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Prof. Arimoto, director of the Fukui Project, has invited
the author of this section (T.M.) to give a special lecture on an
application of carbon nanotubes in the National Institute of
Technology, Tsuyama College, and has asked him to record
part of the lecture related to near-infrared (NIR)
spectrometers in a form of article for the 2015 Bulletin of this
college.

Single walled carbon nanotube (SWNTs) are a mixture
of semiconducting and metallic components (s-SWNTs and
m-SWNTS5, respectively). UV-vis-NIR absorption spectro-
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Fig. 1. Photograph of spectrophotometer installed in WPI-iCeMS, Kyoto
University (upper) and UV-vis-NIR absorption spectra of SWNTs (mixture),
m-SWNTs, and s-SWNTs (lower).

photometer (Shimadzu UV-3600) (Fig. 1, upper) is used to
analyze absorption spectra in the range of 185-3300 nm,
thereby allowing detection of both types of SWNTs.
Especially, s-SWNTs have broad NIR absorption derived
from S11 and S22 van Hove transitions (Fig. 1, lower), and
each chirality component of s-SWNTs shows different
absorption maxima for the transitions. Additionally,
appearance of such NIR absorption maxima is an indicator of
the existence of individually isolated nanotubes. Therefore,
identification of the chirality components of s-SWNTs and
evaluation of their colloidal stability can be done with this
spectrophotometer. NIR light is minimally invasive to our
body, and thus the NIR photoresponsiveness of s-SWNT5, i.e.,
reactive oxygen species and heat generation, has been
recognized as an attractive therapeutic modality.

NIR-photoluminescence  spectrometer  (Shimadzu
NIR-photoluminescence system) (Fig. 2, upper) is specially
designed to identify chirality components of s-SWNTs. For
high-sensitive NIR photoluminescence detection, an InGaAs
array detector is incorporated. The wavelength range for
excitation and emission is 400—1000 nm and 850—1600 nm,
respectively. Each chirality component of s-SWNTs shows
their specific excitation
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Fig. 2. Photograph of NIR-photoluminescence spectrometer installed in
WPI-iCeMS, Kyoto University (upper) and 2D contour map of s-SWNTs
(lower).

/emission profile (Fig. 2, lower).

As described above, SWNTs have been utilized as
NIR-photodynamic and photothermal agents because of the
presence of their intense NIR absorption. Meanwhile, a
variety of small NIR dye molecules have been synthesized
and investigated for phototherapeutic applications. Their
easier biodegradability is a clinical advantage, but their
relatively fast self-degradation by the photoresponsiveness is
inevitable. Considering that nanomaterials generally show
higher photostability than small molecules and SWNTs yield
ca. 16-times higher photothermal heat generation than gold
nanoparticles, which have been the standard for photothermal
therapy, SWNTs are potentially next-generation photo-
therapeutic agents capable of sustained photoresponsiveness
at low doses.
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5. Carbon Nanotube Curve Analyticity Problem
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Section 5.1.

In this section, we prove the second conjecture of
Challenging Problem E in ref. 1) by formulating a problem
called CA Problem:

Carbon nanotube curve Analyticity Problem (CA
Problem). Prove the following proposition:

Proposition CA. Let F(0) = F*<%0) be as in Theorem 7.4
in ref. 2). There exist real-analytic functions uy, ..., ux: R —>
R such that ui(0), ..., u(0) are the eigenvalues of F(6)
counted with multiplicity.

Proof. In view of (7.39):

1 A~
det(A,~ Y1110, )= P~ (p+c*)(p* +cl)=0
k=-1
in ref. 2), and the periodicity of F(6), we have only to show
that the following proposition is true. /

Proposition N1. Let I be a closed interval on R. Suppose
that
2 +ae CIA,

and that there exists an open interval I' with the following
properties:

i Fol,

(ii) the function a has the real-analytic extension to the

setl’,
(iii) the equation
P +a(@=0

has two real roots whenever 6 € F.

#1)

Then 7> + a can be factored into monic linear factors, i.e.,
there exist by, b, € CI) such that
P +a=(A+b)A+b).

