


 

The affirmative solution of Problem 1# easily follows by 

combining the affirmative solution of Problem 1 and 

Lemma Delta.  
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This is the 20th part of the series of articles that records and further develops essentials of the Mathematics and 

Chemistry Interdisciplinary Symposium 2013 Tsuyama, whose main themes were symmetry, periodicity, and repetition. The 

symposium was held on April 5th and 6th in Tsuyama city, Okayama, Japan, in conjunction with the Fukui Project and was 

devoted to the memory of the late Professor Kenichi Fukui (1981 Nobel Prize) who initiated the project. The present series 

also provides challenging cross-disciplinary problems which are directly related to the Fukui conjecture and to recent 

carbon nanotube research. Some of these problems are formulated using mathematical language not well known among 

chemists despite the importance of these notions in elucidating additivity and high-speed asymptotic phenomena in 

molecules having many repeating identical moieties. Some problems are formulated in terms of Fourier analysis connected 

to the theory of analytic curves, others are formulated in connection with the Science-Art Multi-angle Network (SAM 

Network) Project, which seeks to bridge Science and Art (visual, audial, and conceptual) for a creative collaboration, and is 

an important part of the Fukui Project. 
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I Introduction 

 

 

 

3. Interaction of Single-Walled Carbon 

Nanotubes with DNA 

 

Tatsuya Murakami 

 

This is a direct continuation of the article entitled 

“Recent Advances in Chirality Enrichment of 

Single-Walled Carbon Nanotubes” [1] by the present 

author. In that article, we discussed how single chirality 

components of semiconducting single-walled carbon 

nanotubes (s-SWNTs) were enriched from the mixture. 

More concretely, such enrichment can be achieved by 
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density-gradient ultracentrifugation [2], 

temperature-controlled gel chromatography [3], and 

DNA-controlled aqueous two-phase extraction [4]. In this 

short review, we will focus on interactions of SWNTs 

with DNA that have been utilized for the last procedure 

and briefly summarize a few reports on it. 

DNA monomers consist of sugar phosphate and 

bases and are joined together by a phosphodiester linkage 

between 5’ and 3’ carbon atoms of the sugar moiety to 

form DNA strands. Single-strand DNA then forms 

double-strand DNA with the complementary strand via 

hydrogen bonding between the base moieties. This 

molecular recognition based on hydrogen bonding has 

been utilized to construct nano-objects with various 

geometries [5]. Additionally, the π-stacking interaction 

between the base moieties stabilizes the double-strand 

structures and has been utilized for molecular electronics 

[6]. It should also be noted that DNA strands have 

amphiphilic nature. 

On the basis of the properties of DNA strands 

mentioned above, Zheng et al. first reported 

DNA-assisted dispersion of SWNTs [7], in which 

SWNTs and single-strand DNA were mixed and 

sonicated in aqueous solution of 0.1 M NaCl. While 

similar dispersion was achieved with double-strand DNA 

and total RNA extracted from Saccharomyces cerevisiae 

and Escherichia coli, 30-mer of poly(T) chemically 

synthesized was found to be the best dispersant among 

several homopolymers examined. For the dispersion 

mechanism of (10,0)-SWNTs with a poly(T), the authors 

proposed right- or left-handed helical structures of a 

single-strand DNA around a single tube, in which base 

moieties orient to stack with the surface of the nanotube 

and sugar-phosphate moieties orient relatively away from 

it. In this structure, the binding enthalpy and entropic 

penalty were estimated to be –1.17 and 0.15 eV•nm–1, 

respectively, indicating that the binding was 

enthalpy-driven. 

The same group has advanced this technology to 

separate a synthetic mixture of tubes into individual 

single chirality components of SWNTs [8]. A 

breakthrough discovery in this research was that 

single-strand DNA oligomers of ~10 mer were capable of 

extremely specific recognition of single-chirality 

components of SWNTs. Such DNA oligomers were 

discovered from library DNA oligomers containing 

2-4-nucleotide repeats, such as (GT)n and (ATTT)m. With 

these DNA oligomers, 12 chirality components of 

semiconducting SWNTs were successfully enriched at a 

high purity (60–90%). Detailed mechanism of this 

enrichment was not clear yet, but in a later report by the 

same group, recognition ability was found to correlate 

with binding strength, and it was suggested that a stable 

secondary structure of DNA oligomers, e.g., a DNA 

-barrel structure stabilized by hydrogen bonding 

between bases on adjacent DNA oligomers, was formed 

so as to fully cover the tube surface [9]. 
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4. Logical Interface in the  

Repeat Space Theory (RST) 

 

Shigeru Arimoto, Massoud Amini, Hao Chen 

Nobuyuki Fukuda, Isao Naruki, Mark Spivakovsky 

Shigeru Takeuchi, Keith F. Taylor, Satoshi Yamanaka 

Masaaki Yokotani and Peter Zizler 

 

This is a direct continuation of Section 2 of the previous 

Part XIX, where we utilized the following Theorem E to 

give the second proof of Zizler’s Theorem by means of a 

unifying approach in the RST.  

 

Theorem E. Let  denote either the real field , or the 

complex field . Let X be a normed space over , let B  

be a Banach space over , and let N B(X, B ) be a 

sequence of bounded linear operators from X to B .  Let 

L denote the topological space with the underlying set 

{T, F} and the system of open sets oT = {, {F}, 
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{T, F}}. Consider the mapping : X  L defined by 

    

T  if  {N()} is convergent, 

 () =  

  F  if  {N()} is not convergent.  

 

Suppose that 

  sup {||N||: N ≥ 1} <   

The following statements are true: 

  (i)  is continuous.  

(ii) If X0 is a subset of X with (X0) = {T}, then 

( 0
X ) = {T}. 

(iii) If X0 is a dense subset of X with (X0) = {T}, 

then (X) = {T}. Moreover : X  B  defined 

by () = lim
N  N() is a bounded linear 

operator:   B(X, B ). 

 

 

 Lemma Delta proved in the previous Part XIX is 

closely related to the Functional Delta Existence 

Theorem (Functional DET) established in Ref. [1]. The 

Delta Existence Theorem was indispensable for reducing 

the proof of the Fukui Conjecture to the problems of 

resolution of singularities and related methods [2-6], 

where the notion of UFD (unique factorization domain) 

played a fundamental role. The reader is referred to Ref. 

[1] for the methodological ideas from experimental and 

empirical chemistry before reading what follows. 

Systematic asymptotic analyses on thermodynamic 

and spectroscopic data were undertaken in [7,8] for a 

study of correlation between molecular structure and 

energies in hydrocarbons. The formation of the 

Functional DET has been highly motivated by Haruo 

Shingu and Takehiko Fujimoto’s empirical asymptotic 

principle called ‘the long chain criteria principle’, which 

was initially derived from the observation on ‘the 

constancy of isomeric variations of the same kind in the 

molecular energies of the long chain paraffin 

hydrocarbons’ (cf. [7,8]).  

Reflecting on this principle, we recall from Ref. [1] the 

following definitions in conjunction with Theorem E 

reproduced above: 

 

Definitions. Let L denote the topological space with the 

underlying set {T, F} and the system of open sets oT = 

{, {F}, {T F}}. The topological space L is called the 

logical space. Let X, X1, ..., Xn be topological spaces, let 

: X  L be a continuous mapping, let 1: X  X1, ..., n: 

Xn-1  Xn, and n+1: Xn  L be continuous mappings 

such that the following diagram is commutative: 

 

 

 X L

 

 1

 X1

 n+1

 X2  Xn - 1  Xn . . . .

  2  3   n

 

that is, such that 

  = n+1  ...  1. (4.1) 

The mapping  is called a logical interface on X. Each i, 

1 ≤ i ≤ n +1, is called a component of . Equality (4.1) is 

called a component analysis of . 

 

We note that the empirical asymptotic principle for the 

zero-point energy and thermodynamic quantities of 

molecules having many identical moieties can be 

mathematically elucidated by using the Functional DET 

and component analyses of logical interface , whose 

definition was given above in conjunction with Theorem 

E.  

It was recorded in article [1] that its author (S.A.) 

recalled with pleasure discussions on the additivity 

problems of organic compounds with the late Profs. 

Kenichi Fukui and Haruo Shingu, especially those 

valuable discussions on the dialectic and mutually 

beneficial interplay between theory and experiment, 

which later lead the author of article [1] to form the 

following: 

  

(i) the approach using diagrams of arrows [9-14] in the 

RST,  

(ii) the notion of logical interface  which assists in 

bridging the gap between theoretical and experimental 

languages in chemistry, and  

(iii) the idea and applications of component analyses of .  

 

It should be noted that the above (i), (ii), and (iii) have 

been successfully used not only as research tools in the 

RST but as communication and / or pedagogical devices 

for those who are unfamiliar with the physicochemical 

applications of the RST, which aims to assist in 

cultivating the fertile interdisciplinary research field 
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between chemistry and modern mathematics. Now, in 

view of the above Logical Interface in the RST, we pose 

the following challenging problem. 

 

Challenging Problem 1: To prove Theorem 1 stated in 

Part XIX, which is reproduced below, not via the ALT but 

via Theorem E. 

 

Theorem 1. Let a, b   with a < b, let x(N, k) := 

a + (b – a)k/N, and let f  AC[a, b]. We have 

1

N

k

 f(x(N, k)) = (1/(b – a))(
a

b

 f()d)N 

 + (1/2)(f(b) – f(a)) + o(1) 

as N  . 

 

The purpose of the following section is to solve the above 

challenging problem: 

 

 

5. Solution of Challenging Problem 1 

 

Shigeru Arimoto, Massoud Amini, Hao Chen 

Nobuyuki Fukuda, Isao Naruki, Mark Spivakovsky 

Shigeru Takeuchi, Keith F. Taylor, Satoshi Yamanaka 

Masaaki Yokotani and Peter Zizler 

 

Let us first establish the following weaker C1 version of 

Theorem 1: 

 

Proposition 1. Let a, b   with a < b, let x(N, k) := 

a + (b – a)k/N, and let f  C1[a, b]. Then, we have 

1

N

k

 f(x(N, k)) = (1/(b – a))(
a

b

 f()d)N 

 + (1/2)(f(b) – f(a)) + o(1) 

as N  . 

 

Proof.  Let N  


, let k {1, 2, … , N} , and let f  

C
1
(I). Then by Taylor's theorem, there exists a real 

number U
k
  ]x(N, k   1), x(N, k)[ such that 

( , )

( , 1)

x N k

x N k 

 f()d = f(x(N, k   1))(b   a)/N  

+ (1/2)f'(U
k
)(b   a)

2
/N

2
. (5.1) 

Thus, taking the sum of the above with k running from 1 

to N, we have  

 
a

b

 f()d = ((b   a)/N){
1

N

k

 f(x(N, k)) 

+ ((f(a)   f(b))  

            + (1/2)

1

N

k

 f'(U
k
)(b   a)/N}. (5.2)  

On the other hand, since f' is continuous thus Riemann 

integrable on [a, b], one sees that 

 (1/2)

1

N

k

 f'(U
k
)(b   a)/N (1/2)

a

b

 f'()d

 = (1/2)(f(b)   f(a))  (5.3) 

as N , from which the conclusion follows. // 

 

Now we are ready to solve Challenging Problem 1: 

 

Proof of Theorem 1 via Theorem E. Let 
N
: AC(I)   

denote the linear functionals defined by 

 
N
(f) = 

1

N

k

 f(x(N, k)) 

  (1/(b   a))(
b

a f()d))N,  (5.4) 

N  


. 

By what has been proved above

 
N
(f) (1/2)(f(b)   f(a))  (5.5) 

for all f  C1(I ). 

