thus Riemann
integrable on [a, b], one sees that

N b
(12)Y. U6 — aN—>(1R)[ f(0)d6

k=1

=(12)(fb) — fla) (5.3)

as N — oo, from which the conclusion follows. /

Now we are ready to solve Challenging Problem 1:

Proof of Theorem 1 via Theorem E. Let f,: AC(I) - R

denote the linear functionals defined by

N
BN= Y, SN, k)

k=1

— (b — X[ ROMON, (54)
NeZ .
By what has been proved above
B = (A2)(fib) — fa)) (5.5
forallfe C\(I).
Let f'e AC(I). We next prove that
BN = I (5.6)

forallNe Z" . By the mean value theorem, there exists a

real number U, € Ix(N, k — 1), x(V, k)[ such that
x(N k)

AOYdO=UYb — a)N).

x(N k=1)

(5.7
Therefore, we have

b N
(U6 — a)] AOWON=Y fU). (538)

a k=1

From this, it follows that

N N
BNOISID. k) — D AU

k=1 k=1

N
< Z {fx(N, k) — AU+ AU,
k=1

— fx(N, k= 1)I}



N

D AWk — 1, x(N D)

k=1

IN

= Wa, bD(). (5.9

By the definition of the norm of AC(J), the inequality
(5.6) is true for all N zZ". Applying Theorem E, we see

that lim  S(f) exists for all f € C'(1) = AC(]). Define

N—ow
P AC) > R by f(f) = Ilvim B(H. Then it is easily seen
that £ is a bounded linear functional. By the continuity of
B, one easily gets lim B(f) = (1/2)(f(b) — fla)) forall f
N—>owo

e AC(I') from which the conclusion follows. I

The following appendix provides the definitions of:

(i) Generalized repeat space 7{(q, d),

(ii) Normed repeat space #{q, d, p),
(1ii) Alpha space X(q),

(iv) Beta space X3(q),

) Repeat space X,(q),

(vi) FS map.

This appendix is for all Parts XIX-XXIII.

6. APPENDIX

Review of the Generalized Repeat Space, the Normed
Repeat Space, the Alpha Space, the Beta Space, the
Repeat Space, and the FS map

Let Z*, R, and C respectively, denote the set of all
positive integers, real numbers, and complex numbers.
By ‘for all N >> 0’, we mean ‘for all positive integers N
greater than some given positive integer’.

I. Generalized Repeat Space

There are several equivalent ways of defining the
generalized repeat space #{qg, d) with a given size (q, d)
€ Z'x Z'. We shall recall below the definition that uses
the notion of the sum of subspaces of a linear space (cf.
Refs. [15-19]).

Fix (g, d) € Z'x Z" and let .»(q, d) denote the set of all
matrix sequences whose N-th term My is an arbitrary gN?
x gN? complex matrix, N € Z*. This set constitutes a
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*-algebra over the field C with termwise addition

{Mn} + {Mn"} = {My+ My%, (A1)
scalar multiplication
k{My } = {kMy}, (A2)
multiplication
{MNY MV = {MNMN, (A3)
and involution (- )*: Aq, d) = #gq, d) defined by
{Mn}* = {My*5, (A.4)

where the * on the right-hand side of (A.4) denotes the
operation of taking the adjoint.

Let Py denote an N x N real-orthogonal matrix given
by

0 01
1 0)

Let Py%:= (Py Y where a € {-2,
that Py* equals the transpose of Py ™ .)

Let Sy denote an N x N real idempotent matrix given
by

-3, ...}. (Note

Let Py" denote the N¥ x N matrix given by
PNn :PN'I\@)PNM@“_@PNNJ’ (A5)

where n = (n1, na, ., ng) € Z% and ® denotes the
Kronecker product.

Let Sy denote the N¥ x N matrix given by

SV =S ® Sy ® ... ® Sif,

where k= (ki, ko, ..., ka) € (Z"U {0})7.

Let 7%(g, d) with k= (ki, k, ... , ka) € {0, 1}9 denote the
subset of .~ (g, d) defined by

Mg, d)=1{ My} € #(g,dy: Im,n € Z¢,

3 Q0 € M/(C) such that
My=(Py™ Sy*Py™ ® Q forall N>>0}.(A.7)

Let span 7 (g, d) with k = (ki, ko, ... , k) € {0, 1}¢

denote the linear span of 74(g, d).

(A.6)

We defined three fundamental linear subspaces
/”(q’ d)3 /0!(% d), and /ﬂ(q3 d) Of /(% d) by
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g, )= X span s Kg, d),  (ASB)
ke{0,1}
7dq, d) = span /Xq, d), (A9)
where
0=(0,0,..,0) € {0,1}%  (A.10)
p(g.d)= 2 span Mg, d). (Al

ke{0,11 \ {0}

In (A.8) and (A.11), ¥ denotes the usual sum of
subspaces in the obvious manner.

We call 7(q, d), 7dq, d), 73(q, d), respectively, the
generalized repeat space, generalized alpha space, and
generalized beta space of size (g, d), and each element of
74q, d), 2dq, d), 2Kq, d), respectively, a generalized
repeat sequence, generalized alpha sequence, and
generalized beta sequence with size (¢, d).

The following is one of the most fundamental

theorems in repeat space theory.

Theorem Al. For all q, d € Z', 2{q, d) forms a

*-glgebra.
Proof. This was proved in Ref. [17]. /

For the special definition of the generalized repeat
space with size (g, 1), set d =1 in the definition of 7*(q, d)
given by (A.7) and observe that

7{g, 1) = span (g, 1)
=span {{My} € Aq,1):Im e Z,
3 QO € M/(C) such that
My=P)"® Q0
for all N>> 0}, (A.12)
/(g 1) =span (g, 1)
= span{{My} € Aq,1): Im,n € Z,
3 Q € M,(C) such that
My=(P\"SyPy) ® O
for all N >> 0}, (A.13)
and note that

g, 1)=2(q, )+ 7(q, ). (A.14)

II. Normed Repeat Space

Let C"denote the set of all column n-vectors.
Foreach 1 <p <oo, let

1€l =11 - &) o= (P + .. + &)™, (B.D)
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Let
(&l =l1(S1, - -

&) e=max {|&:1<i<n}. (B.2)
For each positive integer # and 1 < p < oo, let Mat(n, p)
denote the set of all » x n complex matrices with the
norm given by
4]l = sup {[l4x[|/|xllp: x € C"-{0}}.  (B.3)
Fix (¢, d) € Z'x Z" and let /(q, d) denote the set of all
matrix sequences whose N-th term My is an arbitrary gN?
x gN* complex matrix, N € Z*. This set constitutes a

*-algebra over the field C with termwise addition

{My} + {My} = {Mn+ My}, (B4
scalar multiplication
k{My } = {kMy}, (B.5)
multiplication
{Mn} {MN"y = {MNMN', (B.6)
and involution (- )*: Aq, d) = #gq, d) defined by
{Mn}* = {My*5, (B.7)

where the * on the right-hand side of (B.7) denotes the
operation of taking the adjoint.
Foreachq,d e Z"and 1 <p <o, let
78(q, d, p) =

(e T[] Matgh, p): (M}, =

N=1

sup [Mal, < oo} (B.8)

Note that 73(g, d, p) is a subalgebra of /g, d). We also
note that 7z(q, d, p) forms a Banach algebra for each 1 <
p < o and a C*-algebra for p = 2. The set 5(q, d, p) is
called the bounded underlying space (or B-space for

short) of type (¢, d, p).
Now recall the definition of generalized repeat space

with size (g, d), which is denoted by (g, d) in (A.8).