The first proof of proposition NI. The conclusion follows
immediately from Lemma 2.2 (Piecewise Monotone Lemma,
Version 2 (PML2)) in ref. 3), which we reproduce below. //

Lemma 2.2 (Piecewise Monotone Lemma, version 2,

PML2). Leta, b € Rwitha<b and let I = [a, b]. Letp €

C“I)[ 4] be a monic polynomial of degree g € Z* given by
p=A+call+ .+, (2.18)
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Suppose that for any 6 € I, the polynomial
Evo(p) = A7 + ci(QAF + ... + c,(0) (2.19)

over the field R has ¢ real roots. Consider p as an element of
C*(I)[A]. Then p can be factored into first degree monic
polynomials:
p=A-d)A-d) .. - dy), (2.20)
where
di, ..., dge Co*() 1 CPM(D). (2.21)
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Section 5.2.

In this section, we establish a preparatory tool,
Proposition N2, which we will use in the later section in
order to give the second (direct) proof of Proposition N1.

Proposition N2. Let &) € R, let € R". Let f 16 — 6, &+
I = R be a real-analytic function. Let c € Rwithc #0, let
d, &, ...
expansion of f around 6, is expressed in the following form:

AD=c(0 — QY1 +di(60 —&)+d(0 — Q)Y +...).

€ R, and let r € Z'. Suppose that the Taylor

If
AO=0

in a neighborhood of &, then, r is an even number and ¢ > 0.

Note: The positive integer » € Z" associated with each zero
of real-analytic function is called the order of zero at & and
shall be denoted by ord(&)).

Proof. Under the assumption of the proposition, let £> 0 be
such that
AO=0
forall e |6 — & &+ . Let
O =1+d(0 — G)+dr(0 — QY+ ..

Suppose that r is an odd number and ¢ > 0. Then, by the
continuity of f; at 8= &, we sce that there exists an gwith 0
< g < gsuch that

A —a)<0,

which yields a contradiction.

Suppose that r is an odd number and ¢ < 0. Then, by the
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continuity of f; at 6= &, we see that there exists an gwith 0
< & < gsuch that

A+ &) <0,
which yields a contradiction.

So, ¥ must be an even number.

But, if 7 is an even number, then, by the continuity of f;
at 0= 6, we infer that there exists an gwith 0 < & < gsuch
that

A&+ a)/ c=a(l+dia+da’+..)>0.
Since A& + &) > 0, we see that ¢ is positive. /

At this moment, the reader is asked to review the
following Proposition 3.5 (Glueing Tool 5) from ref. 1). In
(2.9) of this reference, the general notion of graph is given as
follows. If X and Y are nonempty sets and /i X — Y is a
mapping, /(f) denotes the graph of

I = {(x, fix) e Xx Y:x € X}.

The second proof of Proposition N1 uses the above
Proposition N2. The third proof of Proposition N1 uses both
the above Proposition N2 and Proposition 3.5 (Glueing Tool
5). Glueing Tools 1, 2, 3, 4, and 5, which were proved in 1)
using general topology, are powerful existence propositions,
useful and instructive for our CA problem and its generalized
analogues in which concrete constructive methods fail.

Proposition 3.5 (Glueing Tool 5). Let A, B, a, b, s € R be
such that A < a <s <b <B. Let Ay, ..., An be real-valued
continuous functions defined on 14, B[. Let hy, ..., h, be real
analytic functions defined on \a, b[ such that I(h), ..., I(h,)
are pairwise non-identical. For each o € S,, define
functions A%, ..., An": 14, Bl = R by
[ A(x) if xeld,s]
) = 3 (3.19)
LAwo)  if xels Bl
Suppose that

O I ]a,s)), ..., ITAn| la, s]) are pairwise disjoint,
D 1T s, B, «oy LTAm| 18, B]) are pairwise disjoint,
() A, ..., Am are all real analytic on the interval 4, s,
av) A, ..., An are all real analytic on the interval 1s, B,

VM U 1llabh) = U 1)
i=1 i=1
Then, there exists a unique o € S, such that A\°, ..., An° are
all real analytic on 14, BJ.

Note: We remark that by Glueing Tool 3 [Proposition 3.3 in
ref. 1)], the assumptions of Proposition 3.5 above imply m =
n in Proposition 3.5.
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Section 5.3.