Let f  AC(I). We next prove that 

 |
N
(f)| ≤ ||f|| (5.6) 

for all N  


. By the mean value theorem, there exists a 

real number U
k
  ]x(N, k   1), x(N, k)[ such that 

( , )

( , 1)

x N k

x N k 

 f()d = f(U
k
)(b   a)/N). (5.7) 

Therefore, we have 

(1/(b   a))(
a

b

 f()d))N =

1

N

k

 f(U
k
). (5.8) 

From this, it follows that 

 |N(f)| ≤ |

1

N

k

 f(x(N, k))   

1

N

k

 f(U
k
)| 

 ≤ 

1

N

k

 {|f(x(N, k))   f(U
k
)| + |f(U

k
) 

   f(x(N, k   1))|} 
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 ≤ 

1

N

k

 V([x(N, k   1), x(N, k)])(f) 

= V([a, b])(f).  (5.9)

  

By the definition of the norm of AC(I), the inequality 

(5.6) is true for all N  


. Applying Theorem E, we see 

that lim
N

 
N
(f) exists for all f  C 1( I)  = AC(I). Define 

: AC(I)   by (f) = lim
N

 
N
(f). Then it is easily seen 

that  is a bounded linear functional. By the continuity of 

, one easily gets lim
N


N
(f) = (1/2)(f(b)   f(a)) for all f 

 AC(I ) from which the conclusion follows.  // 

 

The following appendix provides the definitions of: 

(i) Generalized repeat space Xr(q, d), 

(ii) Normed repeat space Xr(q, d, p), 
(iii) Alpha space X(q), 

(iv) Beta space X(q), 

(v) Repeat space Xr(q), 

(vi) FS map. 

 

 
This appendix is for all Parts XIX-XXIII. 

 

  

6. APPENDIX 

 

Review of the Generalized Repeat Space, the Normed 

Repeat Space, the Alpha Space, the Beta Space, the 

Repeat Space, and the FS map 

 

Let +, , and  respectively, denote the set of all 

positive integers, real numbers, and complex numbers. 

By ‘for all N >> 0’, we mean ‘for all positive integers N 

greater than some given positive integer’. 

 

I. Generalized Repeat Space 

 

There are several equivalent ways of defining the 

generalized repeat space Xr(q, d) with a given size (q, d) 

 + +. We shall recall below the definition that uses 

the notion of the sum of subspaces of a linear space (cf. 

Refs. [15-19]). 

Fix (q, d)  + + and let X (q, d) denote the set of all 

matrix sequences whose N-th term MN is an arbitrary qNd 

 qNd complex matrix, N  +. This set constitutes a 

-algebra over the field  with termwise addition   

{MN} + {MN} = {MN + MN},  (A.1) 

scalar multiplication 

k{MN } = {kMN}, (A.2) 

multiplication 

{MN}{MN} = {MNMN}, (A.3) 

and involution (  )*: X(q, d)  X(q, d) defined by 

{MN}* = {MN*},  (A.4) 

where the * on the right-hand side of (A.4) denotes the 

operation of taking the adjoint. 

 Let PN denote an N  N real-orthogonal matrix given 

by 

 

PN 

0 1

0 1 0

0

0 1

0 0 1

1 0































. 

 Let  PN 
a := (PN -1)-a  where a  {-2,  -3, …}. (Note 

that PN
a

 
equals the transpose of PN -a .) 

Let SN denote an N  N real idempotent matrix given 

by 

 

SN 

1 0

0 0 0 0

0 0

0

0 0 0 0

0 0































. 

 

Let PN 
n denote the Nd  Nd matrix given by 

PN 
n  = PN

n 1  PN
n 2  ...  PN

n 
d,  (A.5) 

where n = (n1, n2,  . . . , nd)  d, and  denotes the 

Kronecker product. 

Let SN
k denote the Nd  Nd matrix given by 

SN
k = SN

k 
1  SN

k 
2  ...  SN

k 
d, (A.6) 

where k = (k1, k2, ..., kd) ( +  {0})d. 

Let V k(q, d) with k = (k1, k2, ... , kd)  {0, 1}d 
  denote the 

subset of X (q, d) defined by 

V k(q, d) = {{ MN}  X (q, d): m, n   d,  

Q  Mq( ) such that 

MN = (PN m SN k PN n) Q for all N >> 0}. (A.7) 

Let span V k(q, d) with k = (k1, k2, ... , kd)  {0, 1}d  

denote the linear span of V k(q, d).  

We defined three fundamental linear subspaces  

Xr(q, d), X(q, d), and X(q, d) of X (q, d) by 
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       Xr(q, d) = 
k{0,1}

d

 span V k(q, d), (A.8) 

X(q, d) = span V 0(q, d),  (A.9) 

where  

0 = (0, 0, ..., 0)  {0, 1}d, (A.10) 

 

X(q, d) =
k{0,1}

d
\{0}

 span V k(q, d). (A.11) 

 

In (A.8) and (A.11),  denotes the usual sum of 

subspaces in the obvious manner. 

We call Xr(q, d), X(q, d), X(q, d), respectively, the 

generalized repeat space, generalized alpha space, and 

generalized beta space of size (q, d), and each element of 

Xr(q, d), X(q, d), X(q, d), respectively, a generalized 

repeat sequence, generalized alpha sequence, and 

generalized beta sequence with size (q, d). 

 

The following is one of the most fundamental 

theorems in repeat space theory. 

 

Theorem A1. For all q, d  +, Xr(q, d) forms a 

-algebra. 

 

Proof. This was proved in Ref. [17].   // 

 

For the special definition of the generalized repeat 

space with size (q, 1), set d =1 in the definition of V k(q, d) 

given by (A.7) and observe that 

X

(q, 1) = span V 0(q, 1) 

 = span {{MN}  X(q, 1) : m  ,  

Q  Mq( ) such that 

MN = PN
m Q 

for all N >> 0},  (A.12)

  

X

(q, 1) = span V 1(q, 1) 

 = span{{MN}  X(q, 1): m, n  ,  

Q  Mq( ) such that 

   MN = (PN
mSNPN

n) Q 

               for all N >> 0}, (A.13) 

and note that  

Xr(q, 1) = X

(q, 1) + X


(q, 1).   (A.14) 

  

 

II. Normed Repeat Space 

 

 Let Cn denote the set of all column n-vectors. 

For each 1 ≤ p < , let 

   ||||p := ||(1, . . . ,n)T|| p = (|1|p + ... + |n|p )1/p. (B.1)

  

 

Let 

|||| =||(1, . . . ,n)T|| = max {|i |: 1  i  n}.  (B.2)

  

For each positive integer n and 1 ≤ p ≤ , let Mat(n, p) 

denote the set of all n  n complex matrices with the 

norm given by  

||A||p = sup {||Ax||p/||x||p: x  Cn -{0}}. (B.3) 

Fix (q, d)  + + and let X(q, d) denote the set of all 

matrix sequences whose N-th term MN is an arbitrary qNd 

 qNd complex matrix, N  +. This set constitutes a 

-algebra over the field  with termwise addition 

{MN} + {MN} = {MN + MN}, (B.4) 

scalar multiplication 

k{MN } = {kMN}, (B.5) 

multiplication 

 {MN}{MN} = {MNMN}, (B.6) 

and involution (  )*: X(q, d)  X(q, d) defined by 

  {MN}* = {MN*},  (B.7) 

where the * on the right-hand side of (B.7) denotes the 

operation of taking the adjoint. 

For each q, d  + and 1 ≤ p ≤ , let  

  XB(q, d, p) :=  

 {{MN}  
N 1



 Mat(qNd, p): ||{MN}||p :=  

 sup
N

 ||MN||p < }. (B.8) 

Note that XB(q, d, p) is a subalgebra of X(q, d). We also 

note that XB(q, d, p) forms a Banach algebra for each 1 ≤ 

p ≤  and a C*-algebra for p = 2. The set XB(q, d, p) is 

called the bounded underlying space (or B-space for 

short) of type (q, d, p). 

Now recall the definition of generalized repeat space 

with size (q, d), which is denoted by Xr(q, d) in (A.8). 

 

Theorem B1. For each q, d  + and 1 ≤ p ≤ , we have 

 Xr(q, d)  XB(q, d, p). (B.9)   

 

Proof. This was proved in Ref. [20].   // 

 

Definition of the Normed Repeat Space  

 

For each q, d  + and 1 ≤ p ≤ , let 

Xr(q, d, p) := closure of Xr(q, d)  XB(q, d, p). (B.10) 

  

The set Xr(q, d, p) is called the normed repeat space of 

type (q, d, p). 

Note that Xr(q, d, p) forms a Banach algebra for each 

1 ≤ p ≤  and a C*-algebra for p = 2. This fact easily 
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follows from the observation that linear operations, 

multiplication, and involution are all continuous 

operations and that any closed set in a complete metric 

space is a complete metric subspace. (The reader is 

referred e.g. to Refs. [21,22] for the fundamental 

properties of Banach algebras and C*-algebras.) 

 

III. Alpha Space, Beta Space, Repeat Space, and the 

FS map  

 

Let q be a positive integer. The repeat space with 

block-size q, given in the Fukui conjecture (cf. Part XIX 

of this series) is denoted by Xr(q). Let X(q) denote the set 

of all matrix sequences whose N-th term is an arbitrary 

qN  qN real symmetric matrix. Then, one can define, the 

alpha space X(q) with block-size q, the beta space X(q) 

with block-size q, and the repeat space Xr(q) with 

block-size q by using (A.12), (A.13), and (A.14) as 

follows: 

 X(q) = X(q)  X

(q, 1), (C.1) 

X(q) = X(q)  X

(q, 1), (C.2) 

Xr(q) = X(q)  Xr(q, 1). (C.3) 

Note that 

Xr(q) = span(X(q) ⋃ X(q)) 

= X(q) + X(q), 

where the linear span is taken in the real linear space X(q). 

Note that if {AN}  X(q), there exist a nonnegative 

integer v and q  q real matrices Q0, Q1, …, Qv, with Q-n 

= Qn
T (n = 0, 1, ..., v), such that 

 AN = 
v

n v


n

N
P   Qn (C.4) 

for all for all N >> 0. 

Fix a q  +, and let h(q) denote the linear space over 

the field  of all q  q Hermitian matrices, and let H(q) 

denote the set of all mappings F:   h(q), that is, the set 

of all q  q Hermitian-matrix-valued functions defined on 

the real line. Let Hf(q)  H(q) denote the subset of all the 

mappings F that have the form of a finite Fourier series: 

 F() = 
v

n v

 (exp(in))Qn, (C.5) 

where Q-n = Qn
T (n = 0, 1,..., v),   , v is a nonnegative 

integer, Q0, Q1,…, Qv are all q  q real matrices and Qn
T 

denotes the transpose of Qn. 

Define : Xr(q)  Hf(q) by the following procedure. 

Given any {MN}  Xr(q), by definition of repeat space, 

there exist a pair of sequences {AN}  X(q), {BN}  

X(q) whose sum equals {MN}, a nonnegative integer v 

and q  q real matrices Q-v, Q-v + 1,…, Qv where Q-n = 

Qn
T (n = 0, 1,..., v), such that for all N >> 0 the N-th term 

MN of {MN} is expressed as 

 MN = AN + BN = 
v

n v


n

N
P  Qn + BN.  (C.6) 

The mapping is then defined by 

 ({MN})() = 
v

n v

 (exp(in))Qn. (C.7) 

It is not difficult to see that this mapping is well defined. 

(Cf. [23] for a detailed discussion of the mapping .) 