Theorem B1. For each q,d € Z" and 1 <p <, we have
’/’(q’ d) = /B(q> dsp) (Bg)

Proof. This was proved in Ref. [20]. //
Definition of the Normed Repeat Space

Foreachq,d € Z"and 1 <p <o, let
24q, d, p) := closure of 7{(q, d) = 7s(q, d, p). (B.10)

The set 7dq, d, p) is called the normed repeat space of
type (4, d, p)-

Note that %(q, d, p) forms a Banach algebra for each
1< p < oo and a C*-algebra for p = 2. This fact easily
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follows from the observation that linear operations,

multiplication, and involution are all continuous
operations and that any closed set in a complete metric
space is a complete metric subspace. (The reader is
referred e.g. to Refs. [21,22] for the fundamental

properties of Banach algebras and C*-algebras.)

III. Alpha Space, Beta Space, Repeat Space, and the
FS map

Let g be a positive integer. The repeat space with
block-size ¢, given in the Fukui conjecture (cf. Part XIX
of this series) is denoted by X(q). Let X(gq) denote the set
of all matrix sequences whose N-th term is an arbitrary
gN x gN real symmetric matrix. Then, one can define, the
alpha space X (q) with block-size g, the beta space X,(q)
with block-size ¢, and the repeat space X{g) with
block-size ¢ by using (A.12), (A.13), and (A.14) as
follows:

Xdq)=X(g) N 2(g, 1), (C.1)
Xy@)=Xg) N 7(g, 1), (C2)
Xdq) =X(g) N g, D. (C3)

Note that
Xd{q) = span(X,(q) U X,(q))
=X (q) + X,(q),

where the linear span is taken in the real linear space X(g).

Note that if {4v} € X/(g), there exist a nonnegative

integer v and g x g real matrices Qy, Oy, ..., O,, with O,
=0,"(n=0,1, ..., v), such that
A=) P ®Q, (C4)

n=-v

for all for all N>> 0.

Fix a g € Z*, and let h(q) denote the linear space over
the field R of all ¢ x ¢ Hermitian matrices, and let H(q)
denote the set of all mappings F: R — h(q), that is, the set
of all ¢ x ¢ Hermitian-matrix-valued functions defined on
the real line. Let H{g) < H(g) denote the subset of all the
mappings F that have the form of a finite Fourier series:

FO=Y (exp(in)0,

n=-v

(C.5)

where 0,= 0, (n=0, 1,...,v), 0 € R, vis a nonnegative
integer, Qp, O1...., O, are all ¢ x g real matrices and O,"
denotes the transpose of 0,,.

Define 2 X(q) — H{(q) by the following procedure.
Given any {My} € XJ{q), by definition of repeat space,
there exist a pair of sequences {An} € X (q), {Bn} €
Xp(q) whose sum equals {My}, a nonnegative integer v

and g x g real matrices Q.,, O, + 1,..., O, where Q_,=

0,7 (n=0, 1,..., v), such that for all N >> 0 the N-th term
My of {My} is expressed as

v

My=Ay+ By= Z Pl ®Q,+ By. (C.6)
The mapping (2is then defined by
AMO= D (exp(in®)Oy. (&)

n=-v

It is not difficult to see that this mapping is well defined.
(Cf. [23] for a detailed discussion of the mapping (2.)
Given any {My} € X{q), we call
F=Q({My}) € Hig) C8)
the FS map associated with the repeat sequence {My}. A
closed interval I — R is said to be compatible with F if 1
contains all the eigenvalues of F(6) for all € € R.
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Mathematics and chemistry

interdisciplinary joint research and the Fukui Project XXI

Shigeru ARIMOTO, Massoud AMINI, Hao CHEN, Nobuyuki FUKUDA, Joseph E. LEBLANC
Tatsuya MURAKAMI, Isao NARUKI, Mark SPIVAKOVSKY, Shigeru TAKEUCHI
Keith F. TAYLOR, Hong Yi WONG, Satoshi YAMANAKA, Masaaki YOKOTANI and Peter ZIZLER

This is the 21st part of the series of articles that records and further develops essentials of the Mathematics and
Chemistry Interdisciplinary Symposium 2013 Tsuyama, whose main themes were symmetry, periodicity, and repetition. The
symposium was held on April 5th and 6th in Tsuyama city, Okayama, Japan, in conjunction with the Fukui Project and was
devoted to the memory of the late Professor Kenichi Fukui (1981 Nobel Prize) who initiated the project. The present series
also provides challenging cross-disciplinary problems which are directly related to the Fukui conjecture and to recent
carbon nanotube research. Some of these problems are formulated using mathematical language not well known among
chemists despite the importance of these notions in elucidating additivity and high-speed asymptotic phenomena in
molecules having many repeating identical moieties. Some problems are formulated in terms of Fourier analysis connected
to the theory of analytic curves, others are formulated in connection with the Science-Art Multi-angle Network (SAM
Network) Project, which seeks to bridge Science and Art (visual, audial, and conceptual) for a creative collaboration, and is

an important part of the Fukui Project.
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Repeat Space Theory (RST) 11

Shigeru Arimoto, Massoud Amini, Hao Chen
Nobuyuki Fukuda, Isao Naruki, Mark Spivakovsky
Shigeru Takeuchi, Keith F. Taylor, Satoshi Yamanaka
Masaaki Yokotani and Peter Zizler

This is a direct continuation of Section 2 of Part XIX.
In this section, we wish to unify the proofs of different
versions of the Asymptotic Linearity Theorem Extension
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Conjectures (ALTECs).

1. Introduction to the Asymptotic Linearity Theorem
Extension Conjectures (ALTECs)

To prove the Asymptotic Linearity Extension
Conjectures (ALTEC) [1-4] was a fundamental problem
in repeat space theory. In Refs. [1,4], the Asymptotic
Linearity Extension Conjectures, C(I) and CBV(l)
versions, were proved for the first time by using two
types of continuous fractal functions T and K and by
using the Cantor function, by a method similar to proving
Theorem 1 via the ALT (that is, by a method similar to
proving Zizler’s Theorem via the ALT).

