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This is the 9th part of the series of articles that records and further develops essentials of the Mathematics and
Chemistry Interdisciplinary Symposium 2013 Tsuyama, whose main themes were symmetry, periodicity, and repetition.
The symposium was held on April 5th and 6th in Tsuyama city, Okayama, Japan, in conjunction with the Fukui Project and
was devoted to the memory of the late Professor Kenichi Fukui (1981 Nobel Prize) who initiated the project. The present
series also provides challenging cross-disciplinary problems which are directly related to the Fukui conjecture and to recent
carbon nanotube research. Some of these problems are formulated using mathematical language of unique factorization
domains (UFD) and related notions, which are not well known among chemists despite the importance of these notions in
elucidating additivity and high-speed asymptotic phenomena in molecules having many repeating identical moieties. Some
problems are formulated in terms of Fourier analysis connected to the theory of analytic curves, other problems are
formulated in connection with the Science-Art Multi-angle Network (SAM Network) Project, which seeks to bridge
Science and Art (visual, audible, and conceptual art) for a creative collaboration, and is an important part of the Fukui

Project.
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In April 2013, the Mathematics and Chemistry
Interdisciplinary Symposium 2013 Tsuyama was held in the
National Institute of Technology, Tsuyama College, Okayama
prefecture, Japan. The main themes of the symposium were
symmetry, periodicity, and repetition. The present series of
papers records and further develops essentials of this
symposium, and it also provides challenging cross-
disciplinary problems in conjunction with the international,
interdisciplinary, and inter-generational Fukui Project, which
has also been called the New Frontier Project in recent years.
Some of these problems are formulated using mathematical



language of unique factorization domains (UFD) and related
notions, which are not well known among chemists despite
the importance of these notions in elucidating additivity and
high-speed asymptotic phenomena in molecules having many
repeating identical moieties. Some other problems are
formulated in connection with the Science-Art Multi-angle
Network (SAM Network) Project, which seeks to bridge
Science and Art (visual, audible, and conceptual art) for a
creative collaboration, and is an important part of the Fukui
Project.
The
Symposium was devoted to the memory of the late Professor
Kenichi Fukui (1981 Nobel Prize) who initiated the

above-mentioned project. The project focuses especially on a

Mathematics and Chemistry  Interdisciplinary

new development of the Repeat Space Theory (RST) and its
guiding conjecture, the Fukui Conjecture, as well as focuses
on the research of carbon nanotubes, and the ‘Fourier
analysis’, which is newly linked with the theory of analytic

curves and resolution of singularities and related methods.
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3. Challenging Cross-disciplinary Problems Related
to the Fukui Conjecture, Fourier Analysis, and to
Resolution of Singularities

Shigeru Arimoto, Mark Spivakovsky, Masaaki Yokotani
Kyoji Saito, Keith F. Taylor, and Peter Zizler

In conjunction with Professor Morishima’s article on
NMR spectroscopy and associated Fourier analysis  given
in the previous section, we first provide here some
comments on the relationship between the Fukui Conjecture
and Fourier analysis.

Let us first recall the following Challenging Problem F
given in ref. 1). This problem is related to absolutely
continuous functions (generally highly irregular) and to their
Fourier expansions.

Second, let us recall that Challenging Problem F is
closely related to the Asymptotic Linearity Theorems (ALTs),
which prove the Fukui Conjecture in a broad context of the
repeat space theory (RST). The reader is referred to 2)-7) for
the ALTs and for the definitions of the original alpha space
XAq) and of other symbols given in the following
conjecture.

Conjecture OALT-1. (OALT-Xx(q) AC(I) version). Let q €
Z*, s € L, {An} € Xdq), and let I be a closed interval
compatible with {An}. Then, for any @ € AC(), there exists
an a() € R such that

Tr[( Py ® Iy) (@(An)) ] = as(@IN + o(1) M

as N — . Moreover the real number o (@) is represented
by the integral given by

(@)= 2l j 7 exp(isO) Trp(F(0))d0 . 2)
T J0

Challenging Problem F. Prove or disprove Conjecture
OALT-1.

In the above conjecture, if we let the block size g of the
sequence {Ax} be 1, then we can omit the Tr in eq. (2). The
reader is invited to prove or disprove this simpler version
with ¢ = 1, in order to get familiar with the relationship
between the Fukui Conjecture and Fourier analysis. The
reader is also invited to the following three challenging
problems G*, H, and H*:

Challenging Problem G*. Prove or disprove the following
Conjecture OALPHA-1, given in part VIII of this series of
papers, with the extra condition g = 1.
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Challenging Problem H. In the following Conjecture
OALPHA-1, given in part VIII of this series of papers, let s
= 0, and obtain a d-dimensional general integral
representation of () by considering the generalized alpha

space.

Conjecture OALPHA-1. (OALPHA-XAq) AC(I) version).
Let q € 1%, s € L, {An} € Xdq), and let I be a closed
interval compatible with {Ax}. Then, for any @ € AC(),
there exists an o(@) € R such that

Tr{( Py ® 1)) (p(An)) 1IN = o) ©)

as N — . Moreover the real number o) is represented
by the integral given by

alp)= 5[ expisO)Tro(FONd0. @)
T Y0

Challenging Problem H*. The following Propositions 2.1
and 2.2 were proved by one of the authors (K.S.) in part VI
of this series of papers. In conjunction with the above
Challenging Problem H, can one make a d-dimensional
generalization of Propositions 2.1 and 2.2?
Proposition 2.1. The correspondence ga f in the
definition of C)(I) induces an isomorphism

Rlx,yl/(x*+ =1 ; /()

of rings.

Proposition 2.2. The ring Rlx,yl/(x*+ y* = 1) isnot a
unique factorization domain. More precisely, the ideal

(x,y= 1) is not principal.

Now, from the view point of interdisciplinary research,
since theoretical chemists are quite familiar with basic
Hilbert space theory and usual Fourier analysis, say, via
NMR spectroscopy, we consider the aspect of Fourier
analysis (frequency analysis) as a convenient meeting point
for chemists and mathematicians to collaborate to investigate
the Fukui Conjecture from the d-dimensional global
standpoint of the generalized repeat space.

It has been also noticed in recent years that Fourier
analysis combined with the theory of analytic curves and
resolution of singularities can provide deeper insight into the
Fukui
phenomena in chemistry related to additivity problems.

The reader is referred to the link 8) for the referential data
of this section.

Conjecture and into high-speed asymptotic
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