Given any {MN}  Xr(q), we call  

 F = ({MN})  Hf(q)  (C.8)

the FS map associated with the repeat sequence {MN}. A 

closed interval I   is said to be compatible with F if I 

contains all the eigenvalues of F() for all   . 
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This is a direct continuation of Section 2 of Part XIX. 

In this section, we wish to unify the proofs of different 

versions of the Asymptotic Linearity Theorem Extension 
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Conjectures (ALTECs). 

 

1. Introduction to the Asymptotic Linearity Theorem 

Extension Conjectures (ALTECs) 

To prove the Asymptotic Linearity Extension 

Conjectures (ALTEC) [1-4] was a fundamental problem 

in repeat space theory. In Refs. [1,4], the Asymptotic 

Linearity Extension Conjectures, C(I) and CBV(I) 

versions, were proved for the first time by using two 

types of continuous fractal functions T and K and by 

using the Cantor function, by a method similar to proving 

Theorem 1 via the ALT (that is, by a method similar to 

proving Zizler’s Theorem via the ALT).  

In Part XI [2], some tools for the proofs of the 

conjectures have been developed, but until now we could 

not see clearly the above versions in a single perspective. 

In this section, we unify the two proofs of the 

Asymptotic Linearity Theorem Extension Conjecture 

(ALTEC) C(I) and CBV(I) versions and give solutions to 

the Challenging Problems V and VI in Ref. [3]. 

We retain the notation of Refs. [2-4], and recommend 

the reader to review these references before proceeding 

further. In what follows, we recall only essential notation 

and definitions from Refs. [2-4]. 

Throughout this section, let + and  denote, 

respectively, the sets of all positive integers and real 

numbers. 

Recall that a real sequence EN is said to have an 

asymptotic line if there exist ,    such that EN – (N 

+ )  0 as N   , that is, if there exist ,    such 

that EN = N +  + o(1), as N   , where o(1) denotes 

the Landau notation. Note that for a real sequence EN to 

have an asymptotic line, it is necessary for the sequence 

EN/N to have a limit  lim /NN
E N


   . If this limit 

exists, the sequence EN has an asymptotic line if and only 

if  lim NN
E N 


   exists in . 

In the present article, a real sequence EN is said to be 

on a line if there exist ,    such that EN – (N + ) = 

0 for all N  +. 

 

Notation  Let I = [a, b] (a, b  , a < b) denote a closed 

interval. 

VI ( ): the total variation of a real-valued function 

  on I, that is, 

 VI ( ) = sup  
1

n

i
 | (ti ) –  (ti - 1)| (1) 

( : a = t0 ≤  t1 ≤  . . .  ≤  tn = b). 

C(I): the Banach space of all real-valued continuous 

functions on I equipped with the norm given 

by 

  || || = sup {| (t)|: t  I}. (2) 

(In what follows, C(I) is often denoted by  

C[a, b].) 

CBV(I) : the Banach space of all real-valued continuous 

functions of bounded variation on I equipped 

with the norm given by 

|| || = sup {| (t)|: t  I} + VI( ). (3) 

AC(I): the Banach space of all real-valued absolutely 

continuous functions on I equipped with the 

norm given by 

|| || = sup {| (t)|: t  I} + VI( ). (4) 

Before recalling the following practical version of the 

Asymptotic Linearity Theorem [5], the reader is referred 

to the Appendix to Part XX for the definition of the repeat 

space Xr(q). 

 

Theorem 1 (Practical ALT, Xr(q)-version). Let {MN}   

Xr(q) be a fixed repeat sequence, let I be a fixed closed 

interval compatible with {MN}. Then, for any    

AC(I), there exist ( ), ( )  R such that 

Tr (MN) = ( )N + ( ) + o(1)  (5) 

as N   . 
 

Asymptotic Linearity Theorem Extension Conjecture 

(ALTEC C(I)-version) The Asymptotic Linearity Theorem 

(ALT) cannot be extended from AC(I) to C(I), where 

AC(I) denotes the functional space of all real-valued 

absolutely continuous functions defined on the closed 

interval I, and C(I) denotes the functional space of all 

real-valued continuous functions defined on the closed 

interval I. 

 

Asymptotic Linearity Theorem Extension Conjecture 

(ALTEC CBV(I)-version) The Asymptotic Linearity 

Theorem (ALT) cannot be extended from AC(I) to CBV(I), 

where AC(I) denotes the functional space of all 

real-valued absolutely continuous functions defined on 

the closed interval I and CBV(I) denotes the functional 

space of all real-valued continuous functions of bounded 

variation defined on the closed interval I. 

 

2. Unification of the proofs of the ALTECs 

In recent publications [1] and [4], one of the authors 
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(S.A.) has proved the above two conjectures by using the 

following two Lemmas A0, A1, which were established, 

respectively, in Refs. [1,4]. (In Ref. [1], Lemmas A0 and 

A1 were called Lemmas 2.1 and A1, respectively.)  

 

Lemma A0. If there exists a    C[0, 1] such that the 

real sequence EN( ) := 
1

N

k   (k/N) does not have 

an asymptotic line, then the Asymptotic Linearity 

Theorem Extension Conjecture (ALTEC) C(I)-version is 

true. 

Lemma A1. If there exists a    CBV[0, 1] such that 

the real sequence EN( ) := 
1

N

k   (k/N) does not 

have an asymptotic line, then the Asymptotic Linearity 

Theorem Extension Conjecture (ALTEC) CBV(I)-version 

is true. 

 

The purpose of this section is to recall the prototypal 

approach given in [1] and develop new unifying tools for 

getting a deeper insight into the both versions of ALTEC. 

For this purpose, we prove the following two key lemmas 

B and C.  

 

Lemma B. Let f: Z+  R be a real sequence. Suppose 

that there exist a positive integer m   2 and a real 

number A such that the equality 

f(mN) = f(N) + AN (6) 

holds for all N  Z+. Let := A/(m   1) and let g(N) := 

f(N)    N. Then 

g(mN) = g(N) (7) 

for all N  +. Moreover, the following conditions are 

equivalent. 

(i) The sequence f(N) has an asymptotic line. 

(ii) The sequence f(N) is on a line. 

(iii) The sequence g(N) converges. 

(iv) The sequence g(N) is a constant sequence, that 

is, (1) (2) ...g g   . 

 

Proof. First, observe that the following equalities hold for 

all N  +. 

g(mN)   g(N) = f(mN)    mN   f(N) +  N  

 = AN    (m   1)N 

               = AN   AN = 0.          (8)

 Thus,  

 g(mN) = g(N)  (9) 

for all N   +. 

Assume (i). Since f(N) has an asymptotic line, there 

exist ,0 0   such that  

 f(N) = 0N + 0 + o(1), (10) 

as N   . Hence, we have 

 f(mN)  = 0mN + 0 + o(1), (11) 

as N   . By (10) and (11), we see that 

0

( ) ( ) 1
( 1) ,

f mN f N
m o

N N
      

 
 (12) 

as N   . 

Since the right-hand side of (12) is A by (6), letting N 

  , we infer that 

0 1

A

m
 


=  . (13) 

Note that (10), (13) and the definition of g(N) imply 

that 

g(N) = f(N)   N = 0 + o(1) (14) 
as N   . Thus, the sequence g(N) must converge to 0. 

We conclude that (i) => (iii).  

The converse (iii) => (i) is easy to prove: Assume (iii) 

and let   lim ( )N g N   . Then f(N)   (N + 

)  0 as N   . Thus, we have (i). 

 Now under the assumption (i), suppose that for some 

N0   + 
 g(N0)   0.  (15) 

Then we would have by (9), 

0   g(N0) = g(mN0) = g(m2N0) = g(m3N0) = …, (16) 

which contradicts (14). Thus, we have 

g(N) = 0   (17) 

for all N   +, that is, 

 f(N) = N + 0 (18) 

for all N   +. We therefore infer that the sequence is on 

a line. We conclude that (i) => (iv). Clearly, (iv) => (ii) 

=> (i). This completes the proof.   // 
 

The following Lemma B’ is an improvement of Lemma 

B. This improvement is due to H. Chen: 

 

Lemma B’. Let f: Z+  R be a real sequence. Suppose 

that there exist a positive integer m   2 and a real 

number   such that the equality 

 f(mN) = f(N) +  (m  1)N (19) 

holds for all N  Z+. Let g(N) := f(N)    N. We have 

  g(mN) = g(N) (20)

for all N  +. Moreover, the following conditions are 

equivalent. 

(i) The sequence f(N) has an asymptotic line. 

(ii) The sequence f(N) is on a line. 

－19－

数学と化学の学際共同研究と福井プロジェクトXXI　有本・Amini・Chen・福田・LeBlanc・村上・成木・Spivakovsky・竹内・Taylor・Wong・山中・横谷・Zizler



 

(iii) The sequence g(N) converges. 

(iv) The sequence g(N) is a constant sequence, i.e., 
(1) (2) ...g g   . 

Proof. The proof proceeds in the same way as the proof of 

Lemma B.     // 

 

Note that in Lemma B’,   plays a role of ‘mth 

difference coefficient’ since 

f(mN) = f(N +(m   1)N) 

= f(N) +  (increment from N)  

= f(N) +  (m   1)N. 

 
Although Lemma B’ is better to geometrically understand 

the meaning of the assertion of the above two versions B 

and B’, we keep old version B to highlight the 

relationship between both versions and our earlier 

arguments in Refs. [1-3]. 

 

Lemma C. Fix either X = C[0, 1] or X = CBV[0, 1]. For 

any    X, let EN( ) denote the real sequence defined 

by EN( ) := 
1

N

k  (k/N). Suppose that there exists a 

positive integer m   2, real number A, and    X 

such that 

 EmN( ) = EN( ) + AN (21) 

for all N   +. Let ( )N   := EN( ) (A/(m  1))N. 

Then, the following conditions are equivalent. 

 

(i) The sequence EN( ) has an asymptotic line. 

(ii) The sequence EN( ) is on a line. 

(iii) The sequence ( )N   converges. 

(iv) The sequence ( )N   is a constant sequence, 

i.e., 1 2( ) ( ) ...      . 

 

Moreover, if one of the conditions (i), (ii), (iii), (iv) is not 

fulfilled, then the Asymptotic Linearity Theorem 

Extension Conjecture (ALTEC X version) is true. 
 

Proof. Suppose that there exists a    X, a positive 

integer m   2, and a real number A such that the real 

sequence EN( ) satisfies (21) for all N  +. Fix such a 

   X, an m   2, and real number A, and set EN = 

EN( ) and N  = ( )N  . We know from Lemmas A0 

and A1 that if (i) is not fulfilled, then the Asymptotic 

Linearity Theorem Extension Conjecture (ALTEC X 

version) is true. Thus, for the proof of the lemma, we 

have only to show the equivalence of the conditions (i), 

(ii), (iii), and (iv).  Set f(N) = EN( ) and g(N) = ( )N  , 

and apply Lemma B, then the conclusion follows. // 

 

In what follows, we provide solutions to the following 

challenging problems stated in [3]. See Figs 1 and 2 on 

the next page for the graphs of EN(T + K) and EN(T   

K) numerically calculated by MATLAB. 

 
Challenging problem V. Does EN(T + K) have an 

asymptotic line? 

 

Challenging problem VI. Does EN(T   K) have an 

asymptotic line? 
 

Solution: From [3] references therein, recall the relations 

 E2N(T) = EN(T) + N, (22)

 E4N(K) = EN(K) + N, (23)  

valid for all N  +. 

By (22), we have 

E4N(T) = E2N(T) + 2N = EN(T) + 3N.  (24) 

By the linearity of E4N and EN, we easily see that  

E4N(T + K) = EN(T + K) + 4N,  (25) 

E4N(T   K) = EN(T   K) + 2N,  (26) 

for all N  +. 