In Part XI [2], some tools for the proofs of the
conjectures have been developed, but until now we could

not see clearly the above versions in a single perspective.

In this section, we unify the two proofs of the
Asymptotic Linearity Theorem Extension Conjecture
(ALTEC) C(I) and CBV(I) versions and give solutions to
the Challenging Problems V and VI in Ref. [3].

We retain the notation of Refs. [2-4], and recommend
the reader to review these references before proceeding
further. In what follows, we recall only essential notation
and definitions from Refs. [2-4].

Throughout this section, let Z* and R denote,
respectively, the sets of all positive integers and real
numbers.

Recall that a real sequence En is said to have an
asymptotic line if there exist ¢, f € R such that Ex — (aN
+ ) —> 0as N > oo, that is, if there exist &, f € R such
that EN = oN + S+ 0(1), as N > oo, where 0(1) denotes
the Landau notation. Note that for a real sequence E to
have an asymptotic line, it is necessary for the sequence

EwN to have a limit a = &im (Ey/N) e R If this limit
exists, the sequence Ey has an asymptotic line if and only
if B= hllim(EN —aN) existsinR.

In the present article, a real sequence E is said to be
on a line if there exist ¢, € R such that Ex — (aN + f) =
OforallN e Z".

Notation Letl=[a, b](a,b € R, a<b) denote a closed

interval.
Vi(¢):  the total variation of a real-valued function
@ onl, thatis,
Vilo)= sup, X lp @)= el (D

F59%5 (2017)

(A:a=tH< 1< ... < t,=h).

C(: the Banach space of all real-valued continuous
functions on | equipped with the norm given
by

ol =sup {lo@® t e I} 2)
(In what follows, C(l) is often denoted by
Cla, b].)

CBV(l): the Banach space of all real-valued continuous
functions of bounded variation on | equipped
with the norm given by

ol =sup o @ t el} +Vi(p) Q)

AC(I): the Banach space of all real-valued absolutely
continuous functions on | equipped with the
norm given by

ol =sup o @ t el} +Vi(p) @)

Before recalling the following practical version of the
Asymptotic Linearity Theorem [5], the reader is referred
to the Appendix to Part XX for the definition of the repeat
space X¢(Q).

Theorem 1 (Practical ALT, X{(q)-version). Let {M,} €
Xr(q) be a fixed repeat sequence, let | be a fixed closed
interval compatible with {M}. Then, for any ¢ €
AC(I), there exist o ¢ ), A @ ) € R such that

Tro (My)=a(@ N+ A p)+o(l) ©)
asN— oo,

Asymptotic Linearity Theorem Extension Conjecture
(ALTEC C(l)-version) The Asymptotic Linearity Theorem
(ALT) cannot be extended from AC(l) to C(l), where
AC(l) denotes the functional space of all real-valued
absolutely continuous functions defined on the closed
interval I, and C(l) denotes the functional space of all
real-valued continuous functions defined on the closed
interval I.

Asymptotic Linearity Theorem Extension Conjecture
(ALTEC CBV(l)-version) The Asymptotic Linearity
Theorem (ALT) cannot be extended from AC(I) to CBV(I),
where AC(l) denotes the functional space of all
real-valued absolutely continuous functions defined on
the closed interval 1 and CBV(l) denotes the functional
space of all real-valued continuous functions of bounded
variation defined on the closed interval I.

2. Unification of the proofs of the ALTECs
In recent publications [1] and [4], one of the authors
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(S.A.) has proved the above two conjectures by using the
following two Lemmas AO, Al, which were established,
respectively, in Refs. [1,4]. (In Ref. [1], Lemmas A0 and
Al were called Lemmas 2.1 and A1, respectively.)

Lemma A0. If there existsa ¢ < CJ[0, 1] such that the
real sequence Enx(¢ ) == ZN

k=1

¢ (k/N) does not have
an asymptotic line, then the Asymptotic Linearity
Theorem Extension Conjecture (ALTEC) C(l)-version is
true.

Lemma Al. If there existsa ¢ e CBV[0, 1] such that
the real sequence En(¢p ) = ZN

k=1

@ (K/N) does not
have an asymptotic line, then the Asymptotic Linearity
Theorem Extension Conjecture (ALTEC) CBV(l)-version

is true.

The purpose of this section is to recall the prototypal
approach given in [1] and develop new unifying tools for
getting a deeper insight into the both versions of ALTEC.
For this purpose, we prove the following two key lemmas
Band C.

Lemma B. Let f: Z* — R be a real sequence. Suppose
that there exist a positive integer m > 2 and a real
number A such that the equality
f(mN) =f(N) + AN (6)
holds for allN € Z*. Letar :=A/(m - 1)and letg(N) :==
f(N) — «a N.Then
g(mN)=g(N) (M
for all N e Z". Moreover, the following conditions are

equivalent.

) The sequence f(N) has an asymptotic line.

(i)  The sequence f(N) is on a line.

(i)  The sequence g(N) converges.

(iv)  The sequence g(N) is a constant sequence, that
is, g(Hh=9g2)=... .

Proof. First, observe that the following equalities hold for
allN € Z".
gmN) — giN)=f(mN) — amN - f(N)+ aN
=AN — a(m - DN
=AN — AN=0. (8)
Thus,
g(mN) =g(N) (€)
forallN e Z*.

Assume (i). Since f(N) has an asymptotic line, there
exist a,0 o € R such that

f(N) = aoN + A + o(1), (10)
as N — o0. Hence, we have
f(mN) = aomN + S + o(1), 1y
asN — oo. By (10) and (11), we see that
f(mN)—f(N) (lj
—— ~=q,(M-1)+0| — |, 12
N a( ) N (12)
asN— oo.

Since the right-hand side of (12) is A by (6), letting N
— 00, we infer that

A
a,=——= «. 13
= (13)

Note that (10), (13) and the definition of g(N) imply
that
gN)=1f(N) — oN=/+0o(1) (14)
as N — o0. Thus, the sequence g(N) must converge to .
We conclude that (i) => (ii).
The converse (iii) => (i) is easy to prove: Assume (iii)

and let g =limy, g(N) € R. Then f(N) — (oN +

P — 0asN— oo, Thus, we have (i).
Now under the assumption (i), suppose that for some
No ezt
INo) # fh (15)
Then we would have by (9),
B # 9(No) = g(mNo) = g(m*No) = g(m’No) = ...., (16)
which contradicts (14). Thus, we have
aiN) =/ (17)
forallN e Z*, that is,
f(N)=oN + & (18)
for all N € Z*. We therefore infer that the sequence is on
a line. We conclude that (i) => (iv). Clearly, (iv) => (ii)
=> (i). This completes the proof. /

The following Lemma B’ is an improvement of Lemma
B. This improvement is due to H. Chen:

Lemma B’. Let f: Z" — R be a real sequence. Suppose
that there exist a positive integer m > 2 and a real
number o such that the equality
f(mN)=f(N)+ o (m —1)N (19)
holds forall N € Z*. Letg(N) :=f(N) — « N.We have
g(mN) =g(N) (20)
for all N € Z'. Moreover, the following conditions are
equivalent.
(1) The sequence f(N) has an asymptotic line.
(i) The sequence f(N) is on a line.
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(iii) The sequence g(N) converges.
(iv) The sequence g(N) is a constant sequence, i.e.,
g =92)=... .
Proof. The proof proceeds in the same way as the proof of
Lemma B. //

Note that in Lemma B’, o plays a role of ‘mth
difference coefficient’ since
f(mN)=f(N+m — DN)
=f(N)+ « (increment from N)
=f(N)+ a(m — DN.

