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11. A unifying approach to the spectral-symmetry
and additivity problems
in carbon nanotubes and related molecular networks
via the repeat space theory |

Shigeru Arimoto, Keith F. Taylor , Massoud Amini
Nobuyuki Fukuda , Mark Spivakovsky, Satoshi Yamanaka
Masaaki Yokotani and Peter Zizler

1. Introduction

The energy band curves of carbon nanotubes associated
with repeat sequences (i.e., sequences in the repeat space)
were first made public by the first author (S.A.) in ref. [1]. In
ref. [2], the same energy curves were obtained by using the
symmetry consideration called the spectral symmetry
technique. Although the method of obtaining the band curves
in [1] is more straightforward and simple, the method in [2]
has a heuristic power to discover hidden relationships in
molecules having spectral symmetry. It is noteworthy that
the first author found the analytic formulae for the band
curves of the carbon nanotubes for the first time not by using
the method in [1] but by using the method in [2] heuristically.
The counter-chronological publication of the results was due
to the simplicity of the method in [1], which however lacks
the heuristic power of the method in [2]. The method in [2]
originates from the publication [3] by the first (S.A.) and the
second author (K.T.) of this section.

In view of the above situation, here in this section we
develop a stronger heuristic method of the unifying approach
to the problems of spectral symmetry and additivity by
referring to prototypal considerations given in [3]. At the
same time, we update the approach by employing newer
repeat space structures given in [4].

2. Preparation for the unifying approach

We retain the notation in refs. [3,4]. The new notation
necessary in this article is the following:

Definitions 1. Let t be a positive integer, let sy, S, ..., S be
positive integers, and let
$:= (S, Sp, ..., S) € Z™. (2.1)
Let
nN=%+S+...+5. 2.2)
Let W be an n x n complex matrix of the following
partitioned form:
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where Wj are s; x s; complex matrices. Matrix W is called a
plus-chess matrix with partition s if Wj are s x s
zero-matrices whenever i — j is an odd integer. Matrix W is
called a minus-chess matrix with partition s if Wj are s; x s;
zero-matrices whenever i — j is an even integer.

Let Ch(s)" denote the set of all the plus-chess matrices with
partition s, and refer to Ch(s)" as plus-chess set with partition
s. Let Ch(s) denote the set of all the minus-chess matrices
with partition s, and refer to Ch(s)” as minus-chess set with
partition s.

Proposition 1. The notation and the assumption being as
above, we have

(i) Ch(s)* Ch(s)* = Ch(s)", 2.4)
(ii) Ch(s) Ch(s)* = Ch(s), (2.5)
(iii) Ch(s)* Ch(s) < Ch(s), (2.6)
(iv) Ch(s)’ Ch(s)” < Ch(s)". @.7)

Proof. By the definitions of Ch(s)" and Ch(s), and by the
block-wise multiplication of block-matrices, one easily gets
the conclusion. /I

Notethatifs=(1,1,1,1,1,1,1, 1), then

# 0 # 0 # 0 # O
0O # 0 # 0 # 0 #
# 0 # 0 # 0 # O
0O # 0 # 0 # 0 #
W= e Ch(s)", (2.8)
# 0 # 0 # 0 # O
0O # 0 # 0 # 0 #
# 0 # 0 # 0 # O
0O # 0 # 0 # 0 #
and that
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O # 0 # 0 # 0 #
# 0 # 0 # 0 # O
O # 0 # 0 # 0 #
# 0 # 0 # 0 # O
W= € Ch(s), (2.9)
O # 0 # 0 # 0 #
# 0 # 0 # 0 # O
O # 0 # 0 # 0 #
# 0 # 0 # 0 # O

where symbols # denote arbitrary complex numbers not
necessarily equal to each other.

Definitions 2. Fix any q € Z". Let { A, } = Ay, Ay, ... be an

infinite sequence of matrices whose Nth term is a gN x N
complex matrix.

(i) Suppose that there exist v e Z", Q. Qui, ..., Qy €
M,(C) such that for each N e Z*,
A= 2 R'®Q;, (2.10)
j=—v

where Py isthe N x N cyclic shift matrix with (Py); = 1 if
j—1=1mod N; (Py);j = 0 otherwise. Then, { A } is called a
standard alpha sequence with size (g, 1). The set of all the
standard alpha sequences is referred to as the standard alpha
space with size (g, 1) and denoted by ~4(q, 1).

(if) Suppose that there exists a Qy € My(C) such that for
eachN e Z",

A, =P°’®Q,. (2.11)
Then, { A, } is called an independent alpha sequence with
size (q, 1). The set of all the independent alpha sequences is
referred to as the independent alpha space with size (g, 1)
and denoted by % (q, 1).

(iii) Suppose that there exist positive integers t, s;, S, ..., St
with g :=s, + s, + ...+ s;and W e Ch(s)" such that for each
N e Z,

A, =P°®W. (2.12)
Then, { A, } is called a plus independent alpha sequence
with size (g, 1)(s). The set of all the plus independent alpha
sequences is referred to as the plus independent alpha space
with size (g, 1) (s) and denoted by %,(q, 1)(s)".