Now, it is easily checked that neither of EN(T + K) and 

EN(T   K) is on a line. Therefore, neither of EN(T + K) 

and EN(T   K) has an asymptotic line.  
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Fig. 1. Sequence ( )N T K   calculated by using MATLAB 

 

 

Fig. 2. Sequence ( )N T K   calculated by using MATLAB 
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8. Mindful Frontier International Project 
(MFI Project) 

 

Shigeru Arimoto, Nobuyuki Fukuda, Hong Yi Wong 

Satoshi Yamanaka and Masaaki Yokotani 

 

1. Origin of the Mindful Frontier International 

Project 

A new project called Mindful Frontier International 

Project (MFI Project) started within the framework of the 

New Frontier Project, along with the Science-Art Multi-angle 

Network (SAM Network). This MFI project originates from 

earlier teachings of Prof. K. Fukui, his teacher Prof. Haruo 

Shingu, and Prof. Fukui’s English acquaintance, Prof. G.G. 

Hall (Applied Mathematics). [Remarks. Prof. Hall is a 

pioneer in Quantum Chemistry, noted for his discovery of the 

Roothaan-Hall equations. Prof. Shingu was also a 

collaborator in the initial development of Fukui’s Frontier 

Electron Theory. It is also well-known that Prof. Shingu gave 

the name of the ‘Frontier Electron Theory’ to Fukui’s 

pioneering theory. Prof. G.G. Hall, Nottingham University, 

England, was invited to Kyoto University, in 1983, as the 

first full-time non-Japanese professor of national university in 

post-war Japan, through the efforts of Prof. Fukui and his 

Japanese colleagues.] 

 

2. MFI Project for Innovative Thinking and Global 

Cross-disciplinary Education 

 

The MFI Project originally aimed at enhancing the lively 

and creative activities of students and researchers using the 

assets of teaching mainly from the above-mentioned three 

pioneers in science. The first author of this section (S.A.) 

who was a student of all the three professors in Kyoto 

University, recalled their lectures, seminars, publications, and 

personal conversations which were especially related to 

innovative thinking and global cross-disciplinary education. 

The first author began to store and share the assets from these 

teachers with the members of the New Frontier Project and 

also with people outside the circle of this project. 

 

3. MFI Project for International Global Education 

and for Improving Public Speeches and Lectures in 

English 

 

A new element began to be added to the MFI Project around 

the time when the first author visited Singapore Polytechnic 

in 2015 together with students from Tsuyama College for 

international global education. Singapore Polytechnic (SP) 

provides multi-cultural international education for students 

from non-English speaking countries. Singapore itself is a 

multi-racial and culturally diverse society. SP is aware of 

the challenges that come with learning a foreign language, 

and it seeks to help students (both from Singapore and 

abroad) to speak and express themselves in English 

effectively regardless of their mother tongue. SP positively 

accepts and celebrates accents of English beyond those of a 

British or North American origin. To the non-native speaker 

of English, accents such as Japanese, Filipino or 

Singaporean ought to be seen as a distinctive feature, not a 

weakness, given the diverse world we live in. We witness 

Asian students with accents having a psychological 

inhibition that hinders their natural flow of speaking. 

Combined with other public speaking techniques, this 

psychological recognition and positive acceptance of 

diversity can instill greater confidence in the student and 

enable more effective use of English as a tool for global 

communication. 

Through contacts with the teachers and instructors in 

Singapore Polytechnic and through actual participation in 

their English lectures for foreign (Japanese) students, the 

first author recalled Prof. Fukui’s and Prof. Hall’s seminars 

in Kyoto in 1980s, in which all the participants had to speak 

in English. 

Through cooperative discussions, the authors of this 

section noticed the possibility of adding the pedagogical 

methods of Singaporean teachers to those of Prof. Fukui, 

Prof. Hall, and Prof. Shingu, for international global 

education and also for improving public speeches and 

lectures in English. 

Here in this section, we pose the following questions, and 

we will give our answers to these questions in a future 

publication elsewhere. 

(1) How can one give international global education 

effectively to students? 

(2) How can one give lectures in English effectively to 

students whose mother tong is not English? [A 

specific question belonging to category (2): For 

mathematics or science lectures in English, the first 

author developed English & mother tong parallel 

text method and the ‘variable bilingual method’. Can 
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these methods be combined with Singaporean 

teachers’ more visual and schematic methods?] 

(3) How can one train students for presentations in 

English? 

In a ‘Challenge Seminar’ in Tsuyasma College, the first 

author taught techniques of brainstorming, analysis, 

organization, and structuring of data for presentation. 

Besides these standard techniques he also taught, especially 

for ‘rigid students’ with mental inhibitions, the methods 

involving (i) Yoga-Zen-type exercises, (ii) breathing 

exercises, (iii) meditative exercises, which were all 

non-religious and neutral and thus suitable for any student 

from all over the world. In our future publication, we will 

also discuss these methods, which Prof. Shingu practiced in 

his later years, and which potentially enhance innovative 

and organizing power of those who practice the above 

exercises regularly. 

 

9. Interdisciplinary Challenging Problems Related 

to Fourier Analysis 
 

Shigeru Arimoto, Nobuyuki Fukuda, Joseph E. LeBlanc 

Satoshi Yamanaka and Masaaki Yokotani 
 

1. Quantum Linear Chain ChN (m, k) 

  

Let ChN (m, k) denote the quantum mechanical network 

system of linear chain with free ends consisting of N 

particles each of mass m and separation 1 that can vibrate 

harmonically under a restoring force due to the 

first-neighbor interaction k > 0. The network ChN (m, k) is 

completely characterized by the N  N positive-semidefinite 

real symmetric matrix AN which is referred to as the 

mass-weighted Hessian matrix of ChN (m, k):  



AN  (k / m)

1 1

1 2 1 0

1 2 
  

 2 1

0 1 2 1

1 1































. 

[Note. This matrix sequence with m = k = 1 is nothing but 

the matrix sequence we used for proving the ALTECs and 

Zizler’s Theorem via the ALT.] The zero-point vibrational 
energy of the ChN(m, k) with fixed m, k > 0, is expressed in 

terms of the N eigenvalues of AN: 

 EN = 
1

N

i
 (  /2)(i(AN))1/2,   (1) 

where i(AN) denotes the i-th eigenvalue of AN, or, 

equivalently, in terms of the trace of the function of the 

matrix:  

  EN = Tr(  /2)(AN)1/2.  (2) 

We know that the number sequence EN has an asymptotic 

line, namely: 

 Tr(  /2)(AN)1/2  =  N +   + o(1),  (3) 

as N  , where  

  = (  /2)(k/m)1/2(4/), 

 =  (  /2)(k/m)1/2,  

and o denotes the Landau notation. 

 

2. Classical Linear Chain CChN (m, k) 

 

Let x(t) = (x1(t),  x2(t),  …, xN(t))T. The above quantum 

mechanical network system of linear chain ChN (m, k) has a 

classical mechanical analogue, which we denote by 

CChN(m, k). This system can be studied theoretically by 

solving the following differential equation with given initial 

conditions. 
d2x(t)/dt2 = ANx(t). 

 

3. Relation between ChN (m, k) and CChN (m, k), and 

Challenging Problems 

 

It is well known that the above quantum and classical 

system involve the same eigenvalue analysis of the matrix 
AN. We are especially interested in the case where N is large 

enough. In such a case, one can study Ch(m, k) and its 

classical analogue CChN(m, k) in connection with the Fukui 

Conjecture and the Asymptotic Linearity Theorem 

Extension Conjectures (ALTECs), (cf. [1-4]). Moreover, as 

is well known, if N is large enough, the above oscillatory 

system CChN(m, k) can be regarded as a continuum 

oscillator with a good approximation. The reader is referred 

to LeBlanc’s Physics Laboratory Manual [5] for 

experiments involving transversal and longitudinal waves in 

a continuum oscillatory system and for experiments 

involving other interesting wave phenomena. Bearing in 

mind the above-mentioned quantum and classical 

vibrational systems, and the limiting correspondence 

between discrete and continuum systems, we pose the 

following interdisciplinary 
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Challenging Problems CQF: 

 

(i) To study the above classical oscillator system 

CChN(m, k) for a large enough N, referring to [5-7] 

and to the technique of Fourier analysis given in 

articles [8-10] for quantum chemistry problems. 

(ii) To study the above quantum oscillator system 

ChN(m, k) using the method of difference 

equations (not differential equation), referring to 

[5-10] and recalling the Fukui Conjecture. 

 

 

It is hoped that the above challenging problems help enrich 

the interdisciplinary investigation in physics and 

mathematical chemistry related to Fourier analysis. We 

remark that Fourier analysis is one of our common 

platforms for our interdisciplinary investigations in the New 

Frontier (Fukui) Project. 
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10. Proof of the Off-diagonal Asymptotic 

Linearity Theorem X(1) simple version 

without using the Piecewise Monotone 
Lemmas  

 
Shigeru Arimoto, Massoud Amini, Hao Chen 

Nobuyuki Fukuda, Isao Naruki, Mark Spivakovsky 

Shigeru Takeuchi, Keith F. Taylor, Satoshi Yamanaka 

Masaaki Yokotani and Peter Zizler 

 
In this section, we prove a simple version of the Off-
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diagonal Asymptotic Linearity Theorem (OALT-X(1) 

AC(I) version: OALT-0.1) without using any version of the 

Piecewise Monotone Lemma (PML) (see Refs. [1-5] and 

references therein). Since we deal with elements {AN}  
X(q) with q = 1, the proof is easier than in the general case 

in which the block-size q of  block matrix AN is greater 

than 1. If q = 1 then AN is not a block matrix but just an 

N N  matrix, and AN is diagonalizable for all N >> 0, 
according to the definition of the alpha space X(1). The 

crux of the proof is to use the fact that both (AN) and s
NP  

are simultaneously diagonalizable by the same unitary 

matrix UN, hence the product (AN) and (AN) s
NP   is 

diagonalizable by the same unitary matrix UN. The 
situation is similar in the general case of X(q) in which 

(AN) and s
NP Iq are simultaneously block-

diagonalizable by the same unitary matrix UNIq, hence 

the product (AN)( s
NP Iq) is block-diagonalizable by the 

same unitary matrix UNIq. Before proceeding to the proof, 

the reader is asked to recall the following fundamentals [1-

5]: 

 

Definition 1. Let S1 and S2 be nonempty subsets of . A 

function f: S1  S2 is said to be nondecreasing if x1 ≤ x2 

implies f(x1) ≤ f(x2) for all x1, x2  S1. A function f: S1  S2 

is said to be nonincreasing if x1 ≤ x2 implies f(x2) ≤ f(x1) for 

all x1, x2  S1. A function f: S1  S2 is said to be monotone 

if it is either nondecreasing or nonincreasing. 

Let a, b   with a < b and let I = [a, b]. A function f: I 

  is said to be piecewise monotone if there exists a finite 

partition  

a = x0 < x1< ... < xn = b  (n  +) (2.1) 

of the interval I such that the restriction f | [xi-1, xi] is 

monotone for all i  {1,..., n}. In this case, f is said to have 

n-partition of monotonicity. 

A real-valued function on a subset S   is called real 

analytic on S if it is the restriction to S of a function which 

is real analytic on some open set O  S. 

Let a, b   with a < b, let I = [a, b]. The symbol C(I) 

denotes the set of all real-valued continuous functions on I. 