Although Lemma B’ is better to geometrically understand
the meaning of the assertion of the above two versions B
and B’, we keep old version B to highlight the
relationship between both versions and our earlier
arguments in Refs. [1-3].

Lemma C. Fix either X = C[0, 1] or X = CBVJ0, 1]. For
any ¢ € X, let En(¢ ) denote the real sequence defined
by Ex(¢ ) = Zszl ¢ (K/N). Suppose that there exists a
positive integer m >
such that

2, real number A, and ¢ € X

Enn(¢ ) =En(¢ )+ AN @1
forall N € Z*. Let S,(¢) = En(¢)—(A(m —1)N.
Then, the following conditions are equivalent.

(1) The sequence En( ¢ ) has an asymptotic line.
(ii) The sequence Ex( ¢ ) isonaline.

(iii) The sequence g, (@) converges.

(iv) Thesequence Sy (¢) is a constant sequence,

ie, B@)=p@=.. .

Moreover, if one of the conditions (i), (ii), (iii), (iv) is not
fulfilled, then the Asymptotic Linearity Theorem
Extension Conjecture (ALTEC X version) is true.

Proof. Suppose that there exists a ¢ € X, a positive
integer m > 2, and a real number A such that the real
sequence En( ¢ ) satisfies (21) for all N € Z". Fix such a
@ € X,anm > 2, and real number A, and set Ey =
En(p)and B, = B, (¢). Weknow from Lemmas AOQ
and Al that if (i) is not fulfilled, then the Asymptotic
Linearity Theorem Extension Conjecture (ALTEC X
version) is true. Thus, for the proof of the lemma, we
have only to show the equivalence of the conditions (i),
(i), (iii), and (iv). Setf(N)=Enx(¢ )and g(N)= 5, (9),
and apply Lemma B, then the conclusion follows. /

#5595
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In what follows, we provide solutions to the following
challenging problems stated in [3]. See Figs 1 and 2 on
the next page for the graphs of En(T + K) and En(T —
K) numerically calculated by MATLAB.

Challenging problem V. Does En(T + K) have an
asymptotic line?

Challenging problem VI. Does E\(T — K) have an
asymptotic line?

Solution: From [3] references therein, recall the relations

En(T)=En(T) +N, 22)
Emn(K) = Ex(K) + N, (23)
valid for all N € Z*.
By (22), we have
Ean(T) =Exn(T) + 2N =En(T) + 3N. (24)
By the linearity of E4y and En, we easily see that
Ean(T + K) =En(T + K) + 4N, (25)
EnT - K)y=EMT - K)+2N, (26)

forallN e Z".

Now, it is easily checked that neither of En(T + K) and
En(T — K) is on a line. Therefore, neither of En(T + K)
and EN(T — K) has an asymptotic line.
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8. Mindful Frontier International Project
(MFI Project)

Shigeru Arimoto, Nobuyuki Fukuda, Hong Yi Wong
Satoshi Yamanaka and Masaaki Yokotani

1. Origin of the Mindful Frontier International
Project

A new project called Mindful Frontier International
Project (MFI Project) started within the framework of the
New Frontier Project, along with the Science-Art Multi-angle
Network (SAM Network). This MFI project originates from
earlier teachings of Prof. K. Fukui, his teacher Prof. Haruo
Shingu, and Prof. Fukui’s English acquaintance, Prof. G.G.
Hall (Applied Mathematics). [Remarks. Prof. Hall is a
pioneer in Quantum Chemistry, noted for his discovery of the
Roothaan-Hall equations. Prof. Shingu was also a
collaborator in the initial development of Fukui’s Frontier
Electron Theory. It is also well-known that Prof. Shingu gave
the name of the ‘Frontier Electron Theory’ to Fukui’s
pioneering theory. Prof. G.G. Hall, Nottingham University,
England, was invited to Kyoto University, in 1983, as the
first full-time non-Japanese professor of national university in
post-war Japan, through the efforts of Prof. Fukui and his
Japanese colleagues.

2. MFI Project for Innovative Thinking and Global
Cross-disciplinary Education

The MFI Project originally aimed at enhancing the lively
and creative activities of students and researchers using the
assets of teaching mainly from the above-mentioned three
pioneers in science. The first author of this section (S.A.)
who was a student of all the three professors in Kyoto
University, recalled their lectures, seminars, publications, and
personal conversations which were especially related to
innovative thinking and global cross-disciplinary education.
The first author began to store and share the assets from these
teachers with the members of the New Frontier Project and
also with people outside the circle of this project.

3. MFI Project for International Global Education
and for Improving Public Speeches and Lectures in
English

%595
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A new element began to be added to the MFI Project around
the time when the first author visited Singapore Polytechnic
in 2015 together with students from Tsuyama College for
international global education. Singapore Polytechnic (SP)
provides multi-cultural international education for students
from non-English speaking countries. Singapore itself is a
multi-racial and culturally diverse society. SP is aware of
the challenges that come with learning a foreign language,
and it seeks to help students (both from Singapore and
abroad) to speak and express themselves in English
effectively regardless of their mother tongue. SP positively
accepts and celebrates accents of English beyond those of a
British or North American origin. To the non-native speaker
of English, accents such as Japanese, Filipino or
Singaporean ought to be seen as a distinctive feature, not a
weakness, given the diverse world we live in. We witness
Asian students with accents having a psychological
inhibition that hinders their natural flow of speaking.
Combined with other public speaking techniques, this
psychological recognition and positive acceptance of
diversity can instill greater confidence in the student and
enable more effective use of English as a tool for global
communication.

Through contacts with the teachers and instructors in
Singapore Polytechnic and through actual participation in
their English lectures for foreign (Japanese) students, the
first author recalled Prof. Fukui’s and Prof. Hall’s seminars
in Kyoto in 1980s, in which all the participants had to speak
in English.

Through cooperative discussions, the authors of this
section noticed the possibility of adding the pedagogical
methods of Singaporean teachers to those of Prof. Fukui,
Prof. Hall, and Prof. Shingu, for international global
education and also for improving public speeches and
lectures in English.