In this section, we provide:
The second (direct) proof of proposition N1. We first claim
that
af) = 0
for all 8 € I. Indeed, if there exists & e [ such that a(&) >0,
then —i(a(&))"? and #(a(&))'? are the roots of Eq. (#1),
contradicting the assumption that (#1) always has two real
roots for @ € I’. Thus, our claim is true.
If a(6) = 0 for all & € I, the assertion of the proposition is
trivially true. Hence, we may and do assume that the set
V={0el.a®)=0}
is a proper subset of /. Since / is compact and a is analytic on
1, this assumption implies that Vis a finite set.
Define the functions b*, b: I — R by
b (@) =+-a(9),
b= —+-a(9).

Then, both 4" and b™ are real-analytic at each point in the set /
— V. Thus, if V'is empty, we are done, so we assume that V'is
nonempty and consisting of k elements:
V= {S], 82, vevy Sk}
where 51 <52 < ... < s Moreover, by (i), (ii), and (iii) of the
proposition, without loss of generality we may and do
assume that sy, s, ... , s¢ are all in the interior of the closed
interval 1. For notational convenience, if I* = |, [, then
putso= o, sp= [ sothatwe have
I =1s0, s,
and let
Li=1sj, spl

foreachj=0,1, ...,k

Note that for each 8 € 1

2 +a(Q)=(A+b(O)A+ (),

where each side is considered as a polynomial with real
coefficients.

Now, for the proof of the proposition, we have only to
show that there exist b1, b € C“(J) such that for each 8 € 1

(A + 0(O)A + b(O) = (A2 + bi(O)A + bA0), (1)
where each side is considered as a polynomial with real
coefficients. In other words, we prove that there exist by, b,
e CIl) < C()such that

A+ bYA+ b)=(A+ b)A+ b, )
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where each side is considered as an element of the
polynomial ring C(/)[1]. (Note: The ring C(J) is not a
domain, and therefore C(/)[4] is not a domain either. The
polynomial ring C(/)[ 1] is not a UFD.)

In order to prove the proposition, we are going to
construct the above-mentioned b1, b, € C?I) by applying
Proposition N2.

For this construction, let

ord(s,)
m, = —
foreachi=1,2, ..,k Let p: {12, ...k} - {-1,+1}

be the finite sequence defined by

J

PG =TT

i=1
Here, we consider {—1, +1} as a multiplicative group
isomorphic to the symmetry group S, the group of all the
bijections of the set {1, 2} onto itself.

Define b1, b» € C(I) as follows

by (D):
bi(6) =0,
by(0) =0,
forall e V= {s1, s, ..., 5%},
by (ID):
bi(6)=b"(0),
bx(6) =b7(0),
forall e I N Ly, and
by (I11):

b(O= p(j)b'(0),
b= p(j) b(0),

forall e I N L,wherej=1,..., k.

It is easy to check that equality (2) holds. For the proof of
the proposition, it remains to prove that by, b, € C(J). Fix s;
arbitrarily selected from ¥, and set = s;and A = —a(6) .
Then, by Proposition N2, there exist a positive real number
g, with |& - ¢,, &[ < I n L. and &, & +
e, € I n L, a positive real number ¢, a positive
integer m, and an infinite real number sequence di, d, ...
such that the equality

AO=c(0 -y (1+d(6 — G)+dA(0 - @) +...)
holds forall fe ]&h — €,, & +&,[. By the continuity of
the function @ a 1+di(0 — Q) +di(0 — GY + ..., we
may and do assume that the inequality

1+di(0 — &) +d(0 — Gy +..>0
alsoholds forall e 16 — ¢€,,h+¢&, [
Let hn, hy: 16 — €,, &b + €, — R be real analytic
functions defined by
m(O)=+c"(0 — Q)1 +di(0 - &)
+do(0 — G +..)72
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h(O)==c"*(0 - @)1 +di(0 - &)
+d(0 - Gy +..)"

Note that iy(@)= —hi(Q forall Oe ] — &,,Gb+ &,
Now, notice that since c¢'? > 0, the signs of /(6) and
ho( ) are determined by the sign of the factor (6 — &)". Let

Jet =1 — ¢, [,
Jigh =16, b+ €, .