A function  : I   is said to be absolutely continuous on 

I if, given any  > 0, there exists a  > 0 such that for every 

finite system of pairwise disjoint subintervals (a1, b1), 

(a2, b2), ..., (an, bn)  [a, b], 

1

n

k 
 (bk – ak) <  

implies 

1

n

k 
 |(bk) – (ak)| < . 

The symbol AC(I) denotes the set of all real-valued 

absolutely continuous functions on I. If f is a real-valued 

function on I and if S is a subset of I, then f | S denotes the 

function f restricted to S. In this article, the symbols C(I) 

and AC(I) used in Refs. [1-5] are often represented by C[a, 

b] and AC[a, b] respectively. The following Proposition 1 

is fundamental in the present section: 

 

Proposition 1. Let a, b, c   with a < c < b. The following 

statements are true: 

(i) If f  C[a, b], f | [a, c] AC[a, c], f | [c, b] AC[c, b], 

then f  AC[a, b]. 

(ii) If f  AC[a, b] is a monotone non-decreasing function 

and if g  AC[f(a), f(b)], then g  f  AC[a, b]. 

Proof. The conclusions easily follow from the definition 

of absolutely continuous functions.         // 

 

 Note 1.  

It is easy to check that  

(i) The derivative f   of real analytic function f 

 AC(I) is real analytic. 

(ii) The set of zeroes of a real-analytic function f  

AC(I) on the closed interval I is either empty, a discrete 

(and hence a finite) set, or the entire domain I. 

(iii) Any real analytic function f  AC(I) is 

piecewise monotone. 

(iv) The functional space AC(I) forms an algebra 

with respect to the linear operations and the 

multiplication of functions. 

 
Note 2. For the definitions of X(1) and the FS map, 

the reader is respectively referred to Eq. (C.1) and Eq. 

(C.8) in the Appendix to Part XX of this series. See also 

Refs. [8,9]. The matrix F() appearing in the following 

Theorem 1 is a 1   1 real-symmetric matrix, that is, a 

real number, for every    . The matrix F() is 

sometimes called the F-theta matrix associated with the 

sequence {AN}. In Ref. [9], for the general case in which 
{AN}  X(q) with q  +, it was proved that all the 

eigenvalues of the q   q real-symmetric matrix F() are 

contained in the interval I for all    . 

 

 
Theorem (OALT-X(1) AC(I) version: OALT-0.1). Let s  

, let {AN}  X(1), and let I be a closed interval which 

contains all the eigenvalues of AN  for all N  
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for any   AC(I), there exists an s()   such that 

Tr[((AN)) s
NP ] = s()N + o(1)          (1) 

as N  . Moreover, s() is represented by the integral: 

s() =
2

0

1
exp( ) ( ( ))

2
is F d


   

  , 

where F   is the FS map associated with the sequence 

{AN}. 

  

Proof. Assume that 

  AN =
v

j
N j

j v

P Q


          (2) 

for all N >> 0. Then, the FS map associated with {AN} is 

given by: 

  F() =  exp( )
v

j
j v

ij Q

 .     (3) 

Let DN denote the N  N diagonal matrix defined by 

D:  diag
2 1 2 2 2

exp( ), exp( ), , exp( )
i i i N

N N N

   
 
 

 . (4) 

Recall the fact that the matrix PN is expressed in terms of a 

unitary matrix UN and a diagonal matrix DN: 

  PN = UNDN
1

NU  .         (5) 

Thus, plugging (5) into (2), and using a fundamental 

property of Kronecker product: (A  B)(C  D) = (AC) 

(BD), we have 

 AN = (UNI1)
v

j
N j

j v

D Q


 
 

 
 (UNI1) 1  

  = UN

v
j

N j
j v

D Q


 
 

 
 UN

1 , 

and hence 

 (AN) = UN
1

2
exp

vN

j
k

j v

ij k
Q

N


 

        
      

 UN
1    (6) 

for all N >> 0, where 
1

N

k
  denotes the direct sum of 1 1  

matrices indexed with k, which implies that the matrix in 

(6) enclosed by the brackets [ ] is an N N   diagonal 

matrix. 

On the other hand, we have 

 s
NP  = 

NU s
ND 1

NU     

 = UN
1

2
exp

N

k

i sk

N




      
   

UN
1 . (7) 

Thus, by (3), (6) and (7), we have, for all N >> 0,  

Tr[((AN)) s
NP ] 

= Tr[UN
1

2 2
exp

N

k

i sk k
F

N N

 


              
       

UN
1 ] 

= Tr
1

2 2
exp

N

k

i sk k
F

N N

 


              
       

 

= 
1

N

k 


2 2
exp

i sk k
F

N N

 
       
       

       
 

= 
1

N

k 


2 2
cos

sk k
F

N N

 
       
       

       
 

+ i
1

N

k 


2 2
sin

sk k
F

N N

 
       
       

       
         (8) 

Note that j jQ Q   for all v j v    by the definition 

of the alpha space X(1). Hence, one easily sees that 

( )F    is a real analytic function because the imaginary 

part vanishes and the real part is a linear combination of 

trigonometric functions cos j. We infer that the function 

( )F    is piecewise-monotone and continuously 

differentiable, and hence absolutely continuous on [0, 2]. 

(Note: Continuously differentiable functions, or 1C  
functions on a closed interval are Lipchitz functions. 

Lipchitz functions on a closed interval are absolutely 

continuous functions. Thus, the functions cos s 
and sin s    are both absolutely continuous 

functions on [0, 2].) 

  Recalling Proposition 1 and the fact that the product and 

sum of absolutely continuous functions are absolutely 

continuous functions, we easily see that for any   AC(I), 

the function 

1

(cos ) ( ( ))
q

m

s F   

          (9) 

is absolutely continuous on [0, 2 ] and that for any   

AC(I), the function 

 
1

(sin ) ( ( ))
q

m

s F   

         (10) 

is absolutely continuous on [0, 2]. Now either Zizler’s 

Theorem, or Theorem #1 reproduced below easily implies 

that 

Tr[((AN)) s
NP ] = 
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2

0

1
exp( ) ( ( ))

2
is F d N


   

   + o(1)   (11) 

as N  . 

The conclusion follows. [Note that the sequence 

Tr[((AN)) s
NP ] is a real sequence, hence the imaginary part 

of the above integral must vanish, thus we have in fact: 
2

0

1
exp( ) ( ( ))

2
is F d


   

   

= 
2

0

1
(cos ) ( ( ))

2
s F d


   

  ,  

and hence 

Tr[((AN)) s
NP ] =

2

0

1
(cos ) ( ( ))

2
s F d


   

  N 

+ o(1)  (12) 

as N  . This formula is used in a computer experiments 

given below.]           // 

 

Theorem 1. Let a, b   with a < b, let x(N, k) := a + (b 

  a)k/N, and let f  AC[a, b]. Then, we have 

1

N

k
 f(x(N, k)) = (1/(b   a))( ( )

b

a
f d  )N + 

(1/2)(f(b)   f(a)) + o(1)        (13) 

as N  . 

 

Proof. This was first proved in [6] by using the ALT. // 

 

Note: The above Theorem 1 directly follows from Zizler’s 

Theorem which was proved by Peter Zizler for the first 

time in Section 3 of [7]. 

 

Computer experiments: 

Let  
2 1 1

1 2 1

1 2 0

,

0 2

2 1

1 2 1

1 1 2

N

N

A

  
   
 
 
 
 
 
 
 
 
 
   
   


 






 



and let(x) = 
1/2

x , then we have 

F() =    1 0exp( ( 1) ) exp( (0) )i Q i Q    

  1exp( (1) )i Q  

=  exp( ( 1) ) ( 1)i    exp( (0) ) 2i   

 exp( (1) ) ( 1)i    

=  cos(( 1) ) sin(( 1) ) ( 1)i      

 2 cos(( 1) ) sin(( 1) ) ( 1)i        

= 2 2 cos  = 24sin
2


. 

Hence, 

Tr[((AN)) s
NP ] = 

2

0

1
exp( ) ( ( ))

2
is F d N


   

   + o(1) 

     = 
2

0

1
(cos ) ( ( ))

2
s F d


   

  N + o(1) 

     = 
2

0

1
(cos ) 2sin

2 2
s d

  
  N + o(1) 

     = 
2

0

1
(cos ) sin

2
s d

  
  N + o(1) 

     = 
0

2
(cos )sin

2
s d

  
  N + o(1) 

= 
2

4

1 4s



N + o(1)  (14) 

as N  . 

 

We remark that the above number 
2

4

1 4s



 of the slope 

of the asymptotic line was derived through elementary 

trigonometric calculations and the derivation is omitted 

here. Using Graphing Calculator, one can numerically 

check the Eq. (12). For the case of s = 0, the above 

asymptotic formula has been well known since the earlier 

time when the investigation of the Fukui Conjecture was 

started. 

 

We provide in what follows (i) the Graphing Calculator 

code to numerically check Eq. (14) and (ii) the MATLAB 

code that produced the Matrix art pictures (AN) given in 

Figs1 in the following pages. 

 

Graphing Calculator code:  

 

 

With the above function appearing in the Fukui Conjecture, given 

any integer s, this program draws the OALT asymptotic line in red, 

and the actual plot in blue for the example of Cyclic Liner Chain 
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matrix A_N. (Aug 24, 2017) 

 

 

 

In the editable file, one can click the value of integer s at the lower 

right corner and change its value. 

 

 
 

MATLAB code: 

 

MATLAB code that created the original picture 

of (AN) with N = 50. The pictures were later 

edited by using a photo editing software. 
 
        % OALT Matrix Art 
        % Aug 24, 2017 

         

        function f = MA(N) 

       

        M = 2*((P(N))^0) - P(N)' -  P(N); 

  

        A = (M*M)^(1/4); 

  

        axis square 
        figure 
        surf(real(A)); 

         

        function P = P(N); 

         

        % This function creates matrix P(N) 

with N 

        % = 1, 2, ... 
        % 
        % For example: 
        % 
        % P(1) = 
        % 
        %     1 
        % 
        % P(2) = 
        % 
        %     0     1 
        %     1     0 
        % 
        % P(3) = 
        % 
        %     0     1     0 
        %     0     0     1 
        %     1     0     0 
        % 
        % P(4) = 
        % 
        %     0     1     0     0 
        %     0     0     1     0 
        %     0     0     0     1 
        %     1     0     0     0 

         

        for i = 1:N 
            for j = 1:N 
                if i - j == -1 
                    P(i,j) = 1; 
                else  
                    P(i,j) = 0; 
                end  
            end 
        end 

         

        P(N,1) = 1; 
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MATLAB Matrix Art: 
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Figs 1. Matrix art of (A50), with entries plotted to the z axis direction. Observe that the peak of this figure is approximately 

2

4

1 4 0


 
= 1.273 … ,  and the first off-diagonal entries are approximately 

2

4

1 4 1


 
= 0.424 … , and note that the sequence 

2

4

1 4 s


 
 converges to 0 monotonously from below. 
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was held on April 5th and 6th in Tsuyama city, Okayama, Japan, in conjunction with the Fukui Project and was devoted to 

the memory of the late Professor Kenichi Fukui (1981 Nobel Prize) who initiated the project. The present series also provides 

challenging cross-disciplinary problems which are directly related to the Fukui conjecture and to recent carbon nanotube 
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importance of these notions in elucidating additivity and high-speed asymptotic phenomena in molecules having many 

repeating identical moieties. Some problems are formulated in terms of Fourier analysis connected to the theory of analytic 

curves, others are formulated in connection with the Science-Art Multi-angle Network (SAM Network) Project, which seeks 

to bridge Science and Art (visual, audial, and conceptual) for a creative collaboration, and is an important part of the Fukui 

Project. 
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11. Proof of the Off-diagonal Asymptotic 

Linearity Theorem X(q) version using a 

Piecewise Monotone Lemma  
 

 

Shigeru Arimoto, Massoud Amini, Hao Chen 

Nobuyuki Fukuda, Isao Naruki, Mark Spivakovsky 

Shigeru Takeuchi, Keith F. Taylor, Satoshi Yamanaka 

Masaaki Yokotani and Peter Zizler 

 
In this section, we prove the Off-diagonal Asymptotic 
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Linearity Theorem (OALT-X(q) AC(I) version: OALT-

1.0) which uses the real-analytic version of the Piecewise 

Monotone Lemma (PML) (Cf. [1-5] and references 

therein).  