Here in this section, we pose the following questions, and
we will give our answers to these questions in a future
publication elsewhere.

(1) How can one give international global education
effectively to students?

(2) How can one give lectures in English effectively to
students whose mother tong is not English? [A
specific question belonging to category (2): For
mathematics or science lectures in English, the first
author developed English & mother tong parallel
text method and the ‘variable bilingual method’. Can



these methods be combined with Singaporean
teachers’ more visual and schematic methods?]

(3) How can one train students for presentations in
English?

In a ‘Challenge Seminar’ in Tsuyasma College, the first
author taught techniques of brainstorming, analysis,
organization, and structuring of data for presentation.
Besides these standard techniques he also taught, especially
for ‘rigid students’ with mental inhibitions, the methods
involving (i) Yoga-Zen-type exercises, (ii) breathing
exercises, (iii) meditative exercises, which were all
non-religious and neutral and thus suitable for any student
from all over the world. In our future publication, we will
also discuss these methods, which Prof. Shingu practiced in
his later years, and which potentially enhance innovative
and organizing power of those who practice the above
exercises regularly.

9. Interdisciplinary Challenging Problems Related
to Fourier Analysis

Shigeru Arimoto, Nobuyuki Fukuda, Joseph E. LeBlanc
Satoshi Yamanaka and Masaaki Yokotani

1. Quantum Linear Chain Chn(m, k)

Let Chy(m, k) denote the quantum mechanical network
system of linear chain with free ends consisting of N
particles each of mass m and separation 1 that can vibrate
harmonically under a restoring force due to the
first-neighbor interaction k > 0. The network Chy(m, K) is
completely characterized by the N x N positive-semidefinite
real symmetric matrix Ay which is referred to as the
mass-weighted Hessian matrix of Chy(m, k):

1 -1
-1 2 -1 0
-1 2
Ay =(k/m) '
2 -1
0 -1 2 -1
-1 1

[Note. This matrix sequence with m = k = 1 is nothing but
the matrix sequence we used for proving the ALTECs and
Zizler’s Theorem via the ALT.] The zero-point vibrational
energy of the Chy(m, k) with fixed m, k > 0, is expressed in
terms of the N eigenvalues of Ay:
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En= Y. (72)(AAWN"2, (1
i1
where 4;(An) denotes the i-th eigenvalue of Ay, or,
equivalently, in terms of the trace of the function of the
matrix:

En = Tr(7 2)(An)2. )

We know that the number sequence Ey has an asymptotic

line, namely:
Te(h 2)AN2 = aN+ g +o), @3)
as N — oo, where

a =(h2)km)X4/),

p= —(n2)(km2

and 0 denotes the Landau notation.

2. Classical Linear Chain CChn(m, k)
Let x(t) = (x;(t), Xo(t), ..., xn(t)T. The above quantum

mechanical network system of linear chain Chy(m, k) has a

classical mechanical analogue, which we denote by

CChn(m, k). This system can be studied theoretically by

solving the following differential equation with given initial

conditions.
dx(ty/dt2 = — AnX(D).

3. Relation between Chn(m, k) and CChn (M, K), and
Challenging Problems

It is well known that the above quantum and classical
system involve the same eigenvalue analysis of the matrix
AN. We are especially interested in the case where N is large
enough. In such a case, one can study Ch(m, k) and its
classical analogue CChy(m, k) in connection with the Fukui
Conjecture and the Asymptotic Linearity Theorem
Extension Conjectures (ALTECs), (cf. [1-4]). Moreover, as
is well known, if N is large enough, the above oscillatory
system CChy(m, k) can be regarded as a continuum
oscillator with a good approximation. The reader is referred
to LeBlanc’s Physics Laboratory Manual [5] for
experiments involving transversal and longitudinal waves in
a continuum oscillatory system and for experiments
involving other interesting wave phenomena. Bearing in
mind the above-mentioned quantum and classical
vibrational systems, and the limiting correspondence
between discrete and continuum systems, we pose the
following interdisciplinary
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Challenging Problems CQF:

(1) To study the above classical oscillator system
CChn(m, k) for a large enough N, referring to [5-7]
and to the technique of Fourier analysis given in
articles [8-10] for quantum chemistry problems.

(i) To study the above quantum oscillator system
Chn(m, k) using the method of difference
equations (not differential equation), referring to
[5-10] and recalling the Fukui Conjecture.

It is hoped that the above challenging problems help enrich

the interdisciplinary investigation in physics and
mathematical chemistry related to Fourier analysis. We
remark that Fourier analysis is one of our common
platforms for our interdisciplinary investigations in the New

Frontier (Fukui) Project.
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diagonal Asymptotic Linearity Theorem (OALT-X(1)
AC(l) version: OALT-0.1) without using any version of the
Piecewise Monotone Lemma (PML) (see Refs. [1-5] and
references therein). Since we deal with elements {An} €
X,(q) with =1, the proof is easier than in the general case
in which the block-size q of block matrix Ay is greater
than 1. If g = 1 then Ay is not a block matrix but just an
N x N matrix, and Ay is diagonalizable for all N >> 0,
according to the definition of the alpha space X (1). The

crux of the proofis to use the fact that both ¢(An) and P

are simultaneously diagonalizable by the same unitary
matrix Uy, hence the product ¢(An) and @(An) Py is

diagonalizable by the same unitary matrix Uy. The
situation is similar in the general case of X (q) in which

@Av) and P; ®lq are simultaneously block-

diagonalizable by the same unitary matrix Un®Ig, hence

the product o(An)( P ®lg) is block-diagonalizable by the

same unitary matrix Un®Iq. Before proceeding to the proof,
the reader is asked to recall the following fundamentals [1-
5]

Definition 1. Let S; and S; be nonempty subsets of R. A
function f: S; —> S; is said to be nondecreasing if x; < x,
implies f(x;) <f(xx) for all X, X; € Si. A function f: S; — S,
is said to be nonincreasing if X; <X, implies f(x,) <f(x,) for
all X1, X2 € S;. A function f: S; — S s said to be monotone
if it is either nondecreasing or nonincreasing.

Leta, b € Rwith a<b and let | = [a, b]. A function f: |
— Ris said to be piecewise monotone if there exists a finite
partition

a=X<X<..<X,=b (neZ) 2.1
of the interval | such that the restriction f | [Xi1, Xi] is
monotone for all i € {1,..., n}. In this case, f is said to have
n-partition of monotonicity.

A real-valued function on a subset S — R is called real
analytic on S if it is the restriction to S of a function which
is real analytic on some open set O o S.