If m is even,
o >0 for 8 € Jien, 3)
mo > 0 for 0 € Jighs 4
if m is odd,
e <0 for 8 € Jien, &)
6 > 0 for 0 € Jiign (6)

Since ()= —h(O forall e 1 — €,, b+ &,[, we

have the following.

If m is even,
(@) <0  for 0 € Jen, (M
h(6) <0 for 0 € Jiighs (8)
if m is odd,
() > 0 for 0 € Jin, ©)]
h(6) <0 for 0 € Jin (10)

By the definition of b, we then see that the signs of 1(6) on
IN Lyand I n L; are the same if m; is even and that the
signs of bi(6) on I Ly and I~ L; are opposite if m; is
odd.

Fix any j=1, 2, ..., k. Note that there exist a positive real
number ¢,with|s, — &,,s[ < I N Ly and Js;, 5 +
g, € I n Ljand a real-analytic function / defined
onls, — &,,s + &,[with the following properties:

(OO —h(O)=(b1(6) + H(O)D1(O) —h()=0 (11)

forall bels; — ¢,,5 + &,[and
[ b(s, +a) h(s, +a) ]

|bl (s, +0{)|J [|h(sj +a)|
= (12)

b(s,—a) h(s; —a)
[b,(s,—a)| ) | |h(s, ~a)

forall a €]0, &, [. Recalling the definition of m; given by

o ord(s,)

i

, the latter property means that

sign(b,(6)) on
sign(y,(6)) on

Is;ss; +&l

Is; — &5l

_sign(h(@)) on
~sign(h(@)) on

Is;ss; + &l

2
]S_/' — &) Sj [

and that both sides are equal to (=1)" .
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Since both b; and /4 are continuous on Js; — &£,,s +
[ and the
Intermediate-value Theorem implies that both functions have

£, they don’t vanish except at s
constant signs on each of the open intervals s, — ¢, s
+ &, [. Let W denote either the open
interval Js; — &, s or the open interval Js;, s; + &, [. If
the signs of b1(6) and /4(6) are the same on W, (11) implies
that b1(6) = h(6) for all & € W. On the other hand, if the signs
of b1(6) and k() are opposite on W, (11) implies that b,(6) =
-6 for all @ € W. So, we have the following four

possibilities:

[ and ]s;, s

Case 1: bi(0) =h(O) forall O Js; — &, 5] and b1(6) =
h(@forall Oe Js;, s+ €, [.

Case 2: hi(O) = —h(O) forall Oe |s; —
bi(@= —h(Oforall Oe Is;,si+ &, .
Case3: bi(@)=h(O forall O s; — &,,s]and bi(6)
= —h(Qforall Oe s, s+ &,

Case 4: bi(0) = —h(O) for all B e Js; — ¢, s[ and
bi(@)=h(Oforall Oe Js, s5;+ €, [

80 > Sj[ and

But, Case 3 and Case 4 are impossible, since they would
violate (12). By the definition of 5, and Eq. (11), we have
bi(sj) = h(s;)= 0. So, we have either

bi(@)=h(Oforall O ls; —g,,8+ &,
or
bi(@)= —h(OQforall Oels; — &,,85+ &,
Hence we see that 5 is real-analytic at each @ € V= {s1, 52,
..., 8ky. Since by is real-analytic on every /" L;, we also
notice that b; is real-analytic on /. Because b2(6) = — bi(6),
b, is obviously real-analytic on /. This completes the proof.//

Remarks:

We remark that in the second proof of Proposition N1
one can do away with the constructions of b; and b,, by
using the powerful Glueing Tool 5. This approach is also
instructive in understanding the general situation of PML2,
constructive  local
and the

constructive glueing approach both fail. The reader is invited

for whose proof the concrete

normalization  (desingularization) concrete
to give the third proof of Proposition N2 not via the
constructive method but via the non-constructive method.
The reader is also invited to give the fourth proof of
Proposition N2 by making a Special Glueing Tool for our
CA problem by using the argument given at the end (the
argument using (11)) of the above proof. Although such a
special glueing tool is not applicable to a general situation, it
is instructive to understand the topological nature of Glueing