 

We first briefly review two versions of Piecewise 

Monotone Lemmas: PML1 and PML2 below. For details, 

the reader is referred to Refs. [1-5]. We recall PML1 for a 

comparative purpose, but we need only PML2 for our 

purpose of establishing Off-diagonal Asymptotic Linearity 
Theorem (OALT-X(q) AC(I) version: OALT-1.0). 

 

1. Review of Piecewise Monotone Lemmas 
(PML1 and PML2) 

Throughout, let +,  denote, respectively, the set of all 

positive integers and the set of all real numbers. 

 

Definition 1. Let S1 and S2 be nonempty subsets of . A 

function f: S1  S2 is said to be nondecreasing if x1 ≤ x2 

implies f(x1) ≤ f(x2) for all x1, x2  S1. A function f: S1  S2 

is said to be nonincreasing if x1 ≤ x2 implies f(x2) ≤ f(x1) for 

all x1, x2  S1. A function f: S1  S2 is said to be monotone 

if it is either nondecreasing or nonincreasing. 

Let a, b   with a < b and let I = [a, b]. A function f: I 

  is said to be piecewise monotone if there exists a finite 

partition  

a = x0 < x1< ... < xn = b    (n  +) 

of the interval I such that the restriction f | [xi-1, xi] is 

monotone for all i  {1,..., n}. In this case, f is said to have 

an n-partition of monotonicity. 

A real-valued function on a subset S   is called real 

analytic on S if it is the restriction to S of a function which 

is real analytic on some open set O  S. 

Let a, b   with a < b and let I = [a, b]. 

If f: I   is piecewise monotone, let 

Mo(f) := min {n  +: f has an n-partition of 

monotonicity}. 

The Mo(f) is called the monotonicity number of f.  

If f: I   is not piecewise monotone, let 

Mo(f) =  
C(I) : the ring (UFD) of all real analytic functions defined 

on I. 

C(I)[]: the polynomial ring (UFD) over C(I) in the 

indeterminate . 

C(I) : the ring of all real-valued continuous functions 

defined on I. 

C(I)[]: the polynomial ring  over C(I) in the 

indeterminate . 

[]: the polynomial ring (UFD) over  in the 

indeterminate . 

For each   I, let Ev : C(I)[]  []  be the ring 

homomorphism defined by 

 Ev (c0n + c1n-1 + ... + cn) =  

c0()n + c1()n-1 + ... + cn().  

VI (): the total variation of a real-valued function  on I, 

that is, 

 VI () = sup


 
1

n

i
 |(ti )   (ti - 1)|. 

 (: a = t0 ≤ t1 ≤ . . . ≤ tn = b) 

CBV(I): the normed space of all real-valued continuous 

functions of bounded variation on I equipped with the 

norm given by 

 |||| = sup {|(t)|: t    I} + VI(). 

 

Definition 2.2. Let a, b   with a < b and let I = [a, b]. 

Map(I  , ): the ring of all functions f: I     . 

C*(I) : the ring defined by C*(I) := {f  C(I): f is real 
analytic in the interior ]a, b[ of I}. 

C*(I)[]: the polynomial ring over C*(I) in the 
indeterminate . 

CPM(I) := {f  C(I): f is piecewise monotone on I}. 

Let Fn: C(I)[]  Map(I , ) be the ring 

homomorphism defined by 

  Fn(c0n + c1n-1 + ... + cn) = f, 

where f: I     is the function defined by  

 f(, ) = c0()n + c1()n-1 + ... + cn(). 

If X and Y are nonempty sets and f: X  Y is a mapping, 

(f) denotes the graph of f : 

 (f) = {(x, f(x))  X  Y: x  X}. 

If n is a positive integer, Sn denotes the group of all 

bijections : {1, ..., n}  {1, ..., n}, that is, the group of 

permutations of the set of n elements. 

If a, b   with a < b, let Hr(a, b) denote the set of all real-

valued real analytic functions defined on the interval ]a, b[. 

 

Lemma 1 (Piecewise Monotone Lemma, version 1, 

PML1). Let a, b   with a < b and let I = [a, b]. Let  p 

 C(I)[] be a monic polynomial of degree q  + given 

by 

  p = q + c1q-1 + ... + cq. 

Suppose that for any   I,  the polynomial 

Ev (p) = q + c1()q-1 + ... + cq() 

over the field  has q real roots, which we denote by 1() 

≤ 2() ≤ ... ≤ q(). Then all the j’s are piecewise 

monotone, that is, 

  Mo(j) <  

for all j  {1, ..., q}. 

 

Lemma 2 (Piecewise Monotone Lemma, version 2, 

PML2). Let a, b   with a < b and let I = [a, b]. Let  p 
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 C(I)[] be a monic polynomial of degree q  + given 

by 

 p = q + c1q-1 + ... + cq. 

Suppose that for any   I,  the polynomial 

 Ev (p) = q + c1()q-1 + ... + cq() 

over the field  has q real roots. Consider p as an element 

of C*(I)[]. Then p can be factored into first degree 
monic polynomials: 

p = ( - d1)( - d2) ... ( - dq), 

where  

d1, ..., dq C*(I)  CPM(I). 

 
 Note 1. For the definitions of X(q) and the FS map, 

the reader is referred, respectively, to Eq. (C.1) and Eq. 

(C.8) in the Appendix to Part XX of this series. See also 

Refs. [8,9]. The matrix F() appearing in the following 

Theorem 1 is a q   q real-symmetric matrix for every 

   . The matrix F() is sometimes called the F-theta 

matrix associated with the sequence {AN}  X(q). In Ref. 

[9], it was proved that all the eigenvalues of F() are 

contained in the interval I for all    . 
 

2. Proof of the Off-diagonal Asymptotic Linearity 
Theorem (OALT-1) 
 

Theorem (OALT-X(q) AC(I) version: OALT-1). Let q  
+, let s  , let {AN}  X(q), and let I be a closed interval 

which contains all the eigenvalues of AN  for all N  +. 

Then, for any   AC(I), there exists an s()   such 

that 

 Tr[((AN))( s
NP Iq)] = s()N + o(1) (1) 

as N  . Moreover, s() is represented by the integral: 

 s() =
2

0

1
exp( )Tr ( ( ))

2
is F d


   

  , 

where F   is the FS map associated with the sequence 

{AN}. 

  

Proof. Assume that 

  AN = 
v

j
N j

j v

P Q


   (2) 

for all N >> 0. Then, the FS map associated with {AN} is 

given by: 

  F() =  exp( )
v

j
j v

ij Q

 . (3) 

Let DN denote the N  N diagonal matrix defined by 

 DN :  diag
2 1 2 2 2

exp( ), exp( ), , exp( )
i i i N

N N N

   
 
 

 .

     (4) 

Recall the fact that the matrix PN is expressed in terms of 

a unitary matrix UN and a diagonal matrix DN: 

  PN = UNDN
1

NU  .  (5) 

Thus, we have 

AN = (UNIq)
v

j
N j

j v

D Q


 
 

 
 (UNIq) 1 , 

 (AN) =  

(UNIq)
1

2
exp

vN

j
k

j v

ij k
Q

N


 

        
      

 (UNIq) 1  (6) 

for all N >> 0, where 
1

N

k
   denotes the direct sum of 

matrices indexed by k. 

On the other hand, we have 

 s
NP Iq = (UNIq)  s

N qD I (UNIq) 1 , 

= (UNIq)
1

2
exp

N

q
k

i sk
I

N




      
   

(UNIq) 1 . (7) 

Thus, by (6) and (7), we have for all N >> 0 

Tr[((AN))( s
NP Iq)] = 

Tr[(UNIq)
1

2 2
exp

N

k

i sk k
F

N N

 


              
       

(UNIq) 1 ] 

 = Tr
1

2 2
exp

N

k

i sk k
F

N N

 


              
       

 

 = 
1

N

k 
 Tr

2 2
exp

i sk k
F

N N

 
       
       

       
 

 = 
1

N

k 
 Tr

2 2
cos

sk k
F

N N

 
       
       

       
 

 + i
1

N

k 
 Tr

2 2
sin

sk k
F

N N

 
       
       

       
 

 = 
1

N

k 


1

2 2
cos

q

m
m

sk k
h

N N

 


       
       

       
  

 + i
1

N

k 


1

2 2
sin

q

m
m

sk k
h

N N

 


       
       

       
  
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 = 
1

N

k 


1

2 2
cos

q

m
m

sk k
h

N N

 


       
       

       
  

 + i
1

N

k 


1

2 2
sin

q

m
m

sk k
h

N N

 


       
       

       
  .

     (8) 

Here ( )mh    denotes the analytically expressed 

eigenvalue of F() with the index m. By the analytic 

version (PML2 reproduced above) of the Piecewise 

Monotone Lemma (PML) [1-5], we know that there are q 

real analytic functions h1, h2,…, hq defined on [0, 2] such 

that h1(), h2(),…, hq() are all the eigenvalues of F() for 

every   [0, 2]. 

 

Note: The functional space AC(I) forms an algebra with 

respect to the linear operations and the multiplication of 

functions. 

 

It is thus easy to see that for any   AC(I), the function 

 
1

(cos ) ( ( ))
q

m
m

s h   

   (9) 

is absolutely continuous on [0, 2 ] and that for any   

AC(I), the function 

 
1

(sin ) ( ( ))
q

m
m

s h   

         (10) 

is absolutely continuous on [0, 2]. Now either Zizler’s 

Theorem, or Theorem 1 reproduced below implies that 

Tr[((AN))( s
NP Iq)] = 

2

0

1
exp( )Tr ( ( ))

2
is F d N


   

   + o(1) (11) 

as N  . (Note that the sequence Tr[((AN))( s
NP Iq)] is 

a real sequence.) The conclusion follows.  // 

 

Theorem 1. Let a, b   with a < b, let x(N, k) := a + (b 

  a)k/N, and let f  AC[a, b]. We have 

1

N

k 
 f(x(N, k)) = (1/(b   a))( ( )

b

a
f d  )N + 

(1/2)(f(b)   f(a)) + o(1)        (12) 

as N  . 

 

Proof. This was first proved in [6] by using the ALT.  // 

 

Note: The above Theorem 1 follows directly from Zizler’s 

Theorem which was proved by Peter Zizler for the first 

time in Section 3 of [7]. 

 

References 

 
[1] S. Arimoto, M. Spivakovsky, K.F. Taylor, and P.G. Mezey, Proof of the 

Fukui conjecture via resolution of singularities and related methods. I, J. 

Math. Chem. 37 (2005) 75-91. 

[2] S. Arimoto, M. Spivakovsky, K.F. Taylor, and P.G. Mezey, Proof of the 

Fukui conjecture via resolution of singularities and related methods. II, J. 

Math. Chem. 37 (2005) 171-189. 

[3] S. Arimoto, Proof of the Fukui conjecture via resolution of singularities 

and related methods. III, J. Math. Chem. 47 (2010) 856-870.  