Leta, b € Rwith a<b, let | =[a, b]. The symbol C(I)
denotes the set of all real-valued continuous functions on I.
A function ¢ : | — R s said to be absolutely continuous on
I if, given any &> 0, there exists a 0> 0 such that for every
finite system of pairwise disjoint subintervals (ai, by),
(a2, b), ..., (@n, bn) = [a, b],

y (bk—ak)< o

k=1

implies
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n

> 1oy - @l < e

k=1
The symbol AC(I) denotes the set of all real-valued
absolutely continuous functions on I. If f is a real-valued
function on | and if S is a subset of I, then f| S denotes the
function f restricted to S. In this article, the symbols C(I)
and AC(l) used in Refs. [1-5] are often represented by Cla,
b] and AC[a, b] respectively. The following Proposition 1
is fundamental in the present section:

Proposition 1. Let a, b, ¢ e Rwith a<c <b. The following
statements are true:

(i) If f e C[a, b], f| [a, c]e AC[a, c], f| [c, b]e AC][c, b],
then f € AC[a, b].

(ii) If f € AC[a, b] is a monotone non-decreasing function

and if g € AC[f(a), f(b)], then g o f € AC[a, b].

Proof. The conclusions easily follow from the definition
of absolutely continuous functions. //

Note 1.
It is easy to check that

() The derivative f' of real analytic function f

e AC(l) is real analytic.

(i)  The set of zeroes of a real-analytic function f €
AC(I) on the closed interval | is either empty, a discrete
(and hence a finite) set, or the entire domain |.

(i) Any real analytic function f e AC(l) is
piecewise monotone.

(iv)

with respect to the linear operations and the

The functional space AC(l) forms an algebra
multiplication of functions.

Note 2. For the definitions of X (1) and the FS map,
the reader is respectively referred to Eq. (C.1) and Eq.
(C.8) in the Appendix to Part XX of this series. See also
Refs. [8,9]. The matrix F(6) appearing in the following
Theorem 1 is a 1 x 1 real-symmetric matrix, that is, a
€ R. The matrix F(6) is
sometimes called the F-theta matrix associated with the

real number, for every @

sequence {An}. In Ref. [9], for the general case in which
{An} € X(q) with g € Z', it was proved that all the

eigenvalues of the  x (Q real-symmetric matrix F(6) are
contained in the interval | forall & € R.

Theorem (OALT-X (1) AC(I) version: OALT-0.1). Lets €
Z, let {An} € X(1), and let | be a closed interval which
contains all the eigenvalues of Ay forallN € Z



for any ¢ € AC(l), there exists an as(¢) € R such that

Tr{(@(An)) Py 1= as(@)N +0(1) 0
as N — oo, Moreover, os( ) is represented by the integral:

1 po2n .
(@) =——[ " explisOp(F (0))d0.
27 J0

where F is the FS map associated with the sequence
{An}.
Proof. Assume that

A=Y PIOQ, @)
j=-v

for all N >> 0. Then, the FS map associated with {An} is
given by:

FO=- Y (expiORQ,. )

Let Dy denote the N x N diagonal matrix defined by
i272 i2zN
)] -(4)

D= diag (exp( ) ex p( ).
Recall the fact that the matrix PN is expressed in terms of a

., €xp(

unitary matrix Uy and a diagonal matrix Dy:
Pn=UnDnU ' ®)
Thus, plugging (5) into (2), and using a fundamental

property of Kronecker product: (A ® B)(C ® D) = (AC)
® (BD), we have

AN=(UN®I1)(ZVL D/ ®QJJ(UN®|1)'

j=-v
:UN(Z D, ®QJJUN] )
j=-v

and hence

(p(AN)—UNL%_I w(i(e p[”zN”"DQ, H UL

N
for all N >> 0, where k(-?l denotes the direct sum of 1x1

matrices indexed with k, which implies that the matrix in
(6) enclosed by the brackets [ ] is an N x N diagonal
matrix.

On the other hand, we have

Pi = U, DjU,"

_ u{é(exp(iz’l\’ls" m U ()

Thus, by (3), (6) and (7), we have, for all N >> 0,
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Tr{(p(An) By ]

I

Notethat Q ; =Q, forall —v< j<v by the definition

of the alpha space X (1). Hence, one easily sees that
F (@) is a real analytic function because the imaginary

part vanishes and the real part is a linear combination of
trigonometric functions cos j&. We infer that the function

F(@) is piecewise-monotone and continuously

differentiable, and hence absolutely continuous on [0, 27].
(Note: Continuously differentiable functions, or C'
functions on a closed interval are Lipchitz functions.
Lipchitz functions on a closed interval are absolutely
continuous functions. Thus, the functions & — cossé@
and @+>sinsd are both
functions on [0, 27].)

Recalling Proposition 1 and the fact that the product and

absolutely continuous

sum of absolutely continuous functions are absolutely
continuous functions, we easily see that for any ¢ € AC(l),
the function

0 Zq: (coss@)p(F(0)) )

is absolutely continuous on [0, 27 ] and that for any ¢ €
AC(l), the function

0+ Zq:(sin s9)p(F (0)) (10)

is absolutely continuous on [0, 27]. Now either Zizler’s
Theorem, or Theorem #1 reproduced below easily implies
that

Tr{(p(An) PY 1=
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L[ eisOm(F@)ON o) (11 (exp-D)-D +(exp((0)6))2
T 0

asN — oo, +(exp(i(D6)) (1)

The conclusion follows. [Note that the sequence

Tr[(@(An)) Py ]is areal sequence, hence the imaginary part (cos((=1)&) +isin((~1)8)) (1)

of the above integral must vanish, thus we have in fact:

1 +2+(cos((+1)0) +isin((+1)0) ) (-1)
> [ exp(isoyp(F(@))do
T 0

2-2cosf = 4sin2§.

1 2z
- = F
- IO (cossOyp(F(9)da, Hence,

hy = .
and hence o Tr{(@(An) Py 1= i foz exp(isO)p(F (6))dON  +o(1)

Tr{((An)) Py ] :ZL (cossOyp(F(6))do N L o

= — s&)p(F(6))dd N +o(1
o) 12 51, (cossOm(F©) M)
a§ N — co. This formula is used in a computer experiments _ 1 J‘er (cos50)|2sin 0 4o N+o(l)
given below.] / 270 2
, = ljz”(cosse) sin2|doN+o(1)

Theorem 1. Leta, b € Rwitha <b, let x(N, k) :=a+ (b o 2

— a)k/N, and let f € AC[a, b]. Then, we have 2 ¢x . 0
= —| (cossd)sin—d&N +o(1
— |, (cossO)sin= (1)

ZN: f(X(N, k) =(1/(b — a)) _[: f(6)do )N+ 4
- = —ZL _N+o(l) (14)
(122)(f(b) — f(@)+o(1) (13) 1-4s
asN — oo. asN — oo.
Proof. This was first proved in [6] by using the ALT.  // 4
. . We remark that the above number —%— of the slope
Note: The above Theorem 1 directly follows from Zizler’s 1-4s
Theorem which was proved by Peter Zizler for the first of the asymptotic line was derived through elementary
time in Section 3 of [7]. trigonometric calculations and the derivation is omitted
here. Using Graphing Calculator, one can numerically
Computer experiments: check the Eq. (12). For the case of s = 0, the above
Let asymptotic formula has been well known since the earlier
2 -1 -1 time when the investigation of the Fukui Conjecture was
-1zl started.