(iv) Suppose that there exist positive integers t, sy, S, ..., St
withq:=s; +s,+ ...+ s;and W e Ch(s) such that for each N
e,

A, =P’®W. (2.13)
Then, { A, } is called a minus independent alpha sequence

with size (q, 1)(s). The set of all the minus independent alpha
sequences is referred to as the minus independent alpha
space with size (g, 1) (s) and denoted by %(q, 1)(s)".

For the notions of the standard alpha space #4(q, 1), the
alpha space 7(q, 1), the repeat space .7(q, 1) with size (q, 1),
see [4]. (Note: The word ‘generalized’ is omitted in the name
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of 7(q, 1) since there is no possibility of confusion with the
original repeat space.)

Theorem 1. The notation and the assumption being as
above, we have

() 70, 1) = 440, 1) = 70, 1) = 4(a, 1),

(i) 40, 1)) < 44, 1),

(i) 0, 1)(s) = 7, 1).
Moreover, 4,(q, 1), %/q, 1), and .7(q, 1) respectively form
*subalgebras of (g, 1), 2q, 1), and -4(q, 1).

Proof. (i) Theorem 4.1 in [5] directly implies that .~(q, 1) =
(9, 1) and that 7,(q, 1) is a *-subalgebra of the *-algebra
249, 1). The relations 4,(0, 1) = %/q, 1) = 2/q, 1) are
clear from the definitions of these three spaces.
(ii), (iii): Evident.

Let{M }, {M} } € %4q, 1) be such that

M, = > R/’ ®Q, (2.19)
j=v
forallN € Z', and
My =D R ®Q] (2.15)

1=V;
for all N € Z". By considering the qxq zero matrices, we
may assume v, =v,.Put v=yv, =v,.
First, note that 7,(q, 1) is closed under addition and
scalar multiplication:

\

My +M = > P/ ®(Q+Q}),

j=—v

(2.16)

kM, = Z P/ ®(kQ;).

j=-v
Here, we have used the fundamental property of the
Kronecker product:
(kA)®B=A®(kB)=k(A®B), keC, (2.18)
A®(B+C):A®B+A®C. (2.19)

Thus, -7#,(q, 1) a linear subspace of .~ (q, 1).
Second, note that .~ /g, 1) is closed under
multiplication :

(2.17)

Vv \

M M/, = (Z P, ®Q,—J[Z P, ®Q;]

j=—v j=-v

= Zv: Zv: (PNL ®Qn)(PNjZ ®sz)

h=-V jp=-V

=Y Y R ®(Q,Q))
)

b=V o=V

éia@[ZQ@ﬂ-

=-2v htia=

(2.20)

Here, we have used the fundamental property of the
Kronecker product:

(A®B)(C®D)=(AC)®(BD), (2.21)

A®B+A® B =A®(B+B’). (2.22)
Third, we check that .~ 44(q, 1) is closed under the *
operation:

Vi

m,* =3 (rI0Q)"

j=v

= vzl (pNJ')*®Qj *

1=V

=3 PI®Q,*. 2.23)
j=v

Here, we have used the fundamental property of the
Kronecker product:

(A®B)*=A*®B*, (2.24)
and the easily verifiable relation:
(R/)*=R . (2.25)

Therefore #4,(q, 1) is a *-subalgebra of .~ ,(q, 1).
Similarly, 7;(q, 1) is a *-subalgebra of .~;,(q, 1). I/

Theorem 2. The notation and the assumption being as
above, we have
() 7ida, DO 7ida, D) <
(i) 7ida, D)E) ik, D) <
(i) 7i0, 1)) 7, D) <
(V) 70, 1)) 7ida, DE) <

7id, 1)), (2.26)
7idq, D(s), (2.27)
7idd, 1)(8), (2.28)
i@, 1)(S)" (2:29)

Proof. By using formula (2.21) and considering the
block-wise multiplication of block matrices, one easily sees
that (i)-(iv) are true. /)

Theorem 3 (functional alpha existence theorem,
(0, 1)-C(1) version). Let {M } be a fixed element of
240, 1), let | be a fixed closed interval compatible with
{ M, }. Then, there exists a functional o« e C(I)* =
B(C(1), R) such that

W = a(p)+o(1) (2.30)
as N —oo,forall ¢eC(l).
Proof. This was proved in Part Il of ref. [1]. i

The above Theorem 3 is going to be reproduced as Theorem
A'in Part XVIII of this series. Theorem 3 is the key theorem
for the unifying approach mentioned in the introduction of
the present part XVII. The reader is referred to Part 11 of ref.
[1] and references therein for the proofs of Theorem 3 and
similar theorems in the repeat space theory. The reader is
also referred to ref. [3] for the notions of X4'(q’, g”) and
Xq4(d', g'"), which have been generalized in the present paper.
We remark that the following relations can be easily
established:

Xd'(@,9") = 4aa, DA, 7)) X(a)
< 40, D@, q1) N 2#(q, 1),
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X4 (a0, 9") = 400, 1)((@', 9")) N X(0)
< “idd, 1)((@', 9) n 2#(q, 1),
whereq=q +q".

Continued to Part XVIII
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