[4] S. Arimoto, M. Spivakovsky, K.F. Taylor, and P.G. Mezey, Proof of the 

Fukui conjecture via resolution of singularities and related methods. IV, J. 

Math. Chem. 48 (2010) 776-790.  

[5] S. Arimoto, M. Spivakovsky, E. Yoshida, K.F. Taylor, and P.G. Mezey, 

Proof of the Fukui conjecture via resolution of singularities and related 

methods. V, J. Math. Chem. 49 (2011) 1700-1712. 

[6] S. Arimoto, The Second Generation Fukui Project and a New 

Application of the Asymptotic Linearity Theorem, Bulletin of Tsuyama 

National College of Technology, 52 (2010) 49-56. 

[7] S. Arimoto, M. Amini, N. Fukuda, J.E. LeBlanc, T. Murakami, I. 

Naruki, M. Spivakovsky, S. Takeuchi, K.F. Taylor, S. Yamanaka, M. 

Yokotani, and P. Zizler, "Mathematics and Chemistry Interdisciplinary 

Joint Research and the Fukui Project XIV", Bulletin of National Institute 

of Technology, Tsuyama College 58 (2016) 35-39. 

[8] S. Arimoto and G.G. Hall, Integral Representation of a Fundamental 

Functional for the Study of the Zero-Point Vibrational Energy of 

Hydrocarbons and the Total Pi-Electron Energy of Alternant 

Hydrocarbons, Int. J. Quantum Chem. 46 (1992) 612-635. 

[9] S. Arimoto, New proof of the Fukui conjecture by the Functional 

Asymptotic Linearity Theorem, J. Math. Chem. 34 (2003) 259-285. 

 

 

Concluding Remarks 
 

Shigeru Arimoto 

 

On behalf of my co-authors and myself, I would like 

to express sincere gratitude to all who helped in enhancing 

the Fukui Project. Special thanks are due to Professor T. 

Yamabe, who has collaborated in the program related to 

the Fukui conjecture, carbon nanotubes, and also to 

Professor Kyoji Saito, who provided the initial idea of 

using UFDs in the applications of resolution of 

singularities and related methods for establishing the 

Asymptotic Linearity Theorems (ALTs). We remark here 

that the Piecewise Monotone Lemmas (PMLs) which were 

indispensable for proving every version of the ALTs were 

provided by M. Spivakovsky, I. Naruki, and K. Saito.  

－36－

津 山 高 専 紀 要 　 第５９号 　（２０１７）



 

 

Acknowledgements 
 

The first author (S.A) was supported by the Tsuyama 

College President Fund. The second author (M.A.) was 

partially supported by Iran National Science Foundation 

(INSF Grant No. 88002044). 

On behalf of the authors of this series of papers, the first 

author (S.A.) would like to express sincere gratitude to Dr. 

T. Noritsugu, President of Tsuyama College, National 

Institute of Technology, his predecessor Dr. H. Inaba, and 

members of the Fukui Project Association for their help in 

holding our Symposium 2013 Tsuyama and promoting our 

interdisciplinary and international collaborations. The 

Symposium was also supported by the Tsuyama City and 

the Tsuyama City Educational Board, which we would 

also like to thank cordially. 
 

－37－

数学と化学の学際共同研究と福井プロジェクトXXIII　有本・Amini・Chen・福田・LeBlanc・村上・成木・Spivakovsky・竹内・Taylor・Wong・山中・横谷・Zizler



 

 

 

5＊立命館大学 理工学部・数学物理学系・数理科学科 

 



軍隊の海外での作戦行動に関しヨーロッパ人権条約からの 

免脱を巡るイギリスにおける議論の検討 
 

大田 肇*   

 

An examination of argument about derogation from the European 

Convention on Human Rights in overseas military operations  
 

Hajime OTA
 

The purpose of this study is to examine the argument about derogation from the European Court of Human 
Rights (ECHR) in overseas operations of British Armed Forces. Over the past ten years the Armed Forces and 
the Ministry of Defence have faced an unprecedented number of legal cases, for instance the case of Susan 
Smith which was concerning “the right to life” of British soldiers at the armed conflict occurred in Iraq. On 4 
October 2016, the Government announced that in order to protect the Armed Forces from “persistent legal 
claims” it would introduce a presumption to derogate from ECHR. From 14 December 2016 Joint Committee on 
Human Rights of Parliament started to scrutinize the reasons for any proposed derogation.  

Key Words: Derogation, European Convention of Human Rights, Armed forces, Human Rights Act 1998

 

１．はじめに 

 

2016年10月4日、Theresa May総理大臣、Michael 

Fallon 国防大臣そして Stuart Peach 参謀本部総

長（空軍大将）は、次の声明を発表した１）。 

Theresa May 総理大臣：「我々の軍隊は世界で最

高であり、そこに従軍する彼らは我々の安全を確

保するため大きな犠牲を払っている。政府は、我々

の軍隊が重要な役割を果たしていると認められて

いることを保証するであろう。前線に従軍してい

た兵士が戻ってきたとき、我々は彼らを支援する

であろう。我々は彼らに感謝を込めて恩返しをす

るであろうし、戦闘に従事してきた人々を訴追す

るという忌々しい権利主張の事業(industry)を止

めさせるだろう。ヨーロッパで最大の国防予算と

ともに、今日我々が展開している行動は、世界中

のわが国益を守りながら世界という舞台で我々の

役割を担い続けるということを意味している。」 

Michael Fallon 国防大臣：「我々の司法制度は、 

我々の軍隊に対する偽りの訴えが事業規模に達す 

るほどに、濫用されてきた。これは、我々を守る 

 

 

 

 

ためにその命を危険にさらしてきた人々に大きな

苦悩を生じさせ、また納税者に数百万ポンドも負

担させてきた。我々の軍隊がその役割を果たせな

くなるという危険が現実に存在している。我々の

軍隊が戦場に於いて確信をもって困難な決定をお

こなうことができると保証することは、彼らを

忌々しい権利主張から守ることになるだろう。そ

して、これは、数百万ポンドを弁護士の報酬にで

はなく軍隊装備関連予算に充てることを可能にす

るであろう。」 

Stuart Peach 参謀本部総長（空軍大将）：「ヨー

ロッパ人権条約の裁判管轄権を戦場にまで拡大す

ることは、イギリス軍の作戦行動の有効性

(effectiveness)を著しく損ねる危険があるので、

この重要な声明は非常に歓迎されるものである。

我が軍は最高水準を堅持し続けるだろう。イギリ

ス 軍 人 は 常 に 、 武 力 紛 争 法 (Law of Armed 

Conflict)－ジュネーブ条約を含む－とイギリス

軍務法(UK Service Law)－国内刑法を含む－に服

するだろう。犯罪行為に関する信頼に足りる訴え

は常に、すみやかに捜査されるだろうし、Iraq 

Historic Allegation Team(IHAT)（イラク戦占領

中のイギリス軍兵士の犯罪を捜査するチーム：筆

者注）と Operation Northmoor（アフガニスタン

原稿受付 平成 29 年 9 月 25 日 
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におけるイギリス軍兵士の犯罪に関する捜査活

動：筆者注）は続けられるだろう。嘘の訴えの対

象となった兵士はその嫌疑を晴らすだろう。しか

し、軍司法制度は、期待される専門基準に達しな

かった者に対してそれにふさわしく対処するだろ

う。」 

これらの声明が出された背景には、2016 年 6 月

時点で、IHAT が対応しなければならない訴えが

1668 件（殺人が 325 件、その他に性的暴行から通

常の暴行まで含む不法な待遇を含む）に上り、そ

のうち 176 件が処理済みあるいは処理中で、残り

1492 件が今後の対応に残されている２）という現

状がある。 

2016 年 10 月 10 日、国防大臣 Michael Fallon

は、議会庶民院宛の書面声明(Written statement– 

HCWS 168)「軍事作戦行動－ヨーロッパ人権条約免

脱(derogation)」を発表した（Michael Fallon は

11 月 22 日付けの合同人権委員会委員長宛の書簡

で、「これが今後政策を検討する際の正確な情報源

(source)になる」と述べている）。 

この声明の中で、「過去十年以上にわたり一連の

裁判所判決は、ヨーロッパ人権条約の適用を戦闘

現場にまで拡大してきた３）。この領域外管轄権は

この条約の起草者たちには予測されていなかった。

裁判所がこの条約と昔から確立されてきた武力紛

争法（あるいは国際人道法）とを調和させようと

努める間、我が軍人は国際社会の支援の中で海外

での作戦行動に従事してきた。彼らは増え続ける

法的不安定性および空前の数の訴訟－それらの訴

訟の多くは少数の法律事務所が煽ったもの－に直

面しながら、任務に従事しなければならなかった。

これらの訴訟は納税者に何百万ポンドもの追加の

負担をかけ、そこから生じた不安定性は多数の現

役兵士・退役兵士を苦しみさせ続けた、軍からの

進言は、軍隊の作戦行動の有効性を著しく損ねる

危険が存在しているということだ。・・・私は、将

来重要な軍事作戦行動を開始する前に、政府は 

免脱が当該作戦行動の環境において適切な場合に

は、ヨーロッパ人権条約から免脱するつもりであ

ることを、本日、庶民院に報告する。」 

 

２．ヨーロッパ人権条約からの免脱  

 

２．１ 免脱に関する条約・国内法の規定 

ヨーロッパ人権条約はその 15 条において免脱

を定めている。 

1 項  戦争その他の国家の生存を脅かす公の緊急

事態の場合には、いずれの締約国も、事態の

緊急性が真に必要とする限度において、この

条約に基づく義務を免脱する措置をとること

ができる。ただし、その措置は、当該締約国

が国際法に基づき負う他の義務に抵触しては

ならない。 

2 項 １の規定は、第二条（合法的な戦闘行為か

ら生ずる死亡の場合を除く。）第三条、第四条

１及び第七条の規定からのいかなる免脱も認

めるものではない。 

3 項  免脱の措置をとる権利を行使する締約国は、

とった措置及びその理由を欧州評議会事務局

長に十分に通知する。締約国はまた、その措

置が終了し、かつ、条約の諸規定が再び完全

に履行されているとき、欧州評議会事務局長

にその旨通知する。 

 

 これを踏まえ、イギリスは、ヨーロッパ人権条 

約の人権規定を国内法化させた 1998 年人権法に 

おいて、免脱に関する手続を定めている。 

第 14 条 免脱 

1 項  国務大臣によって出される命令(order)

の中で本法の諸目的のために指定される

(designated)、条約の規定または条約付属

議定書の規定からの連合王国の免脱 

第 16 条 指定された免脱が有効な期間 

3 項 第 14 条 1 項にもとづく命令は、当該命令

を承認する各々の院による決議が可決され

な け れ ば 、 考 慮 期 間 (period for 

consideration)の終了時に失効する。 

 5 項  3 項の「考慮期間」は、当該命令が出さ 

れた日から 40 日の期間を意味する。 

 

 政府が免脱を実施するに際しての最初のハード

ルは、ヨーロッパ人権条約 15 条の 1・2 項の条件

に合致することである。  

 

２．２  合同人権委員会４）と国防大臣とのやり

取り ５） 

 Harriet Harman 合同人権委員会委員長は、その

国防大臣宛の書簡（2016 年 10 月 13 日付）におい

て、10 月 4 日の首相と国防大臣の共同声明で示さ

れたヨーロッパ人権条約からの免脱は非常に重要

な事項であり、議会が、免脱の提案理由なり免脱

という手段の詳細な条件を精査するにおいて重大

な役割を担っていることを強調した。その強調の

中で、厳格な独立した精査の必要性は、免脱とい

う問題が、一定の訴訟からの免責を実現しようと

しているまさにその政府の省によって推進されて

いるとき、ますます大きくなると指摘した。また、

アメリカでの 2001 年同時多発テロの直後におい

て、イギリスはヨーロッパ人権条約から免脱した

が、この免脱は 2004 年 12 月 16 日の貴族院判決に
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おいて人権条約上の権利（5 条 1 項(ｆ)および 14