-1 2 " 0

We provide in what follows (i) the Graphing Calculator

Ay = . ) code to numerically check Eq. (14) and (ii) the MATLAB
0 ) code that produced the Matrix art pictures ¢(An) given in

o2 -l Figs1 in the following pages.

-1 2 -1
-1 -1 2), Graphing Calculator code:
1/2
- 2
and let ¢(X) |X| , then we have f(‘{) _ 2 ."|x|

F(O) = (exp(i (-DHo )) Q.+ (exp(i(O)H ) ) Q With the above function appearing in the Fukui Conjecture, given
any integer s, this program draws the OALT asymptotic line in red,
+ (exp(i 1o )) Q and the actual plot in blue for the example of Cyclic Liner Chain
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matrix A_N. (Aug 24, 2017) function P = P(N);
2z
K v = S| f(2 =2 cosx) cosgxdx _ _ _
27 0 % This function creates matrix P(N)
with N
. 2 _ %=1, 2
HEy-= P | (2 —2 cosx) Re(expisx)dx %
0 % For example:
. %
K y= X [ f(2 =2 cosx) Im( expisx)dx b Px) =
2m o
0 n
% 1
In the editable file, one can click the value of integer s at the lower 9
right corner and change its value. % P(2) =
4 %
- % 0 1
L I x % 1 0
1—-4s5 %
% P@ =
M %
| " 2nsk 2nk K 0 1 0
3 cos[ . j'f(”—"cos{TJj % 0 0 1
o 5 1 0 0
%
MATLAB code: % P(4) —
%
MATLAB code that created the original picture 0/: 0 : 0 0
of ¢(An) with N = 50. The pictures were later % 0 0 1 0
. . .. % 0 0 0 1
edited by using a photo editing software. 0; : 0 0 0
0
% OALT Matrix Art
0
% Aug 24, 2017 for i = 1N
for j =1:N
) ~ ifi-j=-
function f = MA(N) PG D) =1
else
. PG, j) =0;
M= 2(PN)0) - PN ~ PN .0
end
end
N end
A= (M)~ (1/4);
. PN, 1) =1;
axis square
figure

surf (real (A));
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MATLAB Matrix Art:
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Figs 1. Matrix art of ¢(Aso), with entries plotted to the z axis direction. Observe that the peak of this figure is approximately

—=—=1.273 ..., and the first off-diagonal entries are approximately

converges to 0 monotonously from below.
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challenging cross-disciplinary problems which are directly related to the Fukui conjecture and to recent carbon nanotube
research. Some of these problems are formulated using mathematical language not well known among chemists despite the
importance of these notions in elucidating additivity and high-speed asymptotic phenomena in molecules having many
repeating identical moieties. Some problems are formulated in terms of Fourier analysis connected to the theory of analytic
curves, others are formulated in connection with the Science-Art Multi-angle Network (SAM Network) Project, which seeks
to bridge Science and Art (visual, audial, and conceptual) for a creative collaboration, and is an important part of the Fukui

Project.

Key Words: the Fukui conjecture, Memoir of Prof. K. Fukui, Unique factorization domain (UFD), Carbon nanotube,
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In this section, we prove the Off-diagonal Asymptotic
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Linearity Theorem (OALT-X(q) AC(I) version: OALT-
1.0) which uses the real-analytic version of the Piecewise
Monotone Lemma (PML) (Cf. [1-5] and references
therein).

We first briefly review two versions of Piecewise
Monotone Lemmas: PML1 and PML2 below. For details,
the reader is referred to Refs. [1-5]. We recall PMLI for a
comparative purpose, but we need only PML2 for our
purpose of establishing Off-diagonal Asymptotic Linearity
Theorem (OALT-X () AC(l) version: OALT-1.0).

1. Review of Piecewise Monotone Lemmas
(PML1 and PML2)

Throughout, let Z*, R denote, respectively, the set of all
positive integers and the set of all real numbers.

Definition 1. Let S; and S, be nonempty subsets of R. A
function f: S; — S, is said to be nondecreasing if X; < X,
implies f(x;) < f(Xy) for all X;, X, € S;. A function f: S; > S,
is said to be nonincreasing if X; < x, implies f(xz) < f(x;) for
all X, X2 € S;. A function f: S; — S, is said to be monotone
if it is either nondecreasing or nonincreasing.

Leta, b € Rwitha<b and let | = [a, b]. A function f: |
— Ris said to be piecewise monotone if there exists a finite
partition

a=X<x<..<x=b (neZ)
of the interval | such that the restriction f | [Xi1, Xi] is
monotone for all i € {1,..., n}. In this case, f is said to have
an n-partition of monotonicity.

A real-valued function on a subset S — R is called real
analytic on S if it is the restriction to S of a function which
is real analytic on some open set O > S.

Leta,b e Rwitha<bandletl=[a,b].

Iff: 1 > R is piecewise monotone, let
Mo(f) =
monotonicity}.
The Mo(f) is called the monotonicity number of f.
If f: I — R is not piecewise monotone, let
Mo(f) = .
CA(1) : the ring (UFD) of all real analytic functions defined
onl.
CYD[A]: the polynomial ring (UFD) over C(I) in the
indeterminate A.

min {n € Z" f has an n-partition of

C(I) : the ring of all real-valued continuous functions
defined on I.

C(H[A]: the polynomial ring over C(l) in the
indeterminate A.

R[A]: the polynomial ring (UFD) over R in the

indeterminate A.
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For each 6 € |, let Evo : C(I)[4] —> R[] be the ring
homomorphism defined by
Evo(CoA"+ A + .. +¢p) =
Co(AA"+ (DA + ...+ cu(6).
V) (¢): the total variation of a real-valued function g on I,
that is,

lpti) — olti-n)l.

(Aa=ty<ti<...<t,=h)
CBV(l): the normed space of all real-valued continuous

Vi(p)= sup
A

n
o]

functions of bounded variation on | equipped with the
norm given by

gl =sup {D): t € 1} +Vi(p).

Definition 2.2. Leta, b € Rwitha<band let | =[a, b].
Map(l x R, R): the ring of all functions f: I xR— R.
C“*(1) : the ring defined by C?*(1) := {f e C(l): f is real
analytic in the interior Ja, b[ of I}.
C“*()[A]: the polynomial ring over C®*(l) in the
indeterminate A.
C"™M(1) == {f e C(I): f is piecewise monotone on I}.
Let Fn: C(H[A] — Map(IxR, R) be the
homomorphism defined by
Fn(CoA" + ¢ A™ + ... + ¢n) =1,

where f: | x R — R is the function defined by

(6, 2) = co( A" + c1 (A + ... + co(O).
If X and Y are nonempty sets and f: X — Y is a mapping,
I(f) denotes the graph of f :

I ={(x,f(x)) e XxY:x € X}.

