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This is the 18th part of the series of articles that records and further develops essentials of the Mathematics and
Chemistry Interdisciplinary Symposium 2013 Tsuyama, whose main themes were symmetry, periodicity, and repetition.
The symposium was held on April 5th and 6th in Tsuyama city, Okayama, Japan, in conjunction with the Fukui Project and
was devoted to the memory of the late Professor Kenichi Fukui (1981 Nobel Prize) who initiated the project. The present
series also provides challenging cross-disciplinary problems which are directly related to the Fukui conjecture and to recent
carbon nanotube research. Some of these problems are formulated using mathematical language not well known among
chemists despite the importance of these notions in elucidating additivity and high-speed asymptotic phenomena in
molecules having many repeating identical moieties. Some problems are formulated in terms of Fourier analysis connected
to the theory of analytic curves, other problems are formulated in connection with the Science-Art Multi-angle Network
(SAM Network) Project, which seeks to bridge Science and Art (visual, audial, and conceptual art) for a creative
collaboration, and is an important part of the Fukui Project.
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2m{q, 1), let | be a fixed closed interval compatible with
{ M, }. Then, there exists a functional «e C(I)* =

B(C(I), R) such that

TroMy)

N = a(p)+o(1) (3.1)
as N —oo,forall ¢ eC(l).

(This theorem was proved in Part Il of ref. [1].)

Theorem B. Letq',q" € Z"and letq=q' +q". Let {M } =
{P"®Q,} be a fixed element of 4.(q, 1)@, q7) N

2u(q, 1), let | = [-a, a] with a > 0 be a fixed closed interval
compatible with { M }. Then, for any ¢ e Cy(l), we have

Tro(Q,)=0. 3.2)
Moreover, the spectrum of Q, (which is contained in the

real line) is symmetric around the origin; moreover, the
algebraic multiplicities of the pairing eigenvalues coincide.

Theorem C. Let g be a positive integer, lett, s, Sy, ..., S be
positive integers such that g =s; +s, + ...+ . Let s = (Sy, Sa,

. 8). Let {M} = {P°®Q,} be a fixed element of
%40, D)) mn zu(q, 1), let | = [-a, a] with a > 0 be a fixed
closed interval compatible with { M, }. Then, for any
@ €Cy(l), we have

Tr(p(QO) =0. (3.3)
Moreover, the spectrum of Q,(which is contained in the

real line) is symmetric around the origin; moreover, the
algebraic multiplicities of the pairing eigenvalues coincide.

Problem I. To prove theorems B and C via theorem A.
2. Solution of the Problem

In this section, we provide a solution to problem I, by using
theorem A.

Solution: Theorem B is an immediate consequence of
theorem C. Thus, we shall establish theorem C, by using
theorem A. First recall from [3]:

Proposition 2. Leta>0and | =[-a, a]. Let C,(I) denote the
subset of C(I) of all odd functions and let P,(I) denote the
subset of P(l) of all odd polynomial functions. Let Cg(I)
denote the subset of C(I) of all even functions and let Pg(l)
denote the subset of P(l) of all even polynomial functions.
Then, we have:

@) P(1) =Cql), 4.1)

(i) P.(1) =Ce0). 42

62

Proof. A proof is given in [3].

Now use theorem A in section 2, and let « e C(l)* =

B(C(I), R) be such that
Tro(M
T8~ o (p)+o)

as N —oo, forall @ eC(l). Then, by using the argument

of section 3 in [3] and proposition 2 above, we can easily get
the conclusion via (i) and (ii):

(4.3)

(i) aPo(1)) = {0},
(if) oACo(1)) = {0}

(4.4)
45)

[Note that (ii) directly follows from proposition 2 above and
from the continuity of «.] Thus, the proof of theorem C is
reduced to the proof of (i).

Let ¢ e Py(1). We have only to show that

Tro(M,)=0 (4.6)
for all N. But, by the linearity of Tr, it suffices to show that
TrmM =0 4.7)

for each positive odd integer k. Note that theorem 2 easily
implies that

(4da DO < 4da, D6,
for each positive odd integer k.
It then follows that (4.7) is true, therefore we see that (i) is
true. /)

438)

Note: We present in the Appendix some Matrix Art using
Albrecht Diirer’s etching ‘Melancholia’. Challenging
Problem D given there can be easily answered by using the
techniques given in Part XVII and the present part of this
series.
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Appendix:

A=

Fig. 1. Matrix Art Picture of Albrecht Diirer’s etching ‘Melancholia’, created by using MATLAB.
This picture is a visualization of a 648 x 648 matrix with entries of integers ranging from 101 to 228.

Fig. 2. Let A denote this matrix, then A= (1/2)(A + A) + (1/2)(A — AT); this addition of matrices is shown by pictures above.

Challenging Problem D

Let n be any positive integer.
Let A be any n x n complex matrix.
Let Mbe a 2n x 2n matrix of the following block-wise partitioned form:

| n X n zero-matrix Al
| A* 1 X 1 zero-matrix |

Let fbe an odd polynomial function with real coefficients.

(1) Prove that Tr f{M) = 0.
(i1) Generalize the above fact to continuous odd functions f. (Many solutions!)
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Spectrum of matrix M

Fig. 3. Picturesof Mand M"(n=2,3,4,5),

and the picture of spectrum of M, which is symmetric with respect to the y axis.

64



XV Amini

Concluding Remarks
Shigeru Arimoto

On hehalf of my co-authors and myself, I would like to
express sincere gratitude to all who helped in enhancing the
Fukui Project. Special thanks are due to Professor T. Yamabe
and Professor J. LeBlanc, who have been collaborators in the
program related to (1) the Fukui conjecture, carbon nanotube,
and (2) visual-audial Matrix Art. As a complementary aspect
to the visual Matrix Art, we have begun to target heuristic
and innovative sonification (audiolization) of wvarious
scientific data and their Fourier analysis with the help of
computer scientists and musicians.

By the 100" anniversary of the birth of Professor Kenichi
Fukui in 2018, heuristic visualization and sonification
programs in the Fukui Project currently separated as modular
units shall be united. The Science-Art Multi-angle Network
(SAM Network) Project, which is an important part of the
Fukui Project, will be playing a central role for this
unification. The reader is referred to the link:
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http://bit.ly/IMrbd2R and sub-links therein especially
http:/bit.ly/AIMtyN1q for referential data of the SAM
Network, which seeks to bridge natural science, art, literature,

and philosophy for a creative collaboration.
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