Tools 1 to 5 given in 1). One of the special glueing tools is
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the following simple one:

Proposition S1 (Special Glueing Tool CA-1). Let
A,B:1-1,1] >R

be continuous functions. Suppose that

@H  A40)=B(0)=0,
(i1) Ax) # O0andB(x) # Oforall 8
el-1,1[ - {0},
(iii)
( A(x) J ( B(x) ]
[ac]) (B )
A(=x) B(-x)
i) ()
forallx €]0, 1],
(iv)
(A() + BX))A(x) — B(x)=0 (14)

forallx e |-1,1].
Then, we have either
A=BorA= -B,

Proof. Since both 4 and B are continuous on |—1, 1] and
they don’t vanish except at the origin, the Intermediate-value
Theorem implies that the both functions have constant signs
on each of the open intervals -1, O] and [0, 1[. Let W
denote either the open interval | — 1, O] or the open
interval 10, 1[. If the signs of 4(x) and B(x) are the same on
W, (14) implies that A(x) = B(x) for all x € W. On the other
hand, if the signs of 4(x) and B(x) are opposite on W, (14)
implies that A(x) = —B(x) for all x € W. So, we have the

following four possibilities:

Case 1: A(x) = B(x) for all x € |- 1, 0] and 4(x) = B(x)
forall x € 0, 1].

Case 2: A(x) = —B(x) for all x € ]—-1, 0] and A(x) =
—B(x) forallx € 10, 1].

Case 3: A(x) = B(x) for all x € ]-1, 0] and A(x) =
—B(x) forallx € 10, 1].

Case 4: A(x) = —B(x) for all x € |1, 0] and A(x) =
B(x) forall x € 10, 1].

But, Case 3 and Case 4 are impossible, since they would
violate (13). By (i) we have 4(0) = B(0) = 0. So, we have
either
Ax)=B(x) forallx € |- 1, 1],
or
A(x)= —Bx)forallx e |-1, 1].
The result follows. /

Note: Under the assumptions of the proposition, we see that
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the sign comparison of 4(x) and B(x) at a single point is

enough to determine whether 4 = B or 4 = —B, i.e., we
have
@ A =Bifand only if

i) (3)
4] \[B)
forsomex €]—1, 1[ —{0}.

A= -Bifand only if

-
[4G)) - \[B)

forsomex € |- 1, 1] —{0}.

(1
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Section 5.4.

In this section, we provide some of the graphs of the
carbon nanotube energy band curves and their matrix art
pictures. The reader is referred to ref. 2) in Section 5.1 for
the definitions of chirality indices (¢, ) appearing in what
follows.

M1-curves( N =1000,a=n=10b=t=1¢c =1,d=1)
3 T T T T

Energy
=

Fig. 1. Metallic single-walled carbon nanotube (m-SWNT) energy band
curves with chirality indices (a, b) = (a,—#) = (10, 1). Note thata—b=a + ¢ =
9, which is a multiple of 3, and that there is no energy band gap, i.e., the
curves cross the (horizontal) energy level 0 in the above graph. Observe the
smoothness of analytic curves which we discussed and verified in previous

sections.

MN1-curves(N=500,a=n=10,b=-t=2,c =1,d=1)
T T

Energy
o

Fig. 2. Semiconducting single-walled carbon nanotube (s-SWNT) energy
band curves with chirality indices (¢, b) = (a,—) = (10, 2). Note thata—b=a
+¢= 28, which is not a multiple of 3, and that there is an energy band gap, i.c.,
the curves do not cross the (horizontal) energy level 0 in the above graph.
Observe the smoothness of analytic curves which we discussed and verified

in previous sections.
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[1-curvesi B =
3

Fig. 3. Three matrix art pictures of m-SWNT energy band curves with Fig. 4. Three matrix art pictures of s-SWNT energy band curves with

chirality indices (a, b) = (a,—f) = (10, 1). Note that a—b K 3 Z, and observe chirality indices (a, b) = (a, —#) = (10, 2). Note that « — b ¥ 3 Z, and
the horizontal and vertical symmetry and the connectedness of the upper and observe the horizontal and vertical symmetry and the separation of the upper
lower curves. and lower curves.
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