条）と適合しないという不適合宣言が出され６）、

2009 年 2 月 19 日のヨーロッパ人権裁判所大法廷

判決においても人権条約 5 条１項に違反するとさ

れたが７）、議会による 2001 年免脱に関する精査は

ほとんど実施されておらず、このような適合性に

関わるかもしれない問題を議会が調査する機会は

非常に限られたものでしかなかったと指摘した。

そして、今回は、提案された免脱が議会によって

適切に精査されること、および議会が当該免脱を

正当化することができるか否かをそれ自身が評価

できる機会をもつことを保証することの重要性を

強調した。議会における人権に関する専門委員会

である当委員会が、議会によるこの評価を助ける

つもりであるとして、委員会の立場を説明した。 

そして付属書類として 25 個の質問項目を提示

し書面での回答を求めた。その質問項目には、免

脱の理由に関し、「我々の司法制度は、我々の軍隊

に対する偽りの訴えが事業規模に達するほどに、

濫用されてきた」との主張を裏付ける証拠の提示、 

ヨーロッパ人権条約の領域外適用が軍の作戦行動

の有効性を損ねたとの主張を裏付ける証拠の提示

などがあり、人権条約 15 条の実体的要件に関し、

「戦争その他の国家の生存を脅かす公の緊急事態」

の具体例、「事態の緊急性が真に必要とする限度」

の具体例、免脱によって兵士がその装備の適切さ

あるいは兵士の死に関する調査の適切さについて

人権条約上の権利に依拠することができなくなる

かという問いなどがあった。 

これに対し、Michael Fallon 国防大臣は合同人

権委員会委員長宛の書簡（11 月 22 日付）におい

て、政府は、仮定(hypothetical)の議論に参加す

ることおよび特定の環境において生ずる具体的な

問題に先だって見解を表明することには、全く気

が進まないだろうと議論の進め方に釘を刺した。

そして免脱の必要性に関する結論は、将来の軍事

作戦行動時の環境を考慮しながら出されるだろう

し、できるとした。そして付属書類において 25

個の質問項目への回答を示した。「偽りの訴えが事

業規模に達する」という主張の根拠として、約

1200 件のイラク関連の損害賠償請求、さらに約

1400 件もの司法審査請求があり、政府はこれらの

請求の多くは誇張されているか偽りのものであろ

うと考えていると答えた。ヨーロッパ人権条約の

領域外適用が軍の作戦行動の有効性を損ねたとの

主張に関しては、それは領域外適用だけでなく、

平時用につくられた規定を軍事紛争の場に持ちこ

み拡張したことによるものであるとし、具体例と

して反乱行動に加わったと疑われる者に対するイ

ギリス軍の拘束権限を挙げた。免脱が兵士の人権

条約上の権利に与える影響に関しては、人権条約

2 条に関連して求められる調査には何らかの影響

があるかもしれないとした。免脱の命令に議会が

どのように関与するかに関しては、1998 年人権法

に規定された手続、つまり緊急事態においてはす

ぐに免脱がなされる必要があり、免脱がその後 40

日以上継続する場合には議会の承認を必要とする

とした。 

さらに合同人権委員会委員長は、その国防大臣

宛の書簡（2016 年 12 月 14 日付）において、当該

委員会が、免脱のありそうな正当化を精査するこ

とができるようにかつ免脱が実際に生じた際にそ

の精査の役割を遂行する準備ができていることを

保証するために、実際の免脱に先だって証拠を要

求すると決定したことを伝えた。そして前回と重

複するものも含め、9 個の質問事項を提示した。 

これに対し、Michael Fallon 国防大臣は合同人

権委員会委員長宛の書簡（2017 年 2 月 28 日付）

において、再度、政府が免脱するだろうという環

境に関して何らかの言質を与えることは、そうし

た決定は作戦行動の時点での具体的な環境に左右

されるものなので不可であるとした。しかし、付

属の政府の覚書(Government Memorandum)の中で、

政策の根拠、立法、免脱の条件、作戦行動の有効

性、訴訟、賠償等について説明を追加した。特に

近年の裁判所判決に見られる、軍事作戦行動の特

徴を考慮する方向への変化を指摘した。 

 

２．３  合同人権委員会に寄せられた意見 

合同人権委員会は、免脱に関する意見(written 

submissions)を公募し、期限までに 27 の意見が

寄せられた。免脱に賛成するものも反対するもの

も、様々な視点から論じられている。それらの中

から、免脱に関する政府提案を広い視点から整理

することに成功していると思われる、Dr. Marko 

Milanovic の意見（2017 年 4 月 12 日公開）を取

り上げる。 

Dr. Marko Milanovic はノッティンガム大学・

ロースクールの准教授であり、人権の領域外適用

に関する論文があるほか、人権と武力紛争法（国

際人道法）との関係に関しても研究している。 

彼は、免脱は適切におこなわれれば、適用され

る法の枠組に明確性と柔軟性を与えることので

きるものであると述べる。そして、人権条約の領

域外および戦闘行動への適用は近年のヨーロッ

パ人権裁判所の発明にすぎないという政府の見

解は誤りであり、人権条約は戦時にも普通に適用

され続けるよう意図されてきたとする、その証拠

にヨーロッパ人権 15 条 2 項には「合法的な戦闘

行為(lawful acts of war)」と規定されている、
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と。また、免脱の目的は兵士を守ることだという

政府の見解はもう一つの誤りである、なぜなら免

脱は政府を守るのであり、兵士を守るものではな

いから、と主張する。ヨーロッパ人権条約に縛ら

れるのは国家であり、兵士が国家の代わりに行動

すれば兵士は国家の責任に関わることになるが、

兵士の責任は他の法規範の問題、例えば国際刑事

法や国内刑事法の問題であると言う。また、個々

の兵士は、その違法行為の訴えに対する IHAT な

どイギリス政府関係者による捜査に辛抱しなけ

ればならない、これらの訴えの多くは根拠がなく

そのいくつかは忌々しいもののようであるが、政

府が示した資料にもとづく限り、これらの訴えの

何パーセントがこのレッテルに該当するのか、答

えることはできない、そもそもこのことは、ヨー

ロッパ人権条約からの免脱に関しては的外れな

根拠である、なぜなら IHAT その他を設立したの

はイギリス政府でありヨーロッパ人権裁判所で

はない、要するに免脱では、恥知らずの訴訟から

我々の軍隊を守るため人権法から兵士を除外す

ることはできない、なぜならこうした訴訟を可能

にしているのは人権法ではないから、と述べる。 

 彼はこのように政府見解の誤りを指摘したの

ち、ヨーロッパ人権条約の領域外適用の問題と、

軍事紛争時の人道法とヨーロッパ人権条約との関

係の問題とを区別する必要があり、政府の「海外

での軍事紛争」という焦点のあて方は政治的には

理解できるが、２つの問題を混同する危険がある

と指摘する。前者の問題に関わって、免脱は国家

がそれを望んだときにすることができるのかとい

う問題を立て、共に最高裁裁判官であった

Bingham 卿と Sumption 卿が、ヨーロッパ人権条約

15 条 1 項の「戦争その他の国家の生存を脅かす公

の緊急事態」の「国家」は免脱しようとする国家

（例えばイギリス）でなければならいし、海外で

の軍事紛争において介入しようとする国家の生存

が脅かされるという環境を想像することは難しい

と述べていることを紹介した後に、この見解は過

度に形式主義的であると批判する。そして、人権

条約が領域外で適用されることを認めれば認める

ほど、国家が免脱の権利を行使することができな

いと考えることが思慮のないことのように思えて

くるとし、領域外で行動している国家も、ヨーロ

ッパ人権条約15条1項に該当する場合には免脱で

きるべきであるとした。 

後者の問題に関しては、人道法と人権法との間

に矛盾が生じた場合、例えば生命および自由の剥

奪に関わる場合、免脱が適用されれば有用性を発

揮するかもしれないとし、人道法は人権法と異な

り、他のすべての選択肢が尽きたあとの唯一の手

段としてのみ武器を使用することができるところ

までは要求しないが、人権法は拘留する権限に重

い制限を課す、そして免脱は人権法を調整するこ

とができるので、より寛容な規則を適用する場合

とより厳しい規則を適用する場合とが、その適用

方法も含めて、より明確になるだろうと主張する。 

まとめとして、海外での軍事紛争に人権条約が

適用されることは、たとえその適切さと実用性に

おいて重大かつ深刻な問題を生じさせるとしても、

正しくかつ適切であり、免脱はこの問題を解決す

るために許されるし望ましくもあると主張する。 

 

３．ま と め 

 

 国防省が「我々の軍隊に対する偽りの訴え」か

ら自らを守るために考案したであろう手段は複数

あったと推測される。それらの中から免脱が選択

された理由は何であったのか、それ自体興味のあ

るテーマであるが、ここでは保守党が掲げた新・

権利章典制定の挫折、EU 離脱とは対照的にヨーロ

ッパ人権条約からの「離脱」の放棄などが選択肢

を減らす要因となったと指摘するに止めたい。 

 しかしその免脱という選択肢も、Dr. Marko 

Milanovic が指摘するように、国防省の望むよう

な結果につながるのか、不透明と言わざるを得な

い。国防省を相手取った訴訟の主たる法的根拠は、

人権条約 2 条、3 条そして 5 条違反である（11 月

22 日付の Michael Fallon 国防大臣の合同人権委

員会委員長宛の書簡の Q16 への回答）。2 条は生命

に対する権利、3 条は拷問の禁止であり、ともに

免脱の適用を禁止されている条文である。免脱が

できたとしても、問題となっている「忌々しい」

訴えを抑制する効果は薄いと考えられる。 

 また、「軍司法制度は、期待される専門基準に達

しなかった者に対してそれにふさわしく対処する

だろう」との Stuart Peach 参謀本部総長（空軍大

将）の言葉を、額面通り受けとることも難しい。

イラク人を虐待したイギリス兵を裁こうとした軍

法会議は、結局のところ 1 人の兵士を有罪とした

だけであり、その存在価値が疑われた。 

 2016 年 7 月、チルコット委員会（イラク戦争開

始決定を含む 2001 年から 2009 年までのイラク戦

争・占領に関するイギリスの諸政策を検証する委

員会、委員長は John Chicot 卿）は、7 年かけて

調査した結果を報告書として提出した。そこでは、

十分な装備を兵士に提供できなかった、あるいは

捕虜の取扱いに関する適切な教育を兵士に受けさ

せなかったなどの国防省の怠慢が厳しく批判され

た。2013 年 6 月にその審議が最高裁から高等法院

に差し戻されていた Susan Smith 事件（詳細は拙
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稿「国外での武力紛争における『生命に対する権

利』に関するイギリス裁判所の判決 その 2  

Susan Smith 事件」、 津山工業高等専門学校紀要 

第 55 号を参照）は、2017 年 8 月、国防省の遺族 

に対する謝罪で終結した。この原告勝訴に至る過

程で、この報告書が果たした役割は大きい。 

イギリス軍によるイラク占領は 2009 年に終了

したが、イギリスではその傷口が治る気配は、ま

だない。免脱を巡る議論も、合同人権委員会での

審議を含め、これからより活発なものとなるであ

ろう。 
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