If n is a positive integer, Sn denotes the group of all

ring

bijections o {1, ..., n} = {1, ..., n}, that is, the group of
permutations of the set of n elements.

Ifa,b € Rwitha<b, let Hi(a, b) denote the set of all real-
valued real analytic functions defined on the interval Ja, bJ.

Lemma 1 (Piecewise Monotone Lemma, version 1,
PMLI1). Leta,b e Rwitha<band letl =[a, b]. Let p
€ CY)[A] be a monic polynomial of degree q € Z" given
by

p=29+c A%+ .. +cg
Suppose that for any 8 < I, the polynomial

Evo(p) = A%+ (AT + ... +co(O)

over the field R has q real roots, which we denote by 1,(6)
< (O £ ... £ Ay(6. Then all the A4’s are piecewise
monotone, that is,

Mo(4j) <o
forallje {1,..,q}.

Lemma 2 (Piecewise Monotone Lemma, version 2,
PML2). Leta,b e Rwitha<band letl1=[a, b]. Let p
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€ CYI)[A] be a monic polynomial of degree q € Z* given
by

p=A+c A% + . +cq
Suppose that for any @ < I, the polynomial

Eva(p) = A%+ (AT + ... + ¢c4(O)
over the field R has q real roots. Consider p as an element
of C“*(D[A]. Then p can be factored into first degree
monic polynomials:

p=(A- d1)(ﬂ - dz) . (A- dq),

where

d, ..., dge CZ(1) N CPM(1).

Note 1. For the definitions of X (q) and the FS map,
the reader is referred, respectively, to Eq. (C.1) and Eq.
(C.8) in the Appendix to Part XX of this series. See also
Refs. [8,9]. The matrix F(6) appearing in the following
Theorem 1 is a q X ( real-symmetric matrix for every
6 € R. The matrix F(6) is sometimes called the F-theta
matrix associated with the sequence {An} € X Q). In Ref.
[9], it was proved that all the eigenvalues of F(6) are
contained in the interval | forall 6 € R.

2. Proof of the Off-diagonal Asymptotic Linearity
Theorem (OALT-1)

Theorem (OALT-X (q) AC(l) version: OALT-1). Letq €
Z', lets € Z, let {An} € X (), and let | be a closed interval
which contains all the eigenvalues of Ay for all N € Z".
Then, for any ¢ € AC(l), there exists an as(¢) € R such
that

Tr{(An))(Py ®lg)] = as(@)N + (1) 0]
as N — co. Moreover, o) is represented by the integral:
a(@)=—— | " exp(isO)Trp(F (0))d0,
27 90
where F is the FS map associated with the sequence
{An}.

Proof. Assume that

Av= Y R/®Q &)
j=-v

for all N >> 0. Then, the FS map associated with {An} is

given by:

\

F(O= D (exp(ij))Q; .

j=—v

€)

Let Dy denote the N x N diagonal matrix defined by

. 271 272 i27N
Dy = dia —), —),..., .
N g(exp( N ), exp( N )+ eXp( N )j

“
Recall the fact that the matrix Py is expressed in terms of

a unitary matrix Uy and a diagonal matrix Dy:
Pnv=UNDnU,' - ®)

Thus, we have

Ay= (UN®Iq)[ZV: D, ®QJ.](UN®|Q)-l ,

i=v

AAN) =

o E(=(5R)

N
for all N >> 0, where 9 denotes the direct sum of

(Un®lg) (Un®lg) ™

(6)

matrices indexed by k.
On the other hand, we have

Ri ®lg = (Ux®lg) (D}, ® 1, ) (U@l ",

Thus, by (6) and (7), we have for all N >>0
Tr[( (AP ®lg)] =

TH(U®lo) { ® [exp( iz’,fk D(p( F [z—zkm (Un®lo) " ]
= 8o 5] ]l (5]
M

=]

N
=y Tr

k=1

(
RS
{ .

R CEEE)
3 (o) {22
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Ly J 2ﬂSkD ( (2ﬂ'kjﬂ
+i sin ol h, | —
12 (5l 5
®)
Here h, (6) denotes the analytically expressed

eigenvalue of F(#) with the index m. By the analytic
version (PML2 reproduced above) of the Piecewise
Monotone Lemma (PML) [1-5], we know that there are q
real analytic functions hy, ha,..., hq defined on [0, 27] such
that h;(6), hx(6),.. ., hy( ) are all the eigenvalues of F(6) for
every 6 e [0, 27].

Note: The functional space AC(l) forms an algebra with
respect to the linear operations and the multiplication of
functions.

It is thus easy to see that for any ¢ € AC(l), the function

0— i (cossO)p(h,(6)) Q)

is absolutely continuous on [0, 27 ] and that for any ¢ €
AC(I), the function

0> Zq:(sin sO)p(h, (9)) (10)

m=1

is absolutely continuous on [0, 27]. Now either Zizler’s
Theorem, or Theorem 1 reproduced below implies that

Tr{(AAN)( Ry ®lg)] =
sz” exp(is@) Tro(F(0))dON  +o(1) (11)
2770

as N — oo. (Note that the sequence Tr[(@(An))( P; ®lg)] is

a real sequence.) The conclusion follows. /

Theorem 1. Leta, b € Rwitha <b, let x(N, k) :=a + (b
— a)k/N, and let f € AC[a, b]. We have

zN: fx(N, k)= (1/(b — a))(j:f(e)da)m
(122)(f(b) — f(@) +o(1) (12)

asN — oo
Proof. This was first proved in [6] by using the ALT.  //

Note: The above Theorem 1 follows directly from Zizler’s
Theorem which was proved by Peter Zizler for the first

%5 95

(2017)

time in Section 3 of [7].
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An examination of argument about derogation from the European

Convention on Human Rights in overseas military operations

Hajime OTA

The purpose of this study is to examine the argument about derogation from the European Court of Human

Rights (ECHR) in overseas operations of British Armed Forces. Over the past ten years the Armed Forces and

the Ministry of Defence have faced an unprecedented number of legal cases, for instance the case of Susan

Smith which was concerning “the right to life” of British soldiers at the armed conflict occurred in Iraq. On 4

October 2016, the Government announced that in order to protect the Armed Forces from “persistent legal

claims” it would introduce a presumption to derogate from ECHR. From 14 December 2016 Joint Committee on

Human Rights of Parliament started to scrutinize the reasons for any proposed derogation.

Key Words: Derogation, European Convention of Human Rights, Armed forces, Human Rights Act